
PHYSICAL REVIE%' 0 VOLUME 49, NUMBER 11

Study of constrained minimal supersymmetry

1 JUNE 1994

G. L. Kane, Chris Kolda, Leszek Roszkowski, and James D. Wells
Randall Physics Laboratory, University of Michigan, Ann Arbor, Michigan $8190

(Received 1 December 1993)

Taking seriously the phenomenological indications for supersymmetry we have made a detailed
study of unified minimal SUSY, including many effects at the few percent level in a consistent
fashion. We report here a general analysis of what can be studied without choosing a particular
gauge group at the unification scale. Firstly, we find that the encouraging SUSY unification results
of recent years do survive the challenge of a more complete and accurate analysis. Taking into
account efFects at the 5—10'%%up level leads to several improvements of previous results and allows us
to sharpen our predictions for SUSY in the light of unification. We perform a thorough study of the
parameter space and look for patterns to indicate SUSY predictions, so that they do not depend
on arbitrary choices of some parameters or untested assumptions. Our results can be viewed as a
fully constrained minimal SUSY standard model. The resulting model forms a well-defined basis
for comparing the physics potential of difFerent facilities. Very little of the acceptable parameter
space has been excluded by CERN LEP or Fermilab so far, but a significant fraction can be covered
when these accelerators are upgraded. A number of initial applications to the understanding of the
values of mp„and mz, the SUSY spectrum, detectability of SUSY at LEP II or Fermilab, B(b ~ sp),
I'(Z ~ bb), dark matter, etc. , are included in a separate section that might be of more interest to
some readers than the technical aspects of model building. We formulate an approach to extracting
SUSY parameters from data when superpartners are detected. For small tan P or large mq both
mz~z and mo are entirely bounded from above at 1 TeV without having to use a fine-tuning
constraint.

PACS number(s): 12.60.Jv, 12.10.Dm, 14.80.Cp, 95.35.+d

I. INTRODUCTION

There has recently been a significant amount of activ-
ity in the field of supersymmetric grand unified theories
(SUSY GUT s) and its possible implications for the exis-
tence of low-energy SUSY and for future SUSY searches.
This renewed interest was primarily caused by the ob-
servation [1] that measurements of the gauge coupling
constants at the CERN e+e collider LEP seem to im-

ply their (grand) unification in a supersymmetric theory
with superpartners near the weak scale, reinforced by the
awareness that several phenomenological outcomes were
consistent with SUSY [2] although they need not have
been. It was shown [1,3—5] that the couplings merge
at the GUT energy scale Mx even in the simplest su-
persymmetric extension of the standard model, the so-
called minimal SUSY standard inodel (MSSM), while
they badly fail to do so in the standard model (SM) alone.
This remarkable fact has been interpreted by many as a
strong hint for a SUSY GUT, especially since its main
arch-rivals for expected physics beyond the SM, the com-
posite and technicolor approaches, seem now even more
disfavored by the precise measurements at LEP [6]. It
has been argued that the unification of gauge couplings
is also possible in some non-SUSY models [7). These
models are, however, exuberantly complicated and lack
other virtues. In addition, one should not forget that or-
dinary GUT's suer &om the hierarchy and naturalness
problems which SUSY automatically cures.

Certainly SUSY gauge coupling unification does not
constitute a proof of SUSY, nor can it serve as a sub-

stitute for the direct discovery of a SUSY particle. On
the other hand, it is clearly very encouraging and should
not be ignored. In fact, initial simplified studies [4]
claimed that it should be possible to put stringent limits
on M~ and the GUT value of the gauge coupling a~, as
well as on the typical scale of supersymmetry breaking.
Subsequently it was realized [3,5,8,9] that additional ef-
fects, both around the electroweak and the GUT scale,
may introduce significant modifications to the early re-
sults without, however, destroying supersymmetric uni-
fication. Several authors thus focused on increasingly
refined studies of the subtleties of gauge coupling uni-
fication [3,5,8,1G—14]. Some [15—18] also considered the
unification of the bottom and r masses, which, in ad-
dition to the prediction of the correct value of sin 0~,
was regarded as a success of the early GUT's. In some
of these studies it was argued that the ms —m unifi-
cation almost invariably implies a very heavy top quark.
Many studies mentioned above typically did not address
other important issues of the MSSM. (Some, for exam-
ple, did not require correct electroweak gauge symmetry
breaking. ) Finally, some studies have adopted a more
comprehensive approach [8,19—27]. The goal is to gener-
ate, simultaneously with gauge coupling unification, re-
alistic mass spectra of the Higgs and SUSY particles.
This is usually done in the framework of the MSSM cou-
pled to the minimal supergravity model which relates
many unknown quantities of the MSSM in terms of a
few basic parameters at the GUT scale. Next, various
experimental and cosmological limits can be applied to
the resulting couplings and mass spectra. One can then
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examine whether all the constraints are consistent with
each other and whether the SUSY partners have masses
in the region of low-energy (+ 1TeV) SUSY. This is
the way we study the MSSM in this work. Similar ap-
proaches have been studied. in the programs of Arnowitt
and Nath in Refs. [19,28,29] and of Lopez and co-workers,
in Refs. [21—23,30,31] among others.

We want to stress that only such a comprehensive
study can be regarded as relatively self-consistent. Con-

sidering gauge coupling unification alone neglects the
contribution (at two loops) from the Yukawa couplings.
It usually also assumes grossly oversimplified supersym-
metric mass spectra. More importantly, if one wants to
include also the running of the Yukawa couplings, one is
faced with the problem of whether or not one can at the
same time generate electroweak symmetry breaking [32],
where the magnitude of the top Yukawa coupling is of
crucial importance. Furthermore, in general one must
take into account the running of a/t the Yukawa coupling
of the third generation, as we do in the present study.
In order to impose electroweak symmetry breaking prop-
erly one needs to run not only the Higgs boson mass

parameters but in fact all the relevant SUSY parameters
which will be specified below. Deriving spectra that are
compatible with the gauge coupling unification and elec-
troweak symmetry breaking can only be achieved if the
whole set of relevant parameters is simultaneously evalu-
ated. Further, numerical effects from two loops, the full
one-loop Higgs effective potential, etc. often significantly
acct the results.

Only after implementing this comprehensive approach
are we able to reject the ranges of parameters that
are either unphysical or experimentally excluded, while
maintaining consistency with gauge coupling unification.
Many of the detailed ffetecwse include have important
consequences. For example, the two typical solutions
presented as a result of such an analysis in Ref. [8] are
no longer acceptable when the more complete analysis is
done.

Once we derive a self-consistent SUSY spectrum that
follows from grand unification, we can compare it with
the present experimental limits. Furthermore, we can
study its implications for cosmology and derive addi-
tional bounds. Finally, we may establish what ranges
(and properties) of the parameter space are compatible
with all limits. Such ranges should then be focused on in

planning for experimental searches as the most "natural"
those expected in the constrained minimal supersym-

metric standard model (CMSSM).
It should be emphasized that one reason it is worth-

while doing extensive work constructing SUSY models
and analyzing their implications even though the full
theory is not known, and the origin of SUSY breaking
is not understood, is that the form of the Lagrangian
at the GUT energy scale ( 10 GeV) is very general
and quite insensitive to our ignorance. The kinetic en-

ergy terms are not completely unique, but corrections are
likely to be of order m~UT/mpi and thus small [33]. Apart
from these, given the B-parity conservation that we think
is motivated by the stability of the proton and by cold
dark matter, the superpotential we write is general, and

so is the form of the soft terms [34]. Whether one arrives
at the Lagrangian &om supergravity or string theory, it
has the same form [35] so long as quadratic divergences
that would mix the high and low scales (i.e. , terms which
are not soft) are excluded. Thus anything one can learn
about the Lagrangian by imposing physics constraints
will be of general validity. Until superpartners are de-
tected the information we have will not be suKciently
extensive to determine all parameters in it separately, of
course, so one will have to make various simplifying as-
sumptions. These assumptions can be tested in many
ways as soon as superpartner masses and branching ra-
tios are available.

Some aspects of SUSY GUT's, most notably the GUT-
scale corrections [11,18,19,36] to the running of the gauge
and Yukawa couplings and proton decay [19,30,37], can
only be considered once a specific GUT model is selected.
While we have no objections to most GUT gauge groups,
for several reasons we would rather proceed by first learn-

ing what we can say without specifying a gauge group,
and then by making a comparative study of GUT gauge
groups. One reason is that there may be no unification
group at all [38]. In fact in many string models the SM
gauge group [perhaps eiilarged by one or two U(1)'s] is
obtainable directly from strings in which case one has
gauge coupling unification without an underlying gauge
group uiufication. Also we are concerned about SU(5)
as a unification gauge group because we think it would
be an astonishing accident if SUSY was otherwise suc-
cessful and also provided just the amount and kind of
cold dark matter needed by cosmology, but either nature
did not use this dark matter or did not have it occur
naturally [39] in the structure of the theory [as would
have to be the case with SU(5) because R-parity con-
servation has to be imposed by hand there]. Further,
while some groups [19,30] have shown that the proton
decay constraint can be very important, others [37] have
argued that the situation is not unambiguous. Thus we

feel that it is important to maintain the distinction be-
tween the MSSM and the particular low-energy model
one derives by choosing a specific GUT model. We will

assume throughout this analysis only that the gauge cou-

plings unify with sin Oiv (Mx) = 3/8 and that the theory
remains SU(3) x SU(2) x U(1)v symmetric up to that uni-

fication scale. VA are extending our approach to include
a comparative study of implications of unification gauge
groups (or no simple unification), and will report on this
in a future publication.

In Sec. IIA we briefly remind the reader of the ba-
sic assumptions underlying the MSSM. In Sec. IIB we
take an initial approach to the issue of gauge coupling
unification and focus in particular on the effect of light
mass thresholds. In Sec. III we digress on the issue of
mb —m unification and discuss to what extent it re-

quires a very heavy top quark. The dynamical radiative
e1ectroweak symmetry breaking and the resulting con-
straints are treated in Sec. IV. In Sec. V we brieHy list
supergravity-induced. relations between the parameters of
the model, and in the next section we use them to spec-
ify the list of independent parameters that we choose to
perform our numerical studies. Also in this section we
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describe the technical aspects of the procedure used in
this analysis. In Sec. VII we discuss several experimen-
tal and cosmological limits which we use in Sec. VIII to
constrain the remaining parameter space. In Sec. VIII we
also survey a number of results of our analysis concerning
the resulting patterns of SUSY spectra. From the phe-
nomenological point of view we arrive at a constrained
minimal parameters space (COMPASS) such that every
choice of constrained parameters is guaranteed to have
gauge coupling unification, electroweak symmetry break-
ing, and all experimental constraints and cosmological
constraints satisfied. . COMPASS will be our guide to
what predictions could really occur and are not excluded
by any known constraint.

COMPASS still does not uniquely determine each pa-
rameter (mi~2, mo, mi, tanP, Ao, sgnpo as defined in
Sec. VI). They can take a range of (highly correlated)
values, though remarkably it typically implies mass spec-
tra within the 1 TeV mass range. We want to avoid fur-
ther assumptions about the parameters because no fur-
ther theory or data are available to guide us, so we ex-
plore the general implications resulting from COMPASS
by varying all relevant parameters over wide ranges of
values. In future work we will explore in detail predic-
tions for hadron [Fermilab, the CERN Large Hadron Col-
lider (LHC)] and electron [LEP, LEP II, Next Linear Col-
lider (NLC)] colliders, including to what extent SUSY is
detectable at LEP II and Fermilab (with upgrades); in
Sec. IX we give a first survey. We also study such issues
as what gives the dominant contributions to mi, and mi,
the spectrum of superpartners and predictions of SUSY
for the cosmological abundance of the lightest supersym-
metric particle (LSP), B(b -+ gp), and I'(Z —i bb). In
addition we brieBy illustrate a new approach to extract-
ing SUSY parameters kom data. Solving the equations
giving the parameters of the Lagrangian in terms of ex-
perimental observables can be difBcult and misleading

if approximations are introduced, but with our CMSSM
the basic parameters can be easily extracted. Section IX
can be read independently of the rest of the paper, and
those more interested in the phenomenological implica-
tions rather than the technical aspects of model building
may prefer to do so. Although this paper is long we
think it is very important to present a single treatment
that generates solutions of the CMSSM consistent with
all theoretical and experimental constraints, and exam-
ines their consequences and predictions.

II. FORMALISM

A. Basic assumptions

Several features make the minimal supersymmetric
standard model (MSSM) a particularly interesting ex-
tension of the standard model. The model is based on
the same gauge group as the SM, and its particle content
is the minimal one required to implement supersymme-
try in a consistent way. It is described by the 8-parity
conserving superpotential

g —h. . .q, H„-'.+ h,,Q;H d;+ h,,L;Hde,'+ p&~H .

Here Q, L represent the quark and lepton SU(2) doubl«

superfields, u', d', e' the corresponding SU(2) singlets,

and H„,H~ the Higgs superfields whose scalar compo-
nents give mass to up- and down-type quarks and/or lep-

tons, respectively. Generational indices have been shown

explicitly, but group indices have been dropped. In addi-

tion, one introduces all the allowed soft supersymmetry-
breaking terms. These are given by

—~-c =
l
"~~V~";,O'Hcc ~~~;,

~
h.,QK&; + A(;, ) 6;,LHceq + H c ) + Bp(HcH„+Bc )

+mH, I+&I'+ mH I+ I ™L,ILI +m'- l~
I

+m-Iql +m'- I&'I'+ m-. l"'I'

+ 2 (~i~&~& + ~~~w~w +mgog@g + H c j

Here the tilded fields are the scalar partners of the quark
and lepton fields, while the g; are the spin-2 partners of
the i =U(1)y. ,SU(2)L„SU(3),gauge bosons. The A~;~l,
B, and all other new parameters in 8, ~ are a priori
unknown mass parameters.

The full Lagrangian consists of the kinetic and gauge
terms (which are assumed to be minimal), the terms de-
rived f'rom the superpotential (the E terms), and l:, a.
It is important to understand that the Lagrangian we
study has the most general set of B-parity conserving
soft-breaking terms, that is, terms that do not induce
quadratic divergences and thereby preserve the existence
of two disparate mass scales. We require B-parity con-
servation motivated not only by the lack of fast proton
decay in nature, but also by the natural success of the
theory in predicting the existence of dark matter. In

Section V we will add some other assumptions that re-
late various soft-breaking terms; these assumptions are
somewhat motivated and can easily be removed for fur-
ther study if theoretical or phenomenological opportuni-
ties exist.

The model as defined by Eqs. (1) and (2) is the simplest
phenomenologically viable supersymmetric extension of
the SM. It is also general in the sense of allowing the
most general form [34] of soft terms in Eq. (2). On the
other hand, because of the large number of new unknown
parameters the model is not very predictive. A natural
way of relating them is to think of the MSSM as coming
out of some underlying GUT (or string) model.

One possible approach is to select at the start a spe-
ci6c GUT which at low energy would take the form of the
MSSM (plus possibly a modified neutrino sector which
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we neglect here). This can be done with any GUT which
can break into the SM gauge group, the minimal SU(5)
being the simplest and most often studied choice. In
this approach, however, one must also consider the whole
GUT-scale structure with a more complicated Higgs sec-
tor. Guided by minimality, one often focuses on the sim-
plest Higgs sector of SU(5). But that model cannot be
regarded as realistic or particularly attractive due to the
well-known problem of doublet-triplet splitting. Fixing
this new "fine-tuning" problem at the GUT scale requires
significant modifications of the model. In other words, at
present we believe there is no commonly accepted "stan-
dard" GUT model ~

Another approach is to treat the MSSM as an effective
model that could arise from a large class of GUT models
while not making any specific choice. Instead, one can
make various reasonable assumptions at the GUT scale
consistent with general properties of that class of GUT
models and next study "corrections" due to a specific
GUT. In this approach one therefore initially neglects all
possible corrections due to the superheavy states. This is
the approach that we will follow here. We will be adopt-
ing more and more assumptions at the GUT scale, start-
ing in the next section from just gauge coupling unifica-
tion and eventually considering the MSSM in the frame-
work of the minimal supergravity model ~ While we will
not choose any specific GVT we will remark below about
the importance of some of the possible corrections at, the
GUT energy scale. We feel it is important to distinguish
what we can learn from this approach from the results
that would be obtained if we chose a specific unification
gauge group.

B. Light threshold corrections

We first address several issues that can be studied with-
out necessarily introducing further simplifications of the
parameter space. We begin by focusing on the running
of the gauge couplings alone and in particular on the im-
portant role played by the mass thresholds due to the
Higgs and supersymmetric particles.

In running the renormalization group equations
(RGE's) between the weak and GUT scales the coeffi-
cients of the RGE's change at each particle's mass thresh-
old due to the decoupling of states at scales above their
masses. Initially, a simplified case was considered [4]
where one assumed mass degeneracy for all the sparti-
cles (along with the second Higgs doublet) at some scale
usually denoted MsUsv. In that case one uses the P
functions for the gauge couplings of the SM between
Q = mg and Q = MsUsv, and those of the MSSM be-
tween Q = MsUsv and Q = Mx.

However, the effects of a nondegenerate SUSY spec-
trum on the gauge coupling P functions provide a
significant correction to the naive solutions of the
RGE's [5,8,40—42]. The assumption that Msusv could
represent some average sparticle mass for highly nonde-
generate spectra, such as one gets in superunified models,
is in general incorrect and can lead to significant errors
on the order of 10% or more in a, (m~), Mx, etc. In-

stead one must take into account the various sparticle
thresholds individually, changing the gauge coupling P-
function coeKcients for each sparticle as the energy scale
crosses its (running) mass, i.e. , when it decouples from
the RGE's. Accounting for each particle's contribution
to the gauge P-function coefficients, one can write, at one
loop [5,8],

6 = —N + —NH + —~ - + —~H,
MSSM

1P

+ —) I
—(tt;, +9,„)+—0;,

+ —0,. ~ —(0„-, + 6-, ) + 9;, I,
1 1

22 4 1 SM 4 2 1
+ —N + —NH + —0—+ —00 + —OH

6 3 ~ 3 6

+-, )- e.-, ~,- +-,e.-, e.-, I,
1 1

gMSSM 11 + N + 2g
4

g

gMSSM
2

(4)

+-,') (0;, +~„-,+0;„+9;,), (5)

where

d~' bz
a, + two loops,

dt 2'
5

ni = —ey,
3

t:—ln(Q/mg),

0. = 8(Q —m ). (6)

In the summations, i = 1, Ng where Ng ——3 is the
number of fermion generations, and XH ——1 is the num-

ber of SM Higgs doublets. Here also H represents the
(mass degenerate) Higgsino fields, W the partners of the
W bosons (m~ —M2), and g the partner of the gluon,
all taken to be mass eigenstates in this approximation.
02 is to be understood as the second Higgs doublet in
the approximation where Hi is the SM Higgs doublet
containing the neutral CP-even Higgs boson with mass

nxz . H2 is heavy with each component 's mass equal
to that of the Higgs pseudoscalar. In this approximation
the mixing of the two Higgs doublets is suppressed by iri-

verse powers of the heavy Higgs bosons' masses and are
therefore ignored as being of higher order and numeri-
cally negligible [42]. (The full two-loop gauge coupling P
functions for the SM and MSSM which we use in actual
calculations can be found in Refs. [43 and 44], respec-
tively. A discussion of two-loop thresholds can be found
in Sec. VIB.)

The effect of multiple mass threshold effects on the
running of the gauge couplings has been extensively stud-
ied recently. Notably, in a semianalytic approach devel-
oped by Langacker and Polonsky [10] the eff'ects of the
thresholds on the one-loop gauge P functions were stud-
ied. They showed that in the one-loop calculation of
n, (m~) from sin 0~, o, and the GUT-unification con-
dition, the net, effect of all low-energy threshoMs could be
expressed in terms of a single scale MsUs& (called AsUsv
in Ref. [10]). One can express this scale in terms of all
the supersymmetric masses:
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3 4 28

(mH, I t9 /M, t
t9 (M, l"

MSUSY mH I

'
I I I I I ( —. .—. t ) Q ~t, ( t )H ( m —) (mH) (mg)

9
7 2

X mdRm RmbR im. LmPLm L'j L'm, ™PRm-J km -Lm .Lm (7)

In the simplified case in which the spectra of squarks
and sleptons are each assumed mass degenerate, and
taking only the contributions with leading exponents,
Eq. (7) reduces to a similar formula given in Ref. [17]. By
using a very crude parametrization in which mH ~p, ~,

one finds that
28

MSUSY —I~I I I

= I~I/5.
(n2(M2) ) "
(Q's mg )

(8)

This strong dependence on p is somewhat unexpected
considering that p does not break supersymmetry.

The Ms&SY formalism is useful in providing estimates
of the size of the various possible corrections to the run-
ning of the gauge couplings. However, it is neither accu-
rate nor practical in the more comprehensive approach
that we will adopt below in which the running of gauge
couplings is simultaneously considered with the running
of Yukawa couplings and mass parameters. Using the
SM RGE's between Q = mz and Q = Ms+Us& and the
SUSY RGE's for Q ) Ms&UsY may accurately reproduce
n, (mz), but it will not provide the correct value of nx
or Mx. (up to 50% errors for the latter), nor will it allow
one to calculate correctly the ratio ms/m (Mx). Fur-
thermore, in this scheme two-loop corrections to the one-
loop value of ct, (mz) derived in this method can be added
only in an approximate fashion. These two-loop correc-
tions are of the same order as the one-loop threshold
corrections, and in fact increase n, (mz) by 10% when
included (see Table III in Sec. VIB). Thus we will not
use the technique of an effective SUSY scale except for
purposes of comparison in Sec. III.

In the numerical analysis that we will present later,
the effect of the threshold corrections is automatically
included separately for each contributing particle, not
with a single SUSY threshold. We will discuss this, along
with some other subtleties involved, in Sec. VI B.

Finally, several authors have emphasized the impor-
tance of thresholds at the GUT scale [9—11,13,18,19,36].
In many models, such as minimal SU(5), these correc-
tions can be sizable. In fact, they can be comparable
to the corrections coming from the nondegeneracy of the
SUSY spectrum at the low scale (see, e.g. , Ref. [10]).
Consideration of such correctiohs can even be used to
achieve gauge coupling unification in models where none
seemed otherwise possible, such as nonsupersymmetric
SO(10) [1,7]. Models with nonminimal GUT sectors of-
ten give rise to sizable corrections that can alter low-
energy predictions [1,45]. However, consideration of these
corrections can only be made after (i) a GUT gauge group
has been chosen and (ii) the GUT Higgs sector and mass
spectrum has been decided upon. Because we wish to
study the superunified MSSM in general, without refer-
ence to a particular choice of GUT gauge group or spec-

I

trum, we ignore all such corrections and leave them for
future studies of various proposed unification schemes.

III. BOTTOM-v YUKAWA UNIFICATION

There has been much interest recently in the issue
of Yukawa coupling unification within the framework
of SUSY. In many GUT models, including minimal
SUSY—SU(5), the down-type components of the lepton
and quark doublets reside in the same GUT multiplets
and, assuming a particularly simple Higgs sector, their
Yukawa couplings are often equal at the GUT scale. The
experimentally determined ratio mt, /m 3, which de-
creases roughly to one at the GUT scale, was consid-
ered one of the early successes for GUT's. More recently
however after the precise LEP data on gauge couplings
became available, it was shown that the bottom-w mass
unification, while consistent with SUSY—SU(5), was in-
consistent with the non-SUSY case [15].

Several groups [16—18] have examined b —v mass uni-
fication more precisely in minimal SUSY under the as-
sumption of gauge coupling unification. These studies
have claimed that in order to achieve b —7 mass unifica-
tion one must have a top quark with mass very near to its
IR pseudofixed point. That is, to a good approximation
b —7 mass unification implies [16]

mgt
' (200 GeV) sin P.

For the range of top quark masses favored by LEP
(130GeV & mt' ' & 170GeV) [46] under the assump-
tion of a light Higgs boson, they find that only the small
regions 1 & tan P & 2 or tan P 60 are consistent with
b 7mass unificat-ion. [Here mt' ' refers to the so-called
pole mass of the top quark as opposed to the running
or modified minimal subtraction scheme (MS) mass [47].
For a clear discussion of this point see Ref. [14]. We will
usually speak of running masses except where we specify
otherwise. ]

One is led to ask the following: if the top quark is found
to have a mass somewhere in the LEP-favored region, are
we absolutely forced to either very small or very large val-
ues for tan P? In order to answer this question one must
consider how stable the stated claim is to perturbations
in the inputs of the analysis. Such questions have been
briefiy considered in Refs. [16—18,48]. We find that the
efI'ects of such perturbations are often understated.

In considering how to make the MSSM consistent with
a "light" top quark [i.e., one with mass well below that
required by Eq. (9)], we find that there are several op-
tions for eluding the heavy top or the extreme values of
tan P without having to give up on b amass unification-
completely. First and foremost, it must be remembered
that previous attempts to address this issue have suffered
from a common problem: they have attempted to study
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b-7 mass unification while using only a single threshold
approximation for the SUSY mass spectrum. That is,
these analyses have claimed that a nondegenerate spec-
trum of sparticles can be approximated by a single efFec-
tive scale. Although this is indeed possible for a study of
n, (mz) consistent with gauge coupling unification (see
discussion in Sec. II B), no single threshold approxima-
tion can possibly perform the same task for b-~ mass uni-
fication, given the dependence of the Yukawa RGE's on
the gauge couplings, the presence of Yukawa couplings in
the two-loop RGE's, and the necessary lack of knowledge
about the scale of unification in such an approximation.

With this caveat in mind we now begin to explore the
stability of Eq. (9) to perturbations in the inputs to the
analysis. In this section alone we shall use the very same
single threshold approximation about which we have just
warned the reader. We do so because we are only inter-
ested in general numerical studies that point to possible
approaches to this question, and because we have a con-
sistent approach in the following sections whose results
do not depend on the single threshold approximation for
the gauge couplings.

The one scale that we use here should not be confused
with the Ms&SY introduced earlier, for we will choose
n, (mz) in this case without regard to the condition of
gauge coupling unification. This new effective scale is in
fact nothing more than the naive SUSY scale used in the
studies of Ref. [16] and in many early SUSY studies. In
displaying our results, we will choose this eH'ective SUSY
scale to be equal to mz, once again the exact value is
unimportant for our general conclusions. We also have to
choose a value for the b-quark pole mass. In this section,
we will take the range 4.7 & m&

' & 5.1GeV, which is
the 3cr bound from the recent analysis of Ref. [49].

In addition to the innate error resulting from a sin-
gle threshold approximation, there remain other simple
routes by which Eq. (9) can be modified. We find that
by (i) allowing corrections to the Yukawa unification or
(ii) allowing the strong coupling constant to take on val-

ues near the lower end of its experimental range, one can
avoid the requirement of a heavy top.

The first of these routes requires one to consider correc-
tions to the requirement that ms/m = 1 at Mx. This
is because in the interesting regions of the m,

' —tan P
plane, one finds that in general mb/m, & 1 at Mx. Cor-
rections could be induced through radiative corrections,
through efFects from heavy state decoupling, through
nonrenormalizable operators, or simply by the scale of
6-w mass unification becoming displaced from the scale
of gauge coupling unification. Without choosing any
particular source, such corrections have been consid-
ered [16,18,48]. But how large must these corrections
become in order to significantly alter the central claim of
Eq. (9)'? In Fig. 1 we have shown the regions consistent
with mb/m = 1 for bottom quark masses in the range
4.7 & ms

' & 5.1GeV and ci, (mz) = 0.120 (within
the solid lines). We have also shown the region for the
same range of bottom masses, but now with corrections
to Yukawa unification of 10% (dashed lines). This or
similar plots are most often shown in the literature as
evidence for the stability of Eq. (9).
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FIG. 1. Regions in the m,
"—tan p plane consistent with

bottom-7 Yukawa unification. The region bounded by the
solid uncs represents the region of parameter space consistent
with ms/m = 1 at M» for 4.7 & ms

' & 5.1GeV. The re-
gion between the dashed lines is consistent with mr, /m = 0.9
at M~. Here we have taken the efFective scale of SUSY to bc
90GeV and n, (mz) = 0.120.

Although Fig. 1 suggests that Eq. (9) is stable to a
10% correction one might also wish to explore the egect
of varying the strong coupling constant on the Yukawa
unification. Current measurements of n, (mz) from a va-
riety of sources indicates that 0.110 & cr.,(mz) & 0.130.
Values of n, (mz) in the lower half of this range in com-
bination with a 10% uncertainty in the GUT relation
mb/m = 1 significantly widen the available parame-
ter space in the m~i'' —tanP plane. (Given the anal-
yses of Ref. [50], perhaps such low values for a, (mz)
should be included in a careful consideration of these
questions. ) Such an efFect is shown in Fig. 2 where we
have taken n, (mz) = 0.112. It must be emphasized that
such a small value for n, (mz) is inconsistent with the
simplest SUSY-GUT unification unless we require the
scale of SUSY masses to be 10 TeV. In particular,
we would need a very heavy Higgsino. Nonetheless, such
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2. Same as Fig. 1 but now with n, (mz) = 0 112
Notice that the available parameter space has increased
markedly.
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a small a, (mz) could come from other sources, such as
heavy threshold eEects or nonrenormalizable operators.
Fig. 2 clearly shows that for m~

' + 140 GeV, all values
of tan P consistent with perturbative unification become
allowed. Essentially, combining two 10% effects has elim-
inated the constraint among mq, mi, and tan P.

As we have tried to emphasize, the conclusions drawn
by demanding strict b —~ mass unification can be quite
strong, yet fairly small eKects due to unknowns in the
analysis can change the results considerably. Therefore
we take the following approach in the remainder of this
paper. We will always take the 7 mass as given very pre-
cisely by experiment and use it to determine m (Mx).
Although the experimental uncertainty to the central
value of 4.9GeV is larger, we will do the same for the
bottom quark mass. We will not demand exact b-7 mass
uni6cation. Because we make no specific choice of GUT
group or spectrum in this paper, we have no mechanism
otherwise for escaping the constraints imposed by 6 7-
mass unification. Yet we also understand that correc-
tions that will come &om any eventual choice of GUT
can, as we demonstrated above, allow a larger region of
parameter space to become available. When we do re-
quire exact b-7. mass unification in our full analysis we
find agreement with Eq. (9). Further, even when we do
not require unification, all solutions generated still pre-
serve unification to about 20%.

Because we wish this analysis to be general and to
provide insights over the entire range of perturbatively
allowed values of tan P in particular, we must do without
precise b-7 mass unification. At the same time we still
include everything that would otherwise follow &om im-

posing this uni6cation because solutions we 6nd in the
regions of parameter space consistent with Eq. (9) do
indeed lead to b-r mass uni6cation. In this sense, our re-
sults are more general than the previously cited analyses.
We think it is likely that the approximate unification of
mp and m is telling us important physics, but we think
it is perhaps premature to draw conclusions &om it.

IV. ELECTROWEAK GAUGE SYMMETRY
BREAKING

One of the most remarkable features of the MSSM
is a "built-in" mechanism for dynamical electroweak
symmetry breaking (EWSB) [32]. The renormalization
group improved supersymmetric Higgs potential natu-
rally breaks SU(2)xU(1)y. -+U(1), if the top quark
Yukawa coupling is sufBciently large compared to the
gauge couplings. As we outline below this will allow us
to reduce the number of &ee parameters in the theory
and express some GUT-scale &ee parameters in terms of
more useful low-energy ones.

The tree-level Higgs potential can be derived from the
expressions for W, Eq. (1), the so-called D terms, and
8, rt, Eq. (2):

where m~ 2
—m& + p, m3 = Bp, and the phases of

the fields are chosen such that m2s & 0.
Using the RGE's, one may define the renormalization

group improved tree-level Higgs potential Vo(Q) at any
scale Q. Vo(Q) is understood to be the tree-level Vp where
the fields and coefBcients have attained a scale depen-
dence through their one- or two-loop RGE's. However,
as was emphasized in Ref. [51], in general Vs(Q) can de-
pend strongly on the energy scale at which it is evaluated.
In other words, minimizing Vo(Q) at, say, Q = mz and
again at some slightly larger Q may lead to very different
values of vg, v„,and therefore tanP = v„/vg. This be-
havior is due to large radiative corrections coming partic-
ularly &om mass splitting in the t-t system. If one knew
the scale Q = O(mz) at which these corrections were
small, one could safely minimize Vo(Q) there. However,
this scale in unknown a priori. A much more satisfac-
tory solution is achieved by minimizing the full one-loop
Higgs effective potential. The full Higgs potential can be
written as

VH;ss, (Q) = Vo(Q) + 6V(Q),

where (see, e.g. , Ref. [52])

(12)

is the one-loop contribution to VH;ss, and STr f(M )—:
P.(—1)2&(2j+1)Trf(M2) where M and j are the (field-

dependent) mass and the spin of a given state, and the
sum is over all states in the Lagrangian.

Electroweak symmetry breaking can occur if the fol-
lowing two conditions are met: (i) VH;ss, is bounded
from below (i.e., mi + mz & 2~ms]) and (ii) the min-
imum of VH;gg, occurs at nonzero field configurations
(i.e., mzim2 & ms). It was realized early that, given a
"large" top quark mass, EWSB could be achieved radia-
tively [32]. That is, despite taking m2&, m2&, p ) 0 at
Mx, requirement (ii) above can still be satisfied. For a
"large" mq & 80GeV, the running of m& is dominated
by hq, the top Yukawa. As the scale Q decreases from
the GUT scale, m2 is driven negative while mi and p,

remain positive.
Minimization of VH;z, leads to the system of equations

i9'U~
'2

' ——mi + ms tanP + —mz cos 2P + Ei ——0, (13)
2

' = m2+ mscotP ——mzcos2P+ Z2 ——0, (14)

where Zi 2
—= M, V//Bvd „andall terms are implicitly Q

dependent.
Solving Eqs. (13) and (14) one finds

V, = m', ~H„'['+m,']H„'~'+m', (H,'H„'+H.c.)

+ ' '(]H']'-]H']')' (»)
8 and

-2m2(Q)
vi(Q) + ~2(Q)



6180 KANE, KOLDA, ROSZKOWSKI, AND WELLS 49

z +1(Q) —
S z(Q) tan' &(Q)

tan P(Q) —1

We have introduced two parameters:

(16)
and Higgs boson masses are equal to mo at Mx..

m —(Mx) = m,„-,(Mx) =

H. (Mx) ™H„(Mx)=— (19)

&i,z(Q) ™i,z(Q) + ~i,z(Q)

mH„„(Q)+ I (Q) + ~i,z(Q).

Examining Eqs. (13)—(16) we find that, in fact, EWSB
can occur for any value of m& so long as m& ) mb. In
the limit mi approaches ms (ignoring for now the con-
tributions beyond the tree level), pzzapproaches p, i from
below, but is not driven negative as in the large mq limit.
Equation (16) can now only be satisfied as tanP ap-
proaches 1 from above. One concludes therefore that
radiative EWSB can occur for any m& ) mb, though
small mi (& miv) would have required tang 1. From
a rough search of the parameter space we find that al-
though the condition m& ) m~ is always sufhcient for
EWSB (assuming appropriate values for the other pa-
rameters), it is also necessary in order to obtain values
of tang + 2.

It would be simplest if we could always minimize

VH;ss, (Q) at Q = mz because we know from experiment
the value for mz(mz) in Eq. (16) above. In minimizing

Vo(Q), this would be dangerous. But VH;ss, (Q), unlike

Vo(Q), is relatively stable with respect to Q, so that we

can choose Q = mz with confidence.
The complete forms of Zq and Z2 are included in

Ref. [53]. It has been emphasized [53,54] that the use of
only the leading t-t contributions to AV can be mislead-
ing due to potentially large cancellations that can occur
with other terms that are not included. Throughout our
analysis, all contributions to the complete one-loop ef-

fective potential have been included. Because use of the
full potential requires knowledge of the complete SUSY
spectrum, the iterative procedure that will be outlined
in Sec. VI is ideally suited for considering this issue.

V. SUPERGRAVITY-BASED CONSTRAINTS

While the phenomenology of the MSSM is sometimes
studied without referring to its GUT-scale origin we want
to consider in this study a highly constrained SUSY
scenario with as many well-motivated assumptions as
possible. This will of course enhance predictability for
the ranges of parameters where SUSY may be realized.
(Later we can examine what modifications result from
relaxing assumptions. )

As we mentioned in Sec. IIA, a natural and often
considered approach is to couple the MSSM to minimal
% = 1 supergravity from which the following set of as-
sumptions emerges.

(1) Common gaugino mass mi~z. The soft SUSY-
breaking gaugino mass terms are equal to m&~2 at M~..

Mi(Mx) = Mz(Mx) = ms(Mx):—mi~z.

(2) Common scalar mass ma. The soft SUSY-breaking
scalar mass terms contributing to the squark, slepton,

(3) Common trilinear scalar coupling Ao. The soft tri-
linear SUSY-breaking terms are all equal to Ao at M~,

At, (Mx) = As(Mx) = A (Mx) = =—Ao.

Through the RGE's of the MSSM, assumption (18) is

often expressed

Mg ——
3 tan Og M2 0.5M2)
0!2

M, = —m- -0.3m-
g ' gf

o.s

(21)

with Mq, M2, and mg evaluated at the electroweak scale.
One also derives m&~2 1.2M2 0.36mg.

Assumptions (18) and (19), in conjunction with SUSY
and the gauge structure, lead to the following expres-
sions for the masses of the sfermions (except for the third
generation sfermions) at the electroweak scale (see, e.g. ,

Ref. [55]):
2 — 2 2 — 2m —mf + mo + 6f m]/2

7

kmzcos2P [Tz
'" —Qf~ „sin 8~], (23)

where fr, ~ is the left (right) sfermion corresponding to

an ordinary left (right) fermion, Tz
'" and Qf~ „are

the third component of the weak isospin and the elec-
tric charge of the corresponding fermion f, and the co-
eScients 6 can be expressed as functions of the gauge
couplings at mz and are 6 6 for squarks, 0.5 for
left sleptons, and 0.15 for right sleptons (see, e.g. ,
Ref. [56]). Their exact values vary somewhat with dif-

ferent input parameters.
While the assumptions (18), (19), and (20) derive from

theoretical speculations at the GUT scale, we want to
stress that some motivation for assuming at least the
common scalar mass is provided by experiment. The
near mass degeneracy in the K -K system implies a near

mass degeneracy between sL, and dl, [57]. Similarly, slep-
ton masses have to be strongly degenerate from stringent
bounds on p, m ep [57]. It is thus sensible to generalize
this property to all the mass terms, especially since there
exists a well-motivated theoretical framework providing
it. Alternative approaches exist [35,58], though we do
not consider them in this study. We note that for almost
all topics and applications only A& among the trilinear
soft terms plays a role, so in practice we did not have to
impose the condition (20). The assumptions (18), (19)
will be easily tested with any superpartner data.

Many past analyses have also relied on the further as-
sumption that Bo ——Ao —mo [Bo ——B(Mx), etc.], which
follows from a restricted class of supergravity (SUGRA)
models. As has been shown in Ref. [59], even if this rela-
tion is present at the tree level in the full theory, it can
be altered dramatically as heavy states are decoupled at
M~. We do not impose this constraint anywhere in the
analysis.
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VI. PROCEDURE

A. Choice of independent parameters

After making the (SUGRA-inspired) reduction of the
parameter space outlined above, we are left with six "fun-
damental" input parameters at the GUT scale: mo, m&~2,
Ao, Bo, po, and hto. (In addition, we include all effects
due to hs and h in the analysis. ) However, not all of the
parameters remain independent when we impose radia-
tive EWSB. Equation (16) allows us to eliminate p2(mz)
as a &ee parameter in favor of m&, though the sign of p
is still free. Similarly, we can eliminate B(mz) in favor
of tanP(mz) via Eq. (15). Finally, given tanP and the
RGE's we can replace h&0 by m~ '. Table I summarizes
our choices.

This "mixed" set of input parameters, mo, mi/2, Ao,

po, tanP, and m~~ ', has been commonly used in the
literature because of its technical convenience. This con-
venience becomes apparent upon inspection of the system
of RGE's, in which p and B do not affect the running of
any of the other parameters in the low-energy efFective
Lagrangian. Their values at the weak scale may be cal-
culated from Eqs. (15) and (16), and run back up to Mx
in order to determine po and Bo The sig. n of p is scale
independent. Note that when we consider tan P in this
analysis, we will always assume tanP(Q) = tanP(mz)
for all Q = 0(mz); this is well motivated by the very
slow running of tan P and the small range of scales over
which we consider the phenomenology of the MSSM, and
so introduces only negligible errors.

There is another reason for the above choice of input
parameters. In some schemes it is possible to determine
mt as an output. We feel, however, that mt should be
an input into any routine. Current LEP data put strong
constraints on mq, and direct discovery of the top quark
at the Fermilab Tevatron may be forthcoming. Thus mq

will soon serve as a relatively well-known input parame-
ter. Therefore, analyses that give m, q as an output will
not be efficient in exploring the parameter space consis-
tent with a known m~.

There is however a certain technical difhculty asso-
ciated with using the "mixed" parametrization. Some
input parameters, such as the Yukawa couplings of the
third generation, the gauge couplings, and tanP, are
known or chosen at the Z scale. But others such as mo,

mzi2, and Ao are chosen at the GUT scale. Furthermore,
the two scales are mixed in the sense that we must calcu-
late the values of Mx and o.x through the running of the
low-energy values of the gauge couplings. This running
is in turn dependent on the low-energy mass spectrum of
the SUSY particles, which depends most heavily on the
values of mq and mi/2 at the GUT scale. Therefore we

employ an iterative numerical procedure that converges
on a consistent solution given all the input parameters.
We discuss it below.

B. Running the RGE's

We begin our numerical procedure at the electroweak
scale, which we take to be mz. This is an obvious choice
since many experimental quantities are now available at
that scale.

At Q = mz we take as input the well-measured values
of the Z mass [46],

mz = 91.187 6 0.007GeV,

the electromagnetic coupling constant

(24)

1

127.9 + 0.1' (25)

sin 8gr = 0.2324 —1.03 x 10 (m&~ ') —(138GeV)

6 0.0003. (26)

One can see the dependence of the gauge couplings on
this parametrization in Table II, where we have shown
the values of o.,(mz), o.x, and Mx for several values of

and the weak mixing angle sin 8iv(mz), in the MS
scheme. [The MS value of sin 8w at the Z pole is defined
so that sin 8~cos 8iv = (pro/~2G~)/m2z(1 —Ar),
where the radiative correction function Ar depends on
both mq and mb. ] The current world average for the weak
mixing angle is sin 8gr = 0.2324 6 0.0008 + 0.0003 [10],
where the 6rst error is due to uncertainty in the value
of mt and the second error is dominated by the Higgs
boson mass uncertainty. Because we take m& as a known
input parameter in this analysis, the uncertainty due to
top quark mass is replaced by a functional dependence
of sin 8iv on mt~

'
[10):

Inputs: mp, miy2, Ao, sgn po, mt, tanP
a(mz), sin 8w(mz), m, (mb or —lu )

Outputs: Bp ~@pi Q (mz), ( .' I
or mp)

Mi, M2, masses and mixing angles of gluinos,
neutralinos, charginos, squarks, sleptons, and
Higgs bosons; O„ho,BR(b m sp), etc.

TABLE I. Summary of input to and outputs from our anal-
ysis. Note that the choice between mp and —'

iM depends on
whether we are testing the assumption of GUT-scale Yukawa
unification as in Sec. III or requiring physically realistic bot-
tom quark masses as in this section and those that follow.

sin 8~
CXg mz

0',g
M» /10 GeV

120
0.2329
0.126
0.0414
1.76

mP, '(GeV)
145
0.2322
0.127
0.0413
1.94

170
0.2314
0.129
0.0414
2.26

TABLE II. Typical effect of dependence of sin 8~ on m&

for mtP
"= 120, 145, 170 GeV on o, (mz), ax, and Mx. For

this table we have chosen mp = mixup = 200 GeV, tang = 5,
Ao ——O, and p) 0.
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m~ ', using Eq. (26), for a set of sample input parame-
ters. It is also interesting to note that this dependence of
sin 0~ on the top quark mass leads to a strong depen-
dence of n, (mz) on the top mass as well. For constant
sin 0~, larger values of the top quark mass tend to de-
crease the value of n, (mz) by about 3% over the allowed
range of m&. However, because of the strong dependence
of sin 0~ on mz, the value of n, (mz) actually increases
by about 3% over the same range.

In addition to the values of the gauge couplings at
Q ——mz, one also needs the Yukawa couplings of the
third generation of quarks and leptons at mg. The mass
of the 7- is now very precisely known, m„=1776.9 6
0.5MeV [60]. The mass of the b quark, however, has a
larger uncertainty. Following the analyses of Refs. [14,49]
we take the central value of m~&' '(m~& ') to be 4.9 GeV.
In order to determine ht, and h at Q = mz we run the
gauge couplings o. and o., from their experimental values
at Q = mz down to the 6 and -r-mass scales using three-
loop QCD and two-loop QED RGE's [61]. At the mass
thresholds we translate [47] the experimentally measured
pole masses to the MS scheme and run these masses back
up to the Z scale. Similarly we arrive at h, (mz) by run-

ning gauge couplings up to the top quark mass threshold
and then running hq back down to mz.

Now we return to a careful treatment of the thresh-
oM corrections in the running of the gauge couplings al-
ready mentioned in Sec. IIB. In the present analysis all
thresholds are handled as an intrinsic part of the nurner-
ical routines. Because we determine the (running) mass
of each sparticle at the scale Q = m, (Q) anyway, we can
simultaneously change the gauge coupling P-function co-
eScients to reflect the coupling or decoupling of this par-
ticular state. We have already argued in Sec. IIB that
the RGE's must be run at two-loops with correct one-loop
thresholds, which is what we do. In Table III we demon-
strat, e t, he importance of both these requirements. Notice
in particular that the net effect of the two-loop running
is to increase n, (mz) by 10%. Also notice that had we

considered proton decay in this analysis, we would have
found that the proton lifetime coming from dimension-6
operators increases when using two-loop running instead
of one-loop by a factor of 5 since Mx has increased by

50% and the lifetime scales as Mx.
When running the gauge coupling RGE's we follow the

decoupling prescription outlined in Eqs. (3)—(5). How-

ever, there are some minor simplifications and ambigu-

ities to consider [40]. First, we decouple all Higgsinos
at the common scale Q = p, (Q), b-inos at Q = Mi(Q),
W-inos at Q = M2(Q), and the second Higgs doublet at
Q = m&(Q). For the top quark one could either choose
to decouple it at its mass threshold, or simply at mg, nu-

merically either procedure is essentially equivalent. One
other ambiguity in the one-loop RGE's arises for weak
isodoublets decoupling Rom P2. Here, because they will

always appear in T3 ——6 2 pairs in the loops, we only cou-
ple the doublet when the scale is larger than the heavier
member of the doublet. This can be seen in Eq. (4). At,

two loops many such ambiguities arise; however, the ef-

fects of individual thresholds in the two-loop RGB's are of
higher order and can be safely ignored. Therefore we have
changed the two-loop coeKcients with a single threshold
at Q = mi~2 above which we use MSSM two-loop co-
efFicients and below which we use those of a two-Higgs
doublet SM. We have checked that dramatically varying
the scale Q at which the two-loop coefficients are changed
from their SM values to the SUSY ones causes typically
an 2% variation in n, (mz) [b,n, (mz) + 0.002]. Thus,
we feel that our approximation is justi6ed.

It is important to reiterate that we only decouple states
in the running of the gauge couplings. This decoupling
is necessary in order to determine realistic values for
n, (mz). However, were one to decouple states, say, from
the soft mass RGE's, then one would need to recon-
sider the effective Lagrangian and matching conditions
at scales below each threshold, where this Lagrangian, its
couplings, and their RGE's would no longer be supersym-
metric. By minimizing the one-loop effective potential
with all states included down to Q = mz, we effectively
include the contributions from their decoupling. There-
fore, in all RGE's other than those of the gauge couplings,
we have left all states coupled down to Q = mz where
we minimize the full one-loop effective potential.

Once the boundary conditions at the GUT scale have
been set we run the RGE's of the system in order to de-
termine the value of a parameter at any scale Q below
Mx. The RGE's for minimal SUSY have appeared in nu-

merous places in the literature, including Refs. [43,62]; we

follow essentially the conventions of Ref. [62]. Although
various authors have offered semianalytic, approximate
solutions to the full set of RGE's under various simpli-

fying assumptions, a full analysis of the parameter space
requires that the RGE's be solved numerically, given the
level of accuracy that we are maintaining.

TABLE III. Typical effect of dependence of n, (mz), n», and M» on one-loop running, two-loop
running& and two-loop running with the "effective scale" of Eq. (7) for two spectra of SUSY particles.
For case 1 we take mo ——mi~2 = 100GeV, tang = 5, m~

' = 145 GeV, A& = 0, and p ) 0.
Case 2 is the same as case 1 except mo ——mzgz ——1 TeV. For the two cases, MsUs~ ——13, 177GeV,
respectively. Recall that MsUsv is defined to reproduce the one-loop value for n, (mz). We calculate
the values of a.» and M» for Ms&sv as in Ref. [17].

cx~ m~

M»/10' GeV

Example 1
One loop Two loop MsUs&

0.117 0.129 0.117 + 2 loops
0.0404 0.0422 0.0456
1.50 2.37 4.30

Example 2
One loop Two loop MsUs~

0.111 0.121 O.ill + 2 loops
0.0380 0.0394 0.0417
0.79 1.18 1.81
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The procedure that we adopt essentially consists of
repeatedly running the RGE's between Q = mz and Q =
M~ until a self-consistent solution has been isolated.

In the first iteration for any given set of input param-
eters, an approximate SUSY spectrum is generated. The
six RGE's of the gauge and Yukawa couplings, are si-
multaneously run up first to the GUT scale using the
method of Runge-Kutta. We run the gauge couplings
above the Z scale in the SUSY-consistent dimensional
reduction (DR) scheme as opposed to the MS scheme
which we used below the Z scale, and so we impose the
matching condition for the two schemes at Q = mz [40].
(The net effect of the scheme change is less than 1'
however [10,40].) Running up, we define Mx as that
point at which ni(Mx) = n2(M~) = nx. We then set
o.,(Mx ) = nx. All scalar masses are set equal to mo, all
gaugino masses to mzy2, and all A parameters to Ao.

The RGE's for all the 26 running parameters (the
gauge and Yukawa couplings, the p-parameter, and the
soft mass terms) are run back from Q = M~ down to
Q = mz. For the gauge couplings, two-loop RGE's with
one-loop thresholds are used throughout, while two-loop
RGE's without thresholds are used for the Yukawa cou-
plings. Only the one-loop RGE's are used for the SUSY
soft mass parameters. Along the way we decouple any
particle i in the spectrum from the gauge coupling RGE's
at the scale Q = m, (Q). As described earlier, thresh-
olds in the one-loop gauge coupling RGE's are used to
account for the effects of the decoupling of the various
sparticles at masses greater than mz. At Q = mz a
value for n, (mz) is found consistent with unification as-
sumptions, and the full one-loop effective scalar potential
is minimized in order to determine the values of /J, (mz)
and B(mz) that produce proper EWSB. On the next it-
eration when the entire set of parameters is again run up
from Q = mz to a newly determined Mx. , the parame-
ters p, and B will also run, providing their corresponding
values at the GUT scale.

This entire procedure is repeated several times, termi-
nating only after changes in the solutions to the RGE's
are small compared to the values themselves or to the
experimental errors, whichever are relevant. Each itera-
tion provides a more precise spectrum of sparticles, which
in turn provides more precise running of the gauge and
Yukawa couplings. We find that the whole procedure is
extremely stable, usually converging to a solution in just
a few iterations.

In Fig. 3 we give an example of the running of various
sparticle masses from the GUT scale down to the elec-
troweak scale. Notice that the mass of the Higgs boson
that couples to the top quark is driven imaginary (i.e. ,
its mass squared is driven negative) at scales 1TeV,
signaling the onset of EWSB. This is shown in the plot as
the mass itself going "negative" for convenience of pre-
sentation.

When the program has isolated a solution we have as
our output all sparticle masses and mixings valid to one
loop, Higgs boson masses which include all third gen-
eration contributions to the one-loop radiative correc-
tions [63], a, (mz), nx, and Mx valid to two-loops, and
the GUT-scale parameters Bo and po.
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FIG. 3. The running of the sparticle masses from the GUT
scale to the electroweak scale, for a sample set of input pa-
rameters (see "Solution 3" in Table VIII later in this paper).
The bold lines are the three soft gaugino masses m-, M2 (la-

beled W), and Mi (labeled B) The lig.ht solid lines are the
squark (qr„qz,ti„tz) and slepton (IL„IR) soft masses, where

we ignore D-term contributions and the mixing of the stops
for this 6gure. Finally, the dashed lines represent the soft
Higgs boson masses, mi and mz [see Eq. (10)], labeled by Hz
and H„.The onset of EWSB is signaled by mq going neg-

ative, which is shown on the plot as m2 going negative for
convenience.

A. Limits from experimental searches

LEP experiments have placed lower limits on the
chargino mass of about 47 GeV, and on the charged slep-

VII. CONSTRAINTS

In applying the numerical procedure described in the
previous section we have required the gauge coupling to
unify, and &om the input values of n, Eq. (25), and
sin Oiv, Eq. (26), obtained a range of o., (mz) as a
function of independent parameters. We have also de-
manded proper EWSB yielding the experimentally mea-
sured value of mz. We have parametrized the many mass
parameters of the MSSM in the usual way, assuming
common gaugino and scalar masses and the A param-
eters, Eqs. (18), (19), and (20), as implied by minimal
SUGRA. Before we present our results in the next sec-
tion, we now list and brieHy elaborate on several other
constraints that we will impose on the output of our nu-
merical analysis. As we explained in Sec. III we do not
impose the condition mb ——m at the GUT scale because
the resulting bottom quark mass is likely to be very sensi-
tive to the threshold corrections at M~, which we cannot
include without selecting a specific GUT model. With-
out such corrections we obtain the values of mb about
20% above the current experimental range, except for
very large mq.
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ton, sneutrino, and squark masses of about 43 GeV [64].
The lightest top squark mass bound is dependent on the
left-right top squark mixing, which can reduce its cou-
pling to the Z boson. DELPHI [65] has excluded m;
below about 45GeV, except for a rather tiny range of
the mixing angle which allows m~, ) 37 GeV.

Placing an experimental lower limit on the masses
of the Higgs bosons is in principle more complicated
since either 6 or A, or both, can be light, and be-
cause of potentially sizable radiative corrections to their
masses due to the heavy top quark. Assuming reasonable
ranges of value for mq, m;, and tang ) 1 the bounds
my, ) 44 GeV and m~ ) 21 GeV have been derived
by ALEPH [64]. Other LEP experiments obtained simi-
lar limits. However, once we impose the unification and
EWSB conditions, we find that h couplings are very SM-
like [sin (P —a) = 1] so that' in practice the LEP limit
of about 62 GeV [66] for the SM Higgs boson applies to
6 as well. For related reasons, A is always heavier than
mz for us, so that the LEP limits on A place no serious
bound.

I.ower mass bounds on the squarks and gluino have
been reported at 126 GeV and 141 GeV [67], respectively,
assuming no cascade decays. By including cascade de-
cays one can reduce those bounds by some 20GeV or
more [68]. The squark masses could become even as light
as allowed by LEP if mg becomes large. All squark and
gluino bounds are very model dependent.

LEP experiments alone cannot place a lower bound on
the mass of the lightest neutralino because its coupling to
the Z can be strongly suppressed and it is not directly de-
tectable. It is only by combining LEP direct chargino and
neutralino searches with indirect (Z line shape) searches
and with the lower bound on ms from the Tevatron [via
Eq. (22)] that a bound m„+18 GeV [69] can be derived
for any tan P ) 1.

B. b —+8P

Recently, CLEO has reported an upper bound on
B(b ~ sp) & 5.4x10 [70]. A central value (3.5x10 4)
and a lower limit (1.5 x 10 ) is obtained from the de-
tection of B + K*p [70] and assuming that the ratio
of B(B ~ K*p) to B(b ~ sp) is 15% [71]. In addi-
tion to the SM contribution, SUSY allows for one-loop
diagrams with the exchange of the charged Higgs boson
and the charginos and neutralinos [72—76]. We calculate
B(b m sp) with the formulas of Ref. [73]. These use
@CD corrections that are less accurate than has been
done for the SM case recently [77]. We are in the process
of combining our results with those of Ref. [77] to obtain
improved @CD corrected CMSSM predictions.

In Sec. VIII we will apply the upper bound B(b ~
sp) & 5.4 x 10 . In Sec. IXD we will present the pre
dictions of CMSSM for B(b ~ sp) and show that the
range favored by CMSSM naturally falls into the range
resulting from the CLEO analysis. We will also show
that the claims [74) of a stringent bound on the charged
Higgs boson mass are too strong in the CMSSM.

C. Color and charge breaking

In the MSSM the Higgs potential automatically con-
serves color and charge but the same is not necessarily
true with the full scalar potential. If one wishes to de-
termine the form of the global minima, one must nu-

merically search for all local minima of the full scalar
potential, including the charged and colored states, and
determine the broken symmetries associated with each.
This is outside the realm of the study we are reporting
on here and so we only demand that the (mass) 2 of any
charged or colored mass eigenstate remains positive. In
fact, this will be an important constraint in some regions
of the parameter space (especially for large Ao) where
the lighter top squark (mass) can become negative due
to a large tg-t~ mass splitting.

It is sometimes stated in the literature that a necessary
condition for avoiding color breaking [78] is to demand
that ~AO~/mo & 3. However, as pointed out by Ref. [?9],
this condition is really neither sufficient nor necessary.
Therefore, we consider values for ~Ao~/mo slightly larger
than three. Knowing that minimization of the full scalar
potential may lead to color- or charge-breaking minima
for such large ratios, the constraints coming from our
analysis can only be strengthened by a full treatment of
this color and/or charge breaking.

Nonetheless, as will be discussed in the next sec-
tion, m- never goes negative for smaller values of Ao

(~Ao~/mo & 1) simply because the tr, —t~ mass splitting
is dominated by Ap.

D. Lightest neutralino as the LSP and dark matter
candidate

In the absence of B-parity breaking the LSP remains
absolutely stable. Depending on its nature it may have

to face potentially tight cosmological constraints which
we will discuss below. It will also have important exper-
imental consequences for possible SUSY signatures. In
the MSSM, any of the superpartners could in principle
be the LSP because their masses are virtually unrelated.
In the CMSSM the picture is very diR'erent: the masses
of the superpartners are highly correlated. These rela-

tions are determined by the assumptions of Eqs. (18)-
(20) and lead to a hierarchy among the sparticle masses.
As a result there are very few possible candidates for the
LSP. Typically it is the lightest of the four neutralinos
that comes out to be the LSP, and it has been usually
favored in most phenomenological and cosmological stud-
ies. However, for some combinations of parameters some
other sparticle, such as the top squark, the stau, or the
sneutrino can be the LSP. Each of the resulting types of
the LSP must meet cosmological constraints.

As we have already discussed in Sec. VIIC, due to a
large mass splitting in the tg —t~ sector, the lighter top
squark mass eigenstate (tq) may in certain cases become
very light. In fact, one may even encounter m- & 0. On

the other hand, the lighter stau sometimes becomes the
LSP. As concerns the sneutrino, after we apply experi-
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mental limits and reject unphysical cases, we never find
it to be the LSP.

f. ¹utval LSP

It would be dificult to imagine that an electrically
charged or colored massive stable particle, such as the
stau or the top squark, could exist in any meaningful
amount in the Universe [80,81]. If it did, it would in-
teract with photons and become detectable. It would
also interact with ordinary matter and dissipate its en-

ergy thus falling toward the cores of galaxies. It would
form stable isotopes of chemical elements. For these and
other reasons, only electrically neutral and colorless par-
ticles are believed to be able to exist in the Universe in
the form of dark matter [80,81]. We will therefore reject
those regions of the parameter space where either the top
squark or stau are the LSP. In the rest of the study we

will only deal with the neutralino as the LSP.

S. Neuttalino flic abundance

Any stable (or metastable) species predicted by theory
would contribute to the total mass energy of the Uni-
verse. A relic abundance is usually expressed as the ra-
tio of the particle's relic density to the critical density

p„;g= 3Ho2/8+a = 1.9 x 10 ~s(ho2)g/cm,

~x
X

Pcrit
(27)

where p„;q corresponds to the flat Universe and ho is
the present value of the Hubble parameter Hp in units
100 km/s Mpc (ho —— ioo & &, M ). Current estimates

only require 0.4 & ho & 1 [80].
A supersymmetric LSP, being stable, cannot decay on

its own but can pair annihilate into ordinary matter.
Its relic abundance O~hp is inversely proportional to the
LSP annihilation cross section and thus depends on the
masses and couplings of the final and exchanged particles.
In calculating the neutralino relic abundance we include
all the relevant LSP pair annihilation channels into or-
dinary matter that are kinematically allowed. Lighter
y's annihilate only (except for rare radiative processes)
into pairs of ordinary fermions via the exchange of the
Z and the Higgs bosons, and the respective sfermions
(We do not include final-state gluons since the relevant
cross section has been shown to be relatively insignifi-
cant in calculating the relic abundance in the early Uni-
verse [82].) As mz grows new final states open up: pairs
of Higgs bosons, gauge and Higgs bosons, ZZ and WW,
and tt, all of which we include in our analysis. The actual
procedure of calculating the relic abundance is quite in-
volved and has been adequately described elsewhere (see,
e.g. , Refs. [8Q,83,84]). We use the technique developed in
Ref. [83] which allows for a reliable (except near poles
and thresholds) computation of the thermally averaged
annihilation cross section in the nonrelativistic limit and
integration of the Boltzmann equation. This technique
is applicable to calculating the relic abundance in most

of the parameter space.
As was first pointed out in Ref. [85], and rediscov-

ered and elaborated by Griest and Seckel [86], special
care must be applied to calculating the relic abundance
near the poles of exchanged particles and when new mass
thresholds become kinematically accessible. In particu-
lar, proper treatment of narrow poles has been provided
in Refs. [23,28,87] and it was shown that standard tech-
niques may lead to errors reaching even 2 or 3 orders
of magnitude in the vicinity of a pole. This is especially
true for the lightest Higgs boson because the width of h is
extremely narrow, and also near the Z-boson pole where
the effective coupling is somewhat stronger. We find that
the regions of the parameter space where our (standard)
calculation fails are relatively small albeit non-negligible.
In presenting our results in the next section we will there-
fore point out those regions where the presented results
for the neutralino relic abundance are not trustworthy. It
has been argued in Refs. [23,28] that the regions where
the h and Z poles dominate are favored by current limits
on the proton decay in the SUSY SU(5) model. Since we

do not select SU(5) as a GUT symmetry, nor view it as
particularly attractive, at this point we choose not to pay
special attention to calculating the relic abundance near
the poles. We will comment on these effects in discussing
results.

3. Age of the Universe

In the standard cosmological model the age of the Uni-
verse depends on the total relic abundance Oq q. Con-
versely, estimates of the Universe's age place a constraint
on 0„&Oq ~. A conservative assumption that the Uni-
verse is at least 10 billion years old (and ho ) 0.4) leads
to [80]

(28)

If the age of the Universe is at least 15 billion years,
as many currently believe, then the bound (28) becomes
much stronger: Ozh2& + 0.25 [80]. This is because an
older Universe corresponds to a smaller expansion rate
hp. No stable particle can contribute to Oq q more than
is allowed by at least the bound (28) without distorting
the Universe's evolution. This constraint is independent
of the nature (or even existence) of dark matter (DM) in
the Universe. The bound of Eq. (28) must be satisfied
for any choice of free parameters and, as we will see in
the next section, it provides a very strong constraint on
the parameter space.

Dark matter

The visible matter in the Universe accounts for about
1% of the critical density. There is at present abundant
evidence for the existence of significant amounts of dark
matter in galactic halos (0 0.1) and in clusters of
galaxies (0 + Q.2) [8Q]. Big bang nucleosynthesis (BBN)
constrains the allowed range of baryonic matter in the
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Universe to the range 0.02 & O~ & 0.11 [88] (and more
recently O~ 0.05; see the second paper of Ref. [88]).
The value 0& t ——1 is strongly preferred by theory since
it is predicted by the models of cosmic inBation and is
the only stable value for Friedmann-Robertson-Walker
models. Values of Ot q larger than those "directly" ob-
served are also strongly supported by most models of
large structure formation. This, along with estimates
given above, implies that (i) most baryonic matter in
the Universe is invisible to us and (ii) already in halos
of galaxies one might need a substantial amount of non-
baryonic DM. If Ot t ——1 then most (about 95%) of the
matter in the Universe is nonbaryonic and dark. Cur-
rent estimates of hp give, for Ot t ——1, 0.5 & hp & 0.7
{the upper bound coming from assuming the age of the
Universe above 10 billion years), in which case one ex-
pects 0.25 & Ot &hp2 & 0.5. While it is not unlikely that
the galactic halos consist to a large degree of various
extended Massive Compact Halo Objectsi (MACHO's)
(such as Jupiter's, brown dwarfs, etc.), it would be very
hard to believe that such objects could fill out the whole
Universe without condensing into galaxies. This, along
with the bound on baryonic matter provided by BBN
has led to a widely accepted hypothesis that the bulk
of DM in the Universe consists of some kind of weakly
interacting massive particles (WIMP's). The relic abun-
dance of the lightest neutralino y (most naturally of 6

ino-type [91]) often comes out to be in the desired range
thus making it one of the best candidates for DM [92].
Being nonrelativistic, it falls into the category of cold DM
(CDM) which has been favored by models of large struc-
ture formation, in contrast with hot DM (HDM), such as
light neutrinos. In a purely CDM scenario one assumes
that the LSP dominates the mass of the Universe, leading
roughly to

0.25 & O, h,' & 0.5 (CDM).

Motivated by the theoretical expectation that SUSY
GUT theories will also have massive neutrinos, and phe-
nomenologically by the result that [in the aftermath
of the Cosmic Background Explorer (COBE)] a mixed
CDM+HDM picture (MDM) seems to fit the astrophys-
ical data better [93] than the pure CDM model, we also
consider a smaller value of O~. In the mixed scenario
one assumes about 30% of HDM (such as light neutri-
nos with m 6eV) and about 65'% of CDM (5-ino-like
neutralino), with baryons contributing the remaining 5%.
In this case the favored range for O~hp is approximately
given by

0.16 O„kp 0.33

Recently, a few candidate events for MACHO's with mass
0.1M' have been reported by microlensing experiments {89]

thus implying that some sort of small stars comprise a signif-
icant component of the halo of our Galaxy. We note that,
with the present eKciency, this discovery does not, and will
not for the next several years, be able to eliminate other kinds
of candidates for the dark matter {90].

[Strictly speaking, in the MSSM the neutrinos are
massless and as such could not constitute interesting
HDM. But it is straightforward to extend the model to
include right-handed neutrinos (and their sneutrino part-
ners) and give them mass terms. We do not expect this
extension to sizably modify the running of all the other
parameters of the MSSM. It is with this implicit assump-
tion that we will apply the range given by (30) in ana-
lyzing the resulting implications for SUSY searches. ]

Both scenarios assume a significant amount of LSP
DM. The sneutrino, an early candidate [94] for DM, is
now strongly disfavored. After the LEP experiments have
placed a limit on its mass m- ) 43GeV, its relic abun-
dance can now only be negligibly small (0- 10 ). We
thus find it remarkable that we never find the sneutrino
to be the LSP. Had it been the LSP instead of the neu-
tralino in most of the parameter space then the CMSSM
would not have provided a viable candidate for the DM
problem.

VIII. RESULTS

We now proceed to discuss the numerical results ob-
tained by using the procedure for generating low-energy
output described in Sec. VI. We will first analyze the
impact of several experimental, theoretical, and cosmo-
logical constraints on the parameter space. Next, we will
focus on the region of the model's parameter space con-
sistent with all the adopted constraints and discuss the
resulting consequences for the value of ct, (mz), the mass
spectra of the Higgs boson and supersymmetric particles,
and other predictions.

A. EfFect of constraints

We have generated a large set of solutions for a broad
range of input parameters. We explore wide ranges of
both mq~2 and mp, each between 50GeV and approxi-
mately 3 TeV in 22 logarithmic steps, for discrete values
of mt~

' = 120, 145, 170 GeV, tanP = 1.1, 1.5, 3, 5, 10,
15, 20, 30, 40, 50, and Ao/mo between —3.5 and 3.5 in
increments of 0.5. We also consider both signs of pp.

The choice of a logarithmic scale for miy2 and mp is
technically motivated. We are interested most particu-
larly in lower values of the soft masses where the fine-
tuning reintroduced by SUSY breaking is smallest and
where we can expect currently planned facilities to best
probe the parameter space. Likewise, the difference be-
tween tan P = 1.5 and tan P = 3 is more significant than
that between tan P = 40 and tang = 50. Lastly, the scal-
ing of Ap with mp is motivated by SUGRA, with bounds
motivated by the fear of color-breaking global minima for
large Ap.

Mass scales above 1TeV may seem unnatural but we
also wish to explore the asymptotic behavior of our re-
sults. For the top mass, the three representative values,

m~ = 120, 145, 170GeV, help us sample the whole
region of top mass preferred by the analysis of the LEP
data. We pay particular attention to the middle value,
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sponds roughly to m&~2 & 50GeV. On the other hand,
in general there is no lower bound on m0 except for small

m&y2 from the experimental lower bounds on the slepton
and squark masses. As an example, we present in Fig. 10
the region of the plane (mz/2, mo) ruled out by the LEP
bound m„-) 43 GeV for two extreme values of tan P and
by mg ) 141 GeV. For mqg2 )& m0 the exact value of
mo becomes unimportant, as m~g2 will come to domi-
nate the values of all masses and will dictate how EWSB
occurs. Although for the major portions of this study
we have taken m0 & 50 GeV, we have explored the re-
gions of much lower m0 and found nothing to change our
conclusions as reported in Secs. VIII and IX.

In addition, we And some regions where the lighter
top squark mass becomes smaller than the current ex-
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FIG. 9. Same as in I"ig. 7 but for I, ' = 170GeV,
tanP = 20, Ao/mo ——1, and sgn go = —1.
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FIG. 10. Region in the (migs, mp) plane ruled out by the
LEP bound on the sneutrino mass, m„- & 43 GeV, for both
small and large tan P and by the CDF bound m- & 141 GeV
(dashes, cascade decays neglected). The chargino mass bound
m + & 47GeV often (but not always) leads tp additional

X1
excluded regions.

Constraints from b -+ sp

Following Sec. VII B we apply the upper bound B(b ~
ep) & 5.4 x 10 4. Interestingly, this bound is often quite
important and particularly probes regions of small to
moderate mi~2 and mp (Figs. 4—6). As mi~q and mp

grow, B(+ep) tends to decrease and produce the range
of values consistent with CLEO for a wide range of pa-
rameters as will be shown in Sec. IXD.

3. Constrainte from and on a, (mz)

As we can see from Figs. 7—9, the values of n, (mz)
resulting &om our analysis generally fall into the ex-
perimentally allowed range. LEP event shape measure-
ments alone give n, (mz) = 0.123 + 0.006 [46] while

other LEP analyses and low-energy experiments typically
yield somewhat lower ranges leading to the world average
n, (mz) = 0.120+0.006+0.002 [46]. (We note, however,
that much smaller values of n, (mz) = 0.107+0.003 have
been derived in Ref. [50).) We find that n, (mz) gener-
ally decreases with growing mqy2 and m0, and increases
with mq (see Table II and Sec. VIB). Since small mi~2
and m0 are excluded by some experimental constraints
(Sec. VIIIA1), we find n, (mz) & 0.133, including the
range of very small mo. This is a significant constraint
on the entire picture and an important prediction. No in-
teresting upper bound on the plane (mi~2, mp) can be de-
rived &om a lower bound on n, (mz) because a, (mz) de-
creases very slowly and reaches 0.110 for mi~2 and/or mp
in the range of tens of TeV. Keeping SUSY masses be-
low about 1 TeV provides a lower bound n, (mz) & 0.119,
while requiring no fine-tuning (f & 50, see Sec. VIIIA 8)

perimental bound of about 37 GeV and quickly becomes
tachyonic as will be discussed below.

Proper EWSB is not automatic and requiring it places
additional strong constraints on the allowed combina-
tions of parameters. As can be seen in Figs. 4—6, this
constraint excludes significant regions in the upper left
corner (mp )& mi~2) of the plane (mi~2, mp), unless tang
is close to one or Ap is larger and negative. For pp & 0
there are additional regions in the lower right-hand cor-
ner (miy2 )& mp) of the plane (mi~2, mp) which are also
excluded for larger values of tanP. This is because the
full one-loop effective potential has become unbounded
from below in those regions.

S. Constrainte fmm avoiding color breaking

As we said above, sometimes m- becomes negative.
C1

As one can see from the presented figures, this usually

happens roughly for m0 & mq~2 for rather large values of
~Ap

~
[see symbol "L" in these areas in, e.g. , Figs. 4(c) and

4(d)]. The regions where m2 & 0 always grow with in-
t,1

creasing tan P. More specifically, for pp & 0, color break-
ing occurs when Ap/mp & —2 for the whole range of
tang, and also to some extent for Ap/mp ) 3 and large
tan P. For the smaller values of Ap m- is always positive,
as expected. For p,0 & 0 the situation is generally similar
for a reversed sign of Ao.

8. Conetrmnts from nentralino LSP

As we have argued in Sec. VIID1, only the lightest
neutralino LSP remains a viable candidate for DM. On
the other hand, for m&~2 &) mo we invariably find that
the lighter stau is the LSP, and not the neutralino, as
one can see in Figs. 4—6. This is expected since the mass
of the neutralino m~ is given roughly by m~ M~
0.4m~~2. On the other hand, the mass of the lighter stau
7~ [see Eq. (23)] grows somewhat more slowly with mi~2,
mx 0.38mi~2. In the region of large miy2 () 400 GeV)
and small mp, 7g (and in fact also e~ and y~) become
lighter than the lightest neutralino. For a fixed mq/2, as
mo grows, so does m& and y becomes the LSP again. In-
sisting on the neutrafino LSP provides a very important
constraint on the plane (mi~2, mp), excluding the region

mzy2 )) mo. We note, however, that the regions where y
is not the LSP correspond to large mg & 1 TeV. Also, we

never find the sneutrino to be the LSP: regions of small

mzy2 where this could take place have been excluded by
LEP. We thus find that, in the most interesting region of
low-energy SUSY it is the neutralino which is most often
the LSP. It is also mostly gaugino-type (b-ino-type) —this
will be discussed in more detail in Sec. VIII B.
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7. Constraints from the oge of the Universe

For gauginolike y's the relic abundance Ozho depends
most strongly on the mass of the lightest exchanged
sfermion in yy ~ ff; roughly Ozho oc m -/m [84). All

sfermion masses grow with increasing mo, and in the case
of sleptons much more slowly with my/2 so one expects
that the bound A~ho 1 which results from requiring
that the age of the Universe be at least 10 billion years
(see Sec. VIID 3), will be stronger for mo than for mi/2.
This is indeed often the case in the remaining regions of
the parameter space. The constraint (28) excludes large
values of mo roughly above 1TeV and often even above
a few hundred GeV.

For small tanP (tanP = 1), the bound (28) is typ-
ically much stronger and excludes mo & 300GeV and
mi/2 + 1TeV. As tanP grows slightly to at least mod-
erate values (2 and above), the bound becomes less con-
straining primarily for Ap around zero or positive allow-
ing for somewhat larger values of mo and also opening
the region mo mz/2 above 1TeV. This is because the
s-channel Z exchange in the process yy —r ff and the

y pair annihilation into pairs of of light Higgs bosons 6
become unsuppressed and can reduce the I SP relic abun-
dance. The Z-pole effect is clearly visible in the region
mo &) mi/2 120GeV [see, e.g. , Figs. 4(a), 4(d), or
5(c)]. But it is also in the region near this pole (and like-
wise near the h pole) that the exact calculation of the
relic abundance becomes difficult. We have highlighted
these regions in Fig. 11.

The process yy ~ hh is rarely dominant but it can re-

duce the relic abundance considerably, especially in the
most interesting region of mq/2 and mo in the range of
a few hundred GeV for larger values of tang. This is

clearly visible in Fig. 8 (see also Fig. 15) where the re-

gion to the right of an "island" of Oxho & 1 (large mo
and mi/2 270 GeV) is again allowed because the final-

state hh becomes kinematically allowed. This effect is

not present for small tanP 1 (compare Fig. 7) because
the coupling bye vanishes there.

Overall, the bound 0~h& + 1 typically provides a
very stringent constraint on the regions of the param-
eter space not already excluded by other criteria. It ex-
cludes mo roughly above 1TeV, except for large mi/g
where some SUSY sparticle masses (e.g. , ms) become
very much larger than 1 TeV and are therefore disfavored
by the Fine-tuning criterion.

g. Constr'aints from requiring no fine tun-ing

Finally, it is clear that if SUSY is to replace the SM as
an effective theory at the electroweak scale, its mass pa-
rameters should not be much larger than mz. Stated dif-
ferently, since the combination of m2i and m22in Eq. (16)
has to give m&, one would have to tune those parame-
ters to a high precision, unless they were broadly within
a 1 TeV mass range [95]. This fine-tuning in the potential
minimization is a remnant of the fine-tuning exhibited by
the full theory. In the full theory, one would parametrize
fine-tuning most naturally by f = A2s&sY/m~&. Instead,
because radiative EWSB connects the SUSY scale to the
electroweak scale, we choose to parametrize it by

f —= ]mal/mz

which is particularly stable in terms of the running of
the RGE's and the minimization of the one-loop effec-
tive Higgs potential. (At the tree-level our definition is
similar but not identical to the definition of Ross and
Roberts [8].) The concept of fine-tuning is somewhat
subjective and various authors have used different defi-
nitions and criteria.

Figure 12 shows the typical scaling of the fine-tuning
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FIG. 11. For the case presented in Fig. 8 (m,
' = 145 GeV,

tang = 5, Ao/mo ———1, and sgn po = —1) we delineate the
regions close to the Z [window (a)] and h [window (b)] poles in
the process Xy ~ ff where our calculation of O„hri cannot be
trusted. (The eff'ect of other poles is much less significant. ) In
window (a) [m~ —mz/2[ = 25 (dots), 15 (dashes), and 5 GeV
(solid). For [m~ —mz/2[ + 15 GeV our calculation of O„hrr
is sufficiently reliable. In window (b) the same for the light
Higgs boson h.
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FIG. 12. Scaling behavior of the fine-tuning constant with
the SUSY scale. The solid line represents a fine-tuning of 50
which typically corresponds to mq7 fllg 1 TeV. The other
lines are (left to right) for 1, 10, 100, 500, and 1000. Here we

have taken m~ = 145 GeV, tan/I = 5, Ao/rno ———1, and

p &
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constant with the scale of SUSY for a sample choice of in-

put parameters. In order to exclude regions where large
fine-tuning must be invoked, we will later place an upper
bound of f & 50. As we can see from Fig. 13, this crite-
rion typically selects the heaviest sparticle masses below

roughly 1TeV. It is worth stressing however that, for
large tan P, both ms and m~ can be significantly larger
without any excessive 6ne-tuning. Thus simple cuts

mg, mz & 1TeV often made in the literature [19,21,22]
may in general be too strong.

One might hope that physics constraints would elim-

inate the need for adding a separate 6ne-tuning con-
straint. That indeed is the case for large ranges of param-
eters, which is very encouraging. For example, for large

m~
' = 170GeV we 6nd that the constraint Ozho ( 1

cannot be satis6ed if mo or mi~2 are larger than several

hundred GeV. This is also true for smaller m~~
' if tan P

is close to one. In general much larger mo and mi~2
become allowed as tanP grows, but this does demon-

strate the kind of argument that might lead to physi-

cal constraints on the parameter space in place of 6ne-

tuning [20].
We will not apply the constraint f & 50 in the rest of

this section because we also want to display the asymp-

totic behavior of solutions at very large values of miy2
and mo, but will do so in Sec. IX where we study the

implications of this work for SUSY searches at accelera-

tors. We will see that, for some choices of m~~ ', tan P,
and Ao, both mo and mr~2 are bounded from above by

purely physical criteria, and no 6ne-tuning constraint is

needed.
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FIG. 13. Scatter plot of (a) m-, (b) m —,(c) mo, and (d)
mqy2 vs Bne-tuning for solutions consistent with all applied
constraints. Notice that the cut f & 50 typically gives spar-
ticle masses m —,m- & 1 TeV but in some cases (all of which

have large tang) they can be significantly heavier.

B. Constrained minimal parameters space
(COMPASS}

Cenerel preperti ee

We now focus on the region of the parameter space con-
sistent with all the constraints listed above. This region
certainly meets our expectations for where SUSY might
be realized because the gauge couplings unify there, cor-
rect EWSB takes place, and the experimental and cos-
mological constraints are satis6ed. In this constrained
region of parameters (COMPASS) we now analyze the
various relations that result between the SUSY spectra
and the implications for SUSY searches. Next, we will

study what additional restrictions are implied by impos-
ing the dark matter constraint.

Several typical examples of solutions resulting Rom our
analysis are presented in more detail in Pigs. 7—9 and in
Tables IV—VI. In the graphs we show the typical ranges
of several interesting parameters. In the tables we display
the lowest and largest values of various masses selected
after scanning all the choices of parameters compatible
with COMPASS. (The ranges selected by DM, presented
in the last two columns, will be discussed shortly. ) We
see that the allowed mass ranges are rather broad and
typically allow for masses as light as, or not much heavier
than present experimental limits.

On the other hand, we see that, without constraining

mi~2 and mo &om above by the 6ne-tuning constraint, all

the masses can (for some mt~
' and tanP) become very

large, with the squark, gluino, and heavy Higgs bosons

(H, A, and H+) typically being the heaviest and the
sleptons, charginos, and neutralinos being significantly
lighter, except for mo large and mi~2 ——O(mz) where

m& mq && mg. Very large values of mo )& m~y2 and
large values of mi~2 && mo are typically disallowed by

Oxho & 1, charged LSP, color breaking (tachyonic ti),
and no EWSB. But for many choices of parameters, one
can only exclude both large mi~2 and mo by imposing
the Bne-tuning constraint. Thus we see that without fur-
ther constraints or criteria, COMPASS still allows for
a wide range of SUSY masses, though these masses are
correlated in very speci6c ways.

A particularly important quantity in the MSSM is the
Higgs boson and/or Higgsino mass parameter p. In con-
trast with m&~2, mo, and Ao, p does not break SUSY
and therefore a priori it could be much larger than mg.
Similarly, while supergravity suggests a value of order
m~ for mo and mig2, it generically does not say any-
thing about the origin of po ——p, (Mx). On the other
hand, phenomenologically, it would be very surprising if
one of the defining parameters of the MSSM were much
larger than others. In our analysis IM is determined by
the other input parameters and the adopted constraints.
We find ~p~ broadly in the range of values spanned by
either mig2 or mo. Two typical patterns can be identi-
fied. In the cases when the constraint kom EWSB does
not exclude the upper left-hand part of the (mig2, mo)
plane, we find ~p] mig2 for mi/2 && mo and ]y,

~
mo

for mo » mi~2. Otherwise, ]p~ mi~2 for small mo
but slowly decreases as mo grows. Overall, the values of
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TABLE IV. The lower and upper limits for the case mP ' = 145 GeV, tan P = 1.5, Ao jmo ——0,
and sgn go = —1 (Fig. 7) for all the solutions in COMPASS (with no fine-tuning cut satisfying
f & 50 imposed), and for the subset of solutions selected by either the MDM or CDM constraint.
Because of the finite-size grid in our numerical sampling the limits presented here could be somewhat
relaxed and should be treated only as indicative.

Mass limits
(GeV)

h
A

el,
eR
7$

2

VL,

&R

t2
——LSP
X2

X$

g

COMPASS
Lower Upper

61 79
635 1934
183 595
111 408
110 407
183 595
176 592
550 1621
530 1549
342 1199
607 1546
97 356
182 669
180 668
596 1780

CDM
Lower

62
691
241
190
190
241
236
571
552
354
620
97
183
182
597

Upper
73

1340
403
267
267
403
400
1129
1082
810
1112
233
440
440
1234

MDM
Lower

61
658
208
141
140
208
202
559
539
347
612
97
182
180
598

Upper
71

1115
332
207
207
332
328
943
905
660
948
189
356
355
1028

p, resulting from the analysis are closely related to m&~2
and mo and only for such values of p, does the CMSSM
appear to be self-consistent.

One important consequence is that the lightest neu-
tralino y is in most cases gauginolike (more specifically,
b-ino-like) [20]. (Figures 7-9 and Tables IV-VI show typ-
ical neutralino mass ranges and compositions; see also
Fig. 32.) This is quite a remarkable theoretical predic-
tion of the CMSSM in light of the fact that a b-ino-like
neutralino has been selected theoretically as the unique
attractive candidate for (neutralino) dark matter [84,91].
Notice also that, while y is typically at least 80'%%uo (and in

most cases 90%%uq) b-ino, it is never a pure b-ino state. Vari-
ous analytic approximations for A~ho and related bounds
derived for a pure b-ino may thus be misleading [96].

It is worth noting that the LSP has typically a dom-
inant b-ino component because ~p,

~

almost always comes
out somewhat larger than M2 0.8mi~2 (compare
Fig. 31). The composition and scaling properties of the
neutralinos and charginos in the plane (p, M2) have been
well understood [91,92,96]. In particular, for ~p,

~

+ M2
the lightest neutralino is mostly gauginolike (in fact, b

ino-like; see, e.g. , Fig. 1 and the discussion of gaugino
purity in Ref. [91]). For gaugino like LSP's the masses

TABLE V. The same as in Table IV but for m~'' = 145GeV, tang = 5, Ao/mo ———1, and
sgn po ———1 (Fig. 8).

Mass limits
(GeV)

h
A

eL,

eR
Tg

T2

VI.

tLI.

~R
gl

t2

y, =LSP
X2x'
g

COMPASS
Lower Upper

91 113
209 1773
118 1208
84 1070
81 106?
120 1206
89 1205

326 2175
318 2095
196 1615
408 2011
29 437
63 801
51 800

294 2153

CDM
Lower

96
346
202
162
160
203
187
480
465
310
538
76
122
112
502

Upper
112

1402
1047
1015
1012
1046
1044
1965
1877
1552
1877
435
789
788

2151

MDM
Lower

94
314
175
127
125
176
157
417
407
250
481
59
106
101
419

Upper
108
1115
1022
1007
1004
1021
1019
1368
1310
1064
1333
286
521
520
1491
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TABLE VI. The same as in Table IV but now for m~~"' = 170 GeV, tan P = 20, Ao/mo = 0, and

sgnyo = —1 (Fig. 9).

Mass limits
(GeV)

h
A
eL,

~R

&1

T2

PL,

'ill,

&R

t2

yI —LSP
X2

XI
g

COMPASS
Lower Upper

113 131
532 1502
244 1069
167 1023
144 980
250 1051
230 1066
641 1681
631 1611
441 1302
584 1579
28 353
51 657
50 657

207 1812

CDM
Lower

116
564
244
167
144
250
230
677
654
501
687
34
62
61

249

Upper
125
1020
1011
1004
960
991
1008
1156
1110
883
1117
232
432
432
1257

MDM
Lower

114
532
244
167
144
250
230
641
631
464
605
34
62
61
249

Upper
119
828
832
824
788
816
828
931
924
607
814
152
281
281
874

roughly satisfy the relations

m„Mg 0.5M2, (32)

m„o m + 2m~,
2 ~1

m. =m+ =/pf. (34)

(These approximations improve as ~p~ )& M2. ) It is im-
portant to note that in this approach, these relations are
characteristic to most solutions in COMPASS, and do not
come from GUT-dependent constraints, such as proton
decay.

In some regions of the (mq/2, mo) plane we do find
LSP s with significant Higgsino components. This hap-
pens for both mq/z and mo small (& 100GeV), the re-
gion typically excluded by experiment. It also happens
in relatively small regions close to where EWSB cannot
be achieved. There ]y,

~

is smaller than mq/2. In a few
other cases we also 6nd Higgsino-like LSP's for larger

mq/2 and mo. This happens for small m~ ', tan P well

above one, and very large Ao (e.g. , for m~~
' = 120 GeV,

3 & tanP & 20, Ao/mo ——3, sgn ye ——kl) in a relatively
limited region of large mqy2 —mp + 400 GeV disfavored
by fine-tuning (compare Fig. 12). Higgsino-like LSP s
have been shown, however, to provide very little relic
abundance [84]. For mx ) mz, mdiv, mq the y pair anni-
hilation into those respective final states (ZZ, WW, ttg
is very strong [96]. Both below and above those thresh-
olds, there are additional coannihilation [86] processes of
the LSP with y~ and yz, which in this case are almost
mass degenerate with the LSP. Coannihilation reduces
Oxh02 below any interesting level [24,97]. Higgsino-like
LSP's thus do not solve the DM problem. Except for
those relatively rare cases we find an LSP of at least 80'Fo
b-ino purity.

It is also interesting to explore what values of p at the
GUT scale (po) result from the analysis. We choose to

I I
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I
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FIG. 14. Scatter plot of Bo/mo vs Ao/mo for all allowed
solutions (COMPASS) with m~~

' = 145 GeV. The quantized
appearance is due to numerical sampling and is not signi6-
cant.

display it in terms of the ratio ~ps[/mo. A very simple
relation emerges: [ps[/mo decreases from a few in the
large mq/z and small mo region down to one or less in
the opposite extreme. If, for some choices of parameters,
the ratio falls down to zero, no proper EWSB occurs.

One other parameter of the model is B, which does
not run very much between its GUT value Bo and B(mz)
(see Table VIII). A typical tendency is for B/mo to grow
with mq/2 and decrease with mp. We also show in Fig. 14

a scatter plot of Bp vs Ap for m~
' = 145 GeV for all the

solutions belonging to COMPASS. The value of Bo that
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we obtain as an output of our procedure rarely yields the
relation Bo ——Ao —mo that is often imposed by other
analyses.

In this section we have focused mostly on the case

m,
' = 145 GeV. Varying m~ leads to signifi-

cant modifications but the general features remain, as
can be seen by comparing Figs. 7—9. We find for

m~
' = 170GeV that the constraint coming from im-

posing proper EWSB becomes much weaker. Similarly,
the regions where the lightest neutralino is not the LSP
become pushed toward even larger m&~2. For a given

point in the (mq~2, mo) plane n, (mz) grows with m,
'

mostly due to the sin 81v dependence on m& [Eq. (26)),
as discussed in Sec. VIB.

g. Regions farrored by the darIr matter constraint

We now point out the subregion of COMPASS which
is favored by the hypothesis that the LSP is the dom-
inant component of either cold or mixed dark matter.
As we discussed in Sec. VIID4, there is now abundant
evidence for the existence of DM in the Universe. The
neutralino has become one of the most attractive can-
didates for DM. In the pure CDM scenario one expects
the LSP relic abundance to be in the range given ap-
proximately by (29), while in the currently more favored
mixed (CDM+HDM) scenario it should roughly satisfy
the range (30).

Applying either (29) or (30) to the parameter space
under consideration results in selecting only relatively
narrow bands in the plane (mqy2, mo) whose shape and
location vary with other parameters but typically corre-
spond to both mq~2 and mo in the range of a few hundred
GeV. (See Figs. 7—9.) Of course, they fall into the region
constrained by the age of the Universe (Bxho ( 1).

More importantly, requiring enough DM [i.e. , taking
lower limits in either (29) or (30)] typically leads to tower
limits on both m&~2 and mo and, as a result, also on the
SUSY mass spectra which are higher than in COMPASS
alone. It is interesting that the mass ranges consistent
with either (29) or (30) are typically less accessible at
I EP II and Fermilab. This can be seen by comparing the
lower limits allowed by COMPASS with those selected by
the CDM or MDM scenarios in Tables IV—VI. (See also
Table VIII and the discussion in Sec. IXI.) For example,
in the case presented in Fig. 8 and Table V applying the
DM constraints causes the chargino yz and the sleptons
to be completely inaccessible to LEP II and the gluino to
be above the reach of Fermilab. It also makes it harder
to discover h and other particles. On the other hand, the
DM constraint severely lowers the upper ranges of masses
for all the particles making them much more likely to
be accessible at future accelerators such as the NLC or
LHC. Prospects of searches for various particles will be
discussed in more detail in Sec. IX, and in particular the
detectability of the lightest Higgs boson as a function of
LEP II beam energy will be analyzed in Sec. IX B 2. Here
we only note that, with large enough ~s, h has a very
good chance of being discovered at LEP II.

While one might argue that the constraints (29) or (30)

do not carry the same weight as some other constraints
listed above, they do reBect our current cosmological ex-
pectations and serve as a strong guide to those regions
of the parameter space in which SUSY solves the DM
problem.

C. Effect of the full effective Higgs potential

1000

A
(a)
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c
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FIG. 15. Plots of the (m~iz, mo) parameter space show-
ing regions excluded by lack of EWSB (labeled E), LSP not
being the neutralino (L), and the age of the Universe (A),
for (a) no one-loop contributions to UH;ss, and (b) leading
one-loop contributions to VH;gg, . See text for discussion of
full one-loop contributions to VH;gg, . For these plots we
have taken m~ ' = 145 GeV, tang = 5, Ao/mo ———1 and
sgn po = —1 [compare Fig. 8(a)].

The results from our analysis have also served to re-
inforce the need for using the full one-loop eH'ective po-
tential in the minimization procedure [51]. We already
argued in Sec. II that the one-loop contributions to VH;gg,
were important in order to stabilize the scale dependence
of the potential, but one can also see the net eH'ect of
using the full one-loop VH'gg in our model-building re-
sults. As well, one can see the smaller role played by
the nonleading contributions to VH;gg„ that is, contribu-
tions not coming from the t —t splitting [22,26,53,54].
In Fig 15 .we have shown two plots of the (m~~2, mp)
plane for the choice of input parameters as in Figure 8.
Fig. 15(a) shows the region of parameter space allowed
after we have excluded the regions in which EWSB did
not occur (labeled E), where the LSP was charged or
colored (labeled I ), and where the neutralino relic abun-
dance would "overclose" the Universe (labeled A), for
the renormalization group-improved tree level potential
only. On the other hand, Fig. 15(b) shows the param-
eter space available for the same choices of parameters,
but now with the renormalization group-improved one-
loop efFective potential with leading terms only. Notice
that the regions in which EWSB did not occur have en-
larged, taking over some of the regions which were ex-
cluded before on the basis of their LSP being electrically
charged. However, the strong bound placed on the pa-
rameter space by DM constraints has considerably weak-
ened, leaving the region in which mo mig2 ~ large
available, pending a fine-tuning cut. We note also that
the eH'ect of including the one-loop contributions to VH;gg,
is negligible in the region m&y2 (( mo favored by the pro-
ton decay constraint [19,30] in the minimal SU(5) GUT.
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Finally, including all (leading and nonleading) terms does
not modify the situation sizably as can be seen by com-
paring Figs. 15(b) and 8(a). The qualitative difFerence is
extremely small, which we found to be a general result.

IX. APPLICATIONS

A. Overview

The analysis described in previous sections has led us

to a restricted parameter space for m~ ', tanP, mi?2,
mo, Ao, and sgn po ——kl in the CMSSM which we call
COMPASS (see Sec. VIIIB). Most previous studies of
SUSY predictions have preferred to fix some of these pa-
rameters by assumptions and vary one or two, either with
or without constraints. This is useful and interesting and
can lead to instructive predictions, but there is always
doubt about their generality.

We have taken the alternative approach of studying the
fully constrained parameter space described in Sec. VIII.
We know that any point in COMPASS is already guaran-
teed to have gauge coupling unification, a Higgs mecha-
nism, all phenomenological constraints satis6ed, etc. We
can then ask a variety of questions about the regularities
of the resulting solutions, whether they have predictions
of interest, and so forth. For example, we can ask: what
fraction of solutions gives a spectrum of sparticles that
can be detected at LEP II and Fermilab (or any other
present or future facility), and in what channels do we

most expect to 6nd sparticles? What do the solutions
predict for BR(b -+ sp), I'(Z ~ bb)'? What is OxhO2

for the solutions? When new experimental or theoret-
ical information is available it can be easily added to,
constrain the parameters further. In the following we

describe a number of such results. More speci6cally, in
this section we examine the solutions that pass all the
theoretical, experimental, and cosmological constraints
listed in Secs. VII—VIII, i.e., solutions in COMPASS. We
impose two additional cuts. We keep only those solu-

tions which require no large fine-tuning of parameters.
We take f & 50 which roughly corresponds to the heavi-
est squark, gluino, and Higgs boson masses falling below
1 TeV, except for very large tan P where ms and mz can
be larger (see Sec. VIIIA8). We also impose the lower
bound B(b ~ sp) ) 1.5 x 10 [70] (see Sec. VIIB).
The solutions in this restricted set will be called "accept-
able. " Most of the results presented in this section have

been derived with m,
' = 145 GeV, but in some cases

we consider other values of m,
Recall that our constraints do not require a detailed

knowledge of the physics at the high scale. Our pa-
rameter space is intended to be the most general one
which is independent of multifarious GUT scenarios. It
is for this reason that we do not impose a constraint on
the lifetime of the proton. The proton decay constraints
have been included first by Arnowitt and Nath [19],and
also by Lopez et at. [30] mainly in an SU(5) GUT. They
find a longer proton lifetime for smaller tanP and smaller

rnq~2, so this region of the parameter space is enhanced
for them. We will study the implications of adding as-
sumptions about unification and a GUT group in the
near future.

We have also assumed a common scalar mass mo and
a common gaugino mass mzy2, both of which can be re-
laxed, which we will consider in the near future. Keeping
these comments in mind, we now discuss some CMSSM
(constrained MSSM) results.

B. Higgs physics

What is mg due tot'

In a supersymmetric theory with electroweak symme-
try breaking the Higgs boson mass is calculable, and it
is very interesting to ask what parameters in the theory
play a role in determining the value of m~. The tree-level
mass matrix for the two CP-even scalar bosons is

~(
Bp tanP+ -(g—+g )v cos p
Bp —

2 (gi + g2) v sin p cos p
Bp —

2 (gi + g2) v sin p cos p
p cotP+ 2(gi +g2)v sin p) ' (35)

where m& ——2(gi +g2)v and v = vz+ v„.If Bp = 0
or if v = 0 then this matrix has a zero eigenvalue. Thus2

in supersymmetry one cannot think of mp, as coming
only from the Higgs self-interaction. Any interpretation
is complicated since Bp, , tang, and v2 are all involved.
Furthermore, the one-loop effective potential can yield
mg significantly above the tree-level result [63].

Haber [98] has emphasized that there is a lower limit
on mI, , even if the tree-level value is zero the one-loop
potential generates a mass. He finds a lower value above
60 GeV, but that assumes 1 TeV squark masses. We agree
that there is a lower limit, but it is sensitive to squark
masses, as shown in Fig. 16 where we plot the lower limit

of mg versus +mal mi, which contributes the largest ra-
diative correction to mI, . The lower limit basically arises
because of the way the EW breaking comes about in
SUSY. Equation (15) leads to a lower limit on Bp(= m2s)
and thus a lower limit on mp, .

Electively, mp, arises from three sources: the product
of SUSY parameters Bp, the value of the VEV's (whose
sum in quadrature is fixed numerically by mz), and the
one-loop radiative corrections. To demonstrate how these
sources of Higgs boson mass interplay, we show in Figs. 17
and 18 plots of mg vs tan P and mg vs Q]Bp], where mp,
is the full radiatively corrected Higgs boson mass. The
upper limit on m~ is due to the usual argument that in
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FIG. 16. Lowest mq versus gm;, m; for all acceptable so-
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the purposes of this graph only.

FIG. 18. Scatter plot of mq vs Q!Bp!for all, acceptable so-

lutions with m~~
' = 145 GeV and tanP=5. Note that g!Bp!

is usually larger than mz.

SUSY the Higgs self-coupling is fixed by the gauge cou-

plings with an additional contribution from the radiative
corrections [99].

One can see a strong correlation between tanP and
the allowed mh, . This is expected since the tree-level

I
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I

I
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I
'

I
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I
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upper bound for m" goes like ~cos2P~. In fact, we find

from our solutions that, for mi~
' = 145 GeV, tan p ( 5

if mh, & 85 GeV. Therefore, if LEP II finds the Higgs
boson then tanP is constrained to be less than 5 for all
our surviving solutions. Solutions with tanP ) 5 and
mh, & 85 CfeV are excluded mainly by one of three effects:
(1) the chargino or sneutrino mass is too low; (2) the
LSP is not the neutralino; or (3) electroweak symmetry
breaking does not occur. Figure 19 shows the distribution
of mp, for all acceptable models with m,

' = 145 GeV.
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FIG. 17. Plot of mq vs tanP for all acceptable solutions
with m, ' = 145 GeV. The solid vertical bands express the
range in mq for a given tan P. The dotted lines show the clear
envelope of mq vs tanP that we obtain in the GMSSM. Note
that if mp„~ 85GeV then tanP ~ 5. The discretization of
tan P is merely from numerical sampling and is not physically
signi6cant.

0
60

I I I I I I I I

80 100 120
m„,(Gev)

FIG. 19. Histogram of mh for all acceptable solutions with

mt = 145 GeV.
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g. Detection of the Higgs boson,

Interestingly, we find essentially no solutions for which
the h + A mode is detectable at ~s & 210 GeV (fewer
than 0.1% of the solutions), since m~ is too large for all
CMSSM.

Almost all solutions have sin (P —a) ) 0.98, so the
Zh cross section [which is proportional to sin (P —a)) is
not suppressed [31]. Thus the experimental limit on the
SM Higgs boson eH'ectively applies to the h of the MSSM
in all acceptable solutions. The current LEP bound is
mg & 62 GeV [66]. That sin (P —a) = 1 and that m~ is
not small enough for the h+ A channel to be accessible
at LEP are related.

A similar result holds for the tth coupling. It has a
factor cosa/sinP which is within a few percent of one over
essentially the entire set of solutions, so that methods to
detect h by radiation off a top quark will work essentially
as well for the SUSY h as for the SM Higgs boson.

In Fig. 20 we show the percent of solutions with
m,

' = 145GeV for which h is detectable at a given
+s. One can see that about 30% of the solutions are
detectable when LEP energy increases to 178GeV, in-
creasing to about 75% if +s is increased up to 210 GeV;
for the MSSM 100% is reached at +s 220 GeV. This
limit is well known since in the MSSM the upper 1imit
on mg is about 125 GeV for m~

' & 150GeV.
A number of groups [100] have examined the de-

tectability of at least one SUSY Higgs boson at LEP
or Superconducting Super Collider (SSC) and/or LHC.
They concluded that much of the complete parameter
space could be covered, but not all. Results were often
presented on a tanP vs m~ plot. In Fig. 21 we show
where our constrained solutions appear on such a plot.
We also mark the approximate region within which the

I I I I I

200 400 600
m„, (GeU)

FIG. 21. Scatter plot of tan P vs m~ for sll acceptable so-
lutions with m, '=145aeV. The band structure is due to
numerical sampling and is not physically significant. The dot-
ted triangular region is the approximate region in which it is
difficult to detect st least one Higgs boson [100].

detection of at least one SUSY Higgs boson was found un-
likely [100]. Amusingly, about 2/3 of the solutions that
do fall in the region are detectable at LEP II or Fermilab
in some other channel.

We also present in Fig. 22 a scatter plot of ms vs m~
for all acceptable solutions for m~ ' = 145GeV. The
distinct branches seen in the graphs correspond to differ-
ent choices of tan P. One can see how ms grows with m~
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the plot is due to solutions with 1.5 ( tsuP ( 3 which were
missed due to our finite grid.
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and tan P. The dependence is smeared to some extent by
varying all the other parameters of the model.

C. What is the origin of m~?

We have remarked on several aspects of the role of mq

in other sections. Here we discuss briefIy the questions of
what contributes to the mass of mq. Of course, the main
question is why m& && mb and how that is answered in
supersymmetry. More explicitly, once we are below the
scale where EW breaking has occurred, one can write, at
a scale Q,

illustrate these effects we show in Fig. 23 a scatter plot
of hgo/hbp vs tan P for the constrained solutions, all with
mI~

' = 145 GeV. We see that (h&o/hbp) tanP 60 is a
good approximation to the results except for very large
and small tan P, so that the large value of mz cannot be
interpreted as coming from the running; it must be input,
eltheI' Rs R lal'ge GUT-scRle ratio hgp/hbo ol as a large
tanP. In particular, if h is discovered at LEP178, then
the large mq must be due to the top Yukawa couplings
at the GUT scale (compare Fig. 17).

D. H(b m sp)

mI(Q) = h, (Q)v(Q) tanP(Q)/ 1+ tan P(Q), (36)

for the top quark running mass, and likewise for the bot-
tom,

mb(Q) = hb(Q)v(Q)/ 1+ tan2P(Q). (37)

m, (Q = m, ) h, (m, ) tan p
mb(Q = mI) hb(m~)

(38)

If the SU(2) symmetry were not broken here, we might
expect m& to be only a little larger than mb. To under-
stand the efI'ects that can enter, we can take the ratio at
mg,

The recently reported upper bound B(b ~ sp) (
5.4 x 10 4 (see Sec. VIIB) has spurred an increased in-
terest in predictions for 6 ~ sp in SUSY. Barbieri and
Giudice [73] have reminded us that in the limit of unbro-
ken supersymmetry the MSSM prediction (including the
standard model part) is zero due to a theorem of Ferrara
and Remiddi [101],and they have shown that SUSY so-
lutions will give reasonable values for this rate. Garisto
and Ng [76], and others, have also done a general SUSY
analysis of the implications of B(b —& sp).

In Fig. 24 we show a histogram of B(b -+ sp) for all the
solutions. We have checked that the solutions in the peak
come from all over the parameter space and in no sense

and we can de6ne

h, (m, )/hb(m, )

heo/hbo

100, I I I I I

where hI bp = hg b(M~). Then finally

m, (m, ) hIo
tan

mb(m, ) hbp
(40)

Thus the large ratio mt(m, )/mb(mI) = 50 could be due
to any of three factors: tanP, the ratio of the Yukawa
couplings at the high scale, and/or the RGE running of
the Yukawa couplings, as expressed by the value of r.

The RGE's of the top and bottom Yukawa couplings
are

g2 ——»+3h~-+ -"b
l

(41)

dkb hb ~ 2 3 2 7 2

8~2 i 3 ' 2 ' 30 '——g3 ——g2 ——
gg

+3h,'+ —h,'+ —h.' l.
2 2 )

(42)

Since the g& and 6 contributions are numerically very
small, we see that if kb —kq at the high scale, they will
run down together, in which case the large value of mq
is generated predominantly by large v„,and necessarily
tanP mz/mb is large. For hI larger than hb at the
high scale, mq increases relative to mb from the running,
and the physical mq is reached with a smaller tan P. To

10
tang

I"IG. 23. The ratio of the top Yukawa to the bottom
Yukawa couplings at the GUT scale vs tan P for all ac-

ceptable solutions with I,, ' = 145 GeV. Vfe see that

tan 60 is not a bad description, so the running

cannot help much to account for the large size of the mz/mb

ratio; it must be imposed either via t'I or via tan P. If
hf, O

t tgi tl g, iggt p t, tg t g ( ) t.

required as input.
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FIG. 25. Scatter plot of B(b ~ sp) vs mHy for all ac-
ceptable solutions with m~

' = 145 GeV. The faint banding
visible in the figure is from numerical sampling and is not
physically significant.

represents a decoupling region. For a typical solution
the magnitudes of the 8'-t loop, the H+-t loop, and the

-t loop contributions are all about the same, with the
W-t and H+-t loops having the same sign and the y+-t
loop having the opposite sign. We see that the CMSSM
naturally produces solutions in the right range. These
results are predictions in the sense that here we impose
no constraint on the model space Rom b ~ sp data [For.
other uses of the model space we cut at the upper and
lower limits indicated in the 6gure, so that our model
space does include the B(b ~ sp) constraint in general,
except for the present discussion. ]

Some authors [74] have in the past claimed that this
decay strongly constrains charged Higgs boson masses.
To show that there is no strong constraint in the CMSSM,
we show in Fig. 25 a plot of B(b ~ sp) vs m~+ for
the solutions in the region between the upper and lower
limits. That is, every m~~ in Fig. 25 gives a B(b ~ sp)
consistent with experiment.

Finally, it is interesting to look at B(b -+ sp) vs tan p
in Fig. 26. Smaller tan P values concentrate somewhat in
the allowed region, though acceptable solutions occur at
any tan P. In the large tan P region the chargino contri-
bution can be quite large and negative [75,76].

E. Detection of SUSY at LEP II and Fermilab

There are a number of possible ways to detect super-
symmetric partners at Fermilab or LEP II. We estimate
that about 32%%ue of all CMSSM acceptable solutions (see
Sec. IX A) have either a superpartner or the light Higgs
boson detectable at LEP with ~s = 178GeV and 500

pb ~, or at Fermilab (with, say, 500 pb ~ integrated lu-

minosity), or both (h will only be detectable at LEP II,
not Fermilab). We include in this sample all solutions

with m~
' = 1450eV, mo & 1TeV, my/2 & 1TeV,

and f & 50; that is conservative, giving q and g masses
over 2TeV for the largest mo, mzyq. The solutions with
large mo, mq~2 are generally not accessible at Fermilab
or LEP II, but they also do not increase the number of
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acceptable solutions rapidly enough to dilute the 32% re-
sult even if larger mo, mzy2 were to be included. The
results do not vary rapidly with m&. These numbers are
for solutions with Oxbow ( 1.

At LEP II 24% of the acceptable solutions allow detec-
tion via one-sided events, e+e m y&yz, where yz —y,
followed by yz ~ 1+I yz A.nd 18% will have pair pro-
duction of the lightest chargino, and 8.6%%uo detection of h.
There is overlap, of course, and 30%%uo of all solutions are
detectable at LEP II. Selectrons are detectable in 3.6%,
a light stop 0.7%%uo, and h + A in 0.06'%%uo of the solutions.

An interesting way, perhaps the only way at LEP, to
determine if 6 is a SUSY Higgs boson is to measure
the cross section for e+e ~ h+ nothing [102]. In the
standard model this entire cross section should be from
e+e ~ h(~ bb) + Z(-+ vv) and will be very accu-
rately known. In SUSY there is also a contribution &om
e+e ~ 3t2(m h + pe) + yi; unfortunately this con-
tribution is larger than 10% of the SM cross section in
only 0.6% of the solutions at LEP 178 but would be the
"proof" of SUSY in these cases; at larger +s the fraction
of solutions where this effect could be observed increases
rapidly.

As an illustration, we show in Fig. 27 what fractions
of the (mo, mzy2) plane would be constrained by SUSY
searches at LEP II if m,

' = 145GeV. The kinematic
criteria that we use to determine the detectability at
LEP178 are m + & 85GeV, m — & 85GeV (for anyX1
sfermion), m o + m o & 170GeV, mh + m~ & 170 GeV,
and mp + mz ( 170GeV. We also require that any
event-signature lepton have energy above 5GeV or any
quark have energy above 10 GeV. The regions marked by
crosses (empty boxes) will always (never) be accessible to
LEP II for any combination of input parameters. Filled

boxes mark the regions accessible for some combinations
of parameters. In window (a) we show the combination
of possible SUSY searches at LEP II by applying the cri-
teria listed above. In window (b) we show the same for
the chargino yz alone, and in window (c) for the lightest
Higgs boson assuming mi, & 80 GeV. (h is a very SM-
like Higgs boson. ) Finally, window (d) shows how much
larger a region would be explored by searching for 6 up to
110GeV. Remember that very large values of m&g2 are
disfavored by the fine-tuning constraint (compare, e.g. ,
Fig. 13).

At Fermilab gluino detection will occur in 11'% of all
solutions, squark detection in 5%, detection of yogi in

25%%uo, 3ti y+i in 14%%uo, y23ti in 24%, 3tzyi in 12%, ti + ti
in 4%. These combine to make 26% of all solutions being
detectable at Fermilab. The Fermilab-LEP overlap is
large, so combining them only increases the percentage of
solutions detectable at Fermilab or LEP II to the above-
mentioned 32%.

The kinematic criteria that we use to determine the
detectability at Fermilab are mH+ & m,

' —5 GeV,
my & 300 GeV, m ~ ( 85 GeV, mq ( 300 GeV, and

X1
m„o+ m 0 ( 170 GeV. We also require that any event-. Xl X2
signature lepton or quark have energy above 15GeV.
Some of the percentages listed above for the detectability
of different channels will decrease, particularly at Fermi-
lab, when detection efBciencies and cuts to reduce back-
ground are considered. But with sufBcient luminosity
and suKciently good detectors the above numbers should
be approached. We are presently undertaking full simula-
tions of signals and backgrounds to determine reliable sig-
natures and strategies. There have been previous studies
of Fermilab and LEP II detectability in some depth [103].
Our only advance so far over some of these is that their
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FIG. 27. Regions of the (mo, mi~2) plane
to be explored by SUSY searches at LEP II
if mio

' = 145 GeV. Crosses (exnpty boxes)
mark the regions that will always (never)
be accessible to LEP II for any combina-
tion of input parameters. Solid boxes mark
the regions accessible for some combinations
of parameters. Empty regions are excluded
by our set of constraints. In window (a)
we show the combination of possible (direct)
SUSY searches at LEP II as described in the
text. In window (b) we show the LEP II
search potential for the chargino y~+ alone,
and in windows (c) and (d) for the lightest
Higgs boson assuming ability to 6nd 6 with
masses mp, ( 80 GeV and 110GeV, respec-
tively. (h is a very SM-like Higgs boson. )
Very large values of m&g& are disfavored by
the fine-tuning constraint.

(c) rn, &z (GeV) (a)
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conclusions are based on a parameter space some parts
of which are excluded because the various constraints are
not satisfied.

We note that at Fermilab, for gluinos lighter than
300 GeV, 80% of solutions have squarks heavier than
gluinos, so that the appropriate way to simulate g de-
tection is to take mq & mg in the first approximation.

We have also investigated our CMSSM parameter
space to see how the top quark search at Fermilab
could be affected by supersymmetry. We find that for
m~~

' = 170 GeV approximately 3% of all acceptable so-
lutions kinematically allow one or more of the follow-

ing: t -+ bH+ decay, t ~ t~y& decay, or g ~ tent with

g ( 250 GeV. (For smaller m~~
' this &action is reduced. )

Any one of these kinematic possibilities can significantly
alter the kinematic analysis and/or the efFective rates (af-
ter cuts) of top quark production. Once the top physics
at Fermilab settles into place if none of these is observed
then the parameter space is reduced a few percent.

Some reduction in detectable solutions would occur if
the yz —yz mass difference were so small that the result-
ing lepton or jet from yz decay were too soft to detect.
Figure 28 shows a plot of m + —m 0 vs m + from whichX1 X1
we see that most solutions have no problem here; and
Figure 29 shows the energy of the lepton or jet &om y&
decay.

We will report a study on how effective higher energy
linear colliders will be at studying SUSY for the con-
strained model space later. For now we note that NLC
with ~s = 350 GeV will be able to detect h and at least
one superpartner for about 75% of the constrained solu-
tions; this number grows to about 97% as +s grows to
500 GeV.
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FIG. 29. Histogram of lepton or jet energy from g~ decay
for acceptable solutions with m y & 120 GeV.

X1

If h is not detected at LEP II once +s = 210 GeV,
most but far f'rom all solutions will be excluded, particu-
larly if m,

' 145 GeV. Figure 19 shows a histogram of
mh values and one can see that most solutions are below
110GeV. In solutions with a Higgs sector extended be-
yond that of the minimal one there is still an upper limit
on mg, but it can be as large as about 146 GeV [104].

Overall, we conclude that, while not finding superpart-
ners at LEP II and Fermilab does eliminate nearly a third
of the parameter space, it will still leave many possibili-
ties open.
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F. What if Fermilab and LEP II do not detect a
sparticle?

m, (2
——fgms (43)

We find the lower limit of fg = nx/n, (mg) to be [com-
pare text below Eq. (22)]

If superpartners are not detected at LEP II or Fermilab
then much of the low (mo, mi~2) parameter space can be
excluded. Bounds on mqy2 are determined mainly by the
bounds on the gluino. The gluino mass is related to mqy2
by

(g ) 0.36. (44)

I I I I I i I I i « I i i i I

40 60 80 100 120

So if mg is determined from experiment at Fermilab to
be greater than 300 GeV then

x' (Gev)
m&~2 ) (0.36)(300GeV) = 107GeV. (45)

FIG. 28. m y —m 0 vs m y for all acceptable solutions
X1 X]

with m", ' = 145 GeV and I, g ( 120 GeV. The line repre-
X$

sents m + = 2m 0 which is approximately true for a gaug-
Xy Xl

inolike LSP. While the line is an approximate description of
the results it is not accurate enough for detailed use. m ~ ( ( ~mii2 + 2m~cos P)

2 2 2 2 (46)

Bounds can also be placed on mzi2 by direct searches on
the lightest chargino. By taking the square (MM ) of
the chargino mass matrix we find that
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where

M22 16(
m2 25Xj2

So if m ~ ) M~ then the tang —dependent bound for
+1

m
~

1S

mr/2 ) m~ 4 i/1 2cos P

For high tang this bound ( 100 GeV) would become

comparable to the resulting bound on m&~2 from the
gluino search. In any case, bounds on mq~2 are obtained
straightforwardly from direct sparticle searches.

It is more diS.cult to put bounds on mo. Although
the squarks and sleptons gain mass from mo they also
have contributions from the gaugino masses [compare
Eq. (23)]. Therefore bounds on mp from direct searches
of squarks and sleptons must be presented as a function

of mi/2. Letting f represent any squark or slepton and

m- the lower mass bound of f we can write the inequalityf
relation that constrains the (mp, mi/2) plane:

mp + 6& m, /2 ) m- —m& + m& cos 2P2 2 A 2 2

X Ts ' —Qy slil g~ (49)

For example, for f = eL„

(50)

The upper and lower bounds on 6,—are good to within
5'Fo accuracy. As can be clearly seen from Eq. (49) the
slepton bound translates to an ellipse (first quadrant)
in the (mp, mi/2) plane where all (mp, mi/2) inside the
ellipse are excluded.

G. What if Fermilab or LEP II does And a sparticle?

If Fermilab or LEP II discover one or more sparticles
we would like to extract from this the GUT-scale La-

grangian. That is, we would like to extract the super-
symmetric input parameters mp, mi/2, Ap, tanP, and

sgn po from all the observables that are sensitive to them

(we assume that we know m&). In this section we briefly

discuss how this should be done. It turns out that this is

more di%cult than it first appears; analytic methods are

of limited applicability.
The equations used in the last section to put bounds on

mo and mq~2 given bounds on the gluino and sfermions
can also be used to pin down mo and m&~2. In general,
each fixed value of an observable, whether it be a mass or
a cross section or an asymmetry or anything else, gener-
ates a hypersurface in input parameter space (mo, m, i/2,
tan P, Ap, sgn pp). (The gluino mass, for example, would
predominantly determine m~~2 up to additional uncer-
tainties discussed below. ) The efFective dimensionality of
this surface is determined by how many input parameters
significantly aff'ect the value of the observable. Determin-
ing this hypersurface is very difficult because of all the

nonlinearities in relating low-energy parameters to the in-

put parameters through self-consistent solutions of many
RGE's. In the last section and in Refs. [105] there are
some simple equations that allow us to estimate func-
tional relations between input parameters and sparticle
masses. Even though these simple relations are often a
good approximation to the full analysis we must keep
in mind that every observable necessarily depends on all
input parameters, though with varying importance. For
example, a precise determination of m&~2 from mg is lim-
ited because n, (ms) depends in general on all sparticle
thresholds (at one loop):

n, (mg)
ml/2 f (mo, mi/2 Ao, tang, sgn po).

Q~

(51)

Likewise, determination of the precise gaugino contribu-
tions to sfermion masses requires detailed knowledge of
the sparticle thresholds which introduce all input param-
eters into the final determination of the sfermion masses.
Methods based on analytic expressions are clearly lim-
ited. They may suKce to provide rough estimates of
input parameters, especially soon after the discovery of
a given particle, when the experimental bounds will be
still large, but they cannot be improved to accommodate
a complex analysis based on several well-measured ob-
servables.

Our approach to the problem of determining input pa-
rameters from low-energy observables does allow for such
improvements. We explore wide ranges of the input pa-
rameter space and let the computer do the work. We
have really already employed this technique to generate
the COMPASS of the CMSSM. We have cut hypersur-
faces in input parameter space with Higgs and sparticle
mass bounds, BR(b —i sp) limits, A&ho bounds, fine-

tuning limit, n, (mg), etc. However, highly precise mea-
surements of observables especially sensitive to super-
symmetric loop corrections, or direct measurements of
sparticle production, will pin down the input parameters
which determine those low-energy observables.

We present in Table VII an example of how several
experimental measurements can shrink the input param-
eters space to a "point" which would in turn allow us
to predict all other observables (other sparticle masses,
cross sections, etc.). The first row in Table VII lists the
range allowed for each input parameter given detection
of just, the lightest Higgs boson (mg determined from ex-

periment to be, say. m~ ——80 + 5 GeV). The value of
p, is evaluated at mz and its sign is the one of sgnpo.
We see that just knowing the mass of the lightest Higgs
boson alone clearly does not significantly constrain any
of the input parameters. The next row in Table VII lists
the range allowed for each input parameter given detec-
tion of just the lightest chargino (yr determined by ex-

periment to be, say, m ~ = 70 6 5GeV). Here again
X$

knowledge of just one mass, the lightest chargino, does
not significantly constrain input parameter space. In the
next three rows we list the range of input parameters
given detection of just m; (m; = 110+ 10 GeV), just g

(m~ = 210 6 10 GeV), and just er, (m;, = 95 + 5 GeV).
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TABLE VII. Table demonstrating how input parameter space (mo, mi~2, Ao, tan P, and sgn po)
is constrained by detection of particles. The initial ranges of input parameters are listed in
Sec. VIIIA. For this example we assume detection of these particles to mean mh, ——80 + 5 GeV,
m g = 70 + 5GeV, m-, = 110 + 10GeV, m- = 210 + 10GeV, and m;~ = 95 + 5GeV. If more

Xg
than one particle type is listed in the "Detected particle(s)" column then the range for each of
the input parameters is found from knowledge of all Listed particle masses. Keep in mind that the
ranges of parameters listed in the table are values obtained on our numerical sampling grid and
therefore have errors associated with them corresponding to the grid spacing. For example, when
we quote mzyz ——74 GeV we really mean that we 6nd no acceptable solutions with my(2 & 61 GeV
(the next lowest mig2 value on our grid) and no acceptable solutions with migs & 91 GeV (the
next highest mig2 on our grid). If our grid were very fine grained, then we could quote ranges
that would more accurately reQect how well the parameters were determined, and that re8ect the
experimental errors better.

Detected particle(s)
h

Xg

g
Cl,

h, y+
h) y~, tg

h, y, , tg, g
h, ~, , t„g,e&

mo
& 671

Unbounded
& 549

Unbounded
& 74

& 368
& 302
& 136

61

my/g
& 549

74 —450
61 —202

74
61 —111
74 —136
74 —111

74
74

Ap/mp
Unbounded
Unbounded
Unbounded
Unbounded
Unbounded
Unbounded
-3.0 —-1.0
-3.0 —-1.5
-2.5 —-2.0

tan P
Unbounded

& 40
& 20
&3
&5
&3
&3

3
3

P
-472 —253
-477 —332
-428 —420
-460 —205
-237 —172
-414 —169
-414 —140
120 —140
120 —130

The next row assumes detection of h and y& . Notice how
the combination of these two masses restricts mo, mq~2,
and tanP far beyond what knowledge of each mass can
do individually.

As we progress down the rows of the table with each
subsequent row assuming more and more detected parti-
cles, the input parameters become more and more con-
strained until mo, mi~2, tan P, and sgn po are determined
precisely at the level of our numerical sampling. Only
Ao remains stubbornly undetermined though it is better
constrained. This is a general rule about Ao.. few observ-
ables are very sensitive to it. Observables which depend
on third generation sparticle left-right mixing are most
sensitive to Ao.

As this example shows, by generating many self-
consistent solutions and "filling up" input parameter
space with them, we have the means by which to use
all observables simultaneously to constrain input param-
eter space. This approach of generating solutions with
the most precision possible, calculating observables with-
out untrustworthy simplifying assumptions, and then si-
multaneously comparing all the generated solutions with
all the calculated observables is a powerful way to an-
alyze and constrain minimal supersymmetry. It is this
approach that will quickly enable us to add better mea-
surements of observables and any new observables to the
CMSSM, including possible announcements of sparticle
detection. With our method we can go directly &om
data to the parameters of the effective Lagrangian at the
uni6cation scale.

tracted value of I'&&/I'h s. The current LEP average [46)
1s

Rg —— ——0.2200 6 0.0027.
I'h a

Several groups [106] have studied the loop corrections
to this partial width in the standard model. The SM
prediction for Rg is heavily dependent upon the value of
mt, but [46] the predicted value is 1.5cr lower than the

measured value for m~
' = 145GeV and it gets even

lower for higher m,
The supersymmetric contributions to this decay width

have been calculated in Refs. [107,108]. We use the
equations of Ref. [108] to calculate the supersymmet-
ric contributions to Rg within the CMSSM. We per-
form scalar integral reductions and numerical calcula-
tions from Ref. [109].

In Fig. 30 we plot the histogram of all acceptable so-

lutions with m~
' = 145GeV and 0.16 ( A~ho & 0.33.

Notice that within the CMSSM the supersymmetric con-
tributions tend to increase Rg. This increase in Rg is
mainly due to light t; and y,+. . Interestingly, if we re-
quire the calculated R~ to be within 10. of the measured
value, then approximately 75% of the resulting solutions
will be detectable at LEP II and 83% of the solutions will
be detectable at Fermilab. The channel which is by far
most detectable at LEP II for these solutions is yz y~
production. At Ferxnilab many possible channels for de-
tection of sparticles are allowed: g
and gyg2

0 0

H. The I'(Z -+ bb) partial width I. Neutralino LSP as dark matter

Precision measurements at LEP II currently show a
slight deviation &om the standard model value for the ex-

As we have already seen in Sec. VIII, the relic abun-
dance A~ho of the lightest neutralino is an important
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solutions with m,
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The central solid line is the measured value of Rb and the
outside dotted lines are the one standard deviation errors on

the measurement. The dashed line is the standard model

calculated value of Rb given m,
' = 145 GeV.

quantity which plays a significant role in constraining
the parameter space of the CMSSM. If the Universe is at
least 10 billion years old then Qzhe & 1 (and the Uni-
verse's age of 15 billion years or more gives A~ho & 0.25),
see Sec. VIID3. We have also seen in Sec. VIIIB that
over significant regions of the model parameter space the
LSP provides enough dark matter in either the CDM
[0.25 & Azh2o & 0.5, see (29)] or currently more fa-

vored MDM [0.16 & B„h2o & 0.33, see (30)] scenarios

(see Sec. VIID4). This is a remarkable property of the
CMSSM given the fact that, unlike in the case of many
phenomenological quantities, calculating O„ho involves

elements of the physics of the early Universe and a pri-
ori the resulting predictions for the LSP relic abundance
could be completely incompatible with the expectation
of low-energy SUSY.

In this section we provide some more insights into the
cosmological properties of the neutralino LSP. First, for
the restricted set of "acceptable solutions, " as described

in Sec. IX A, and for m~ = 145 GeV we show in Fig. 31
a scatter plot in the plane (ru, M2). Notice a large con-
centration of solutions below the diagonals M2 ——

~IM~ cor-
responding to the LSP being mostly gauginolike [see also
the discussion above and below Eq. (32)]. This property
is even more explicitly pronounced in Fig. 32 where we

show for m,
' = 145 GeV and tang = 10 a scatter plot

of the LSP wave function (Zzz for the b-ino, etc.) with
an additional constraint 0.16 & B„ho & 0.33 (MDM)
imposed. Notice that the LSP is mainly a b-ino, as ex-
pected [91]. This has been already illustrated for a few

specific cases in Figs. 7—9. A very similar plot can be
made for any value of tan P and changes little for the

FIG. 31. Scatter plot in the plane (rrr, , M2) for the accept-
able solutions with m,

' = 145 GeV. Notice a large concen-
tration of points below the diagonals Mq =

~p~ which shows

that the LSP is gauginolike in most of the solutions.

CDM scenario. Without the MDM (or CDM) constraint
imposed, we find in Fig. 32 also some points with some-
what smaller 6-ino purity, with the largest concentration
however still remaining at large Z~~.

We also examine the predictions for the LSP relic den-
sity resulting from our restricted set of acceptable solu-
tions defined in Sec. IX A, corresponding roughly to our
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FIG. 32. Scatter plot of the LSP wave function for the

acceptable solutions for which 0.16 & B„ho& 0.33 (MDM

scenario), and for mP ' = 145 GeV and tanP = 10. Each

solution contributes scatter plot points corresponding to its

B, W, Hg, and 0 components. Note that the LSP is mainly

8 in all these solutions.
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tions (with an initial selecting cut Azhp & 1 imposed) for
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showing that in the CMSSM the MDM scenario is somewhat
more favored relative to the CDM one.

FIG. 34. Qxhp vs (a) mp, (b) mqiz, (c) tanP, and (d)
p, , for otherwise acceptable solutions with m, ' = 145 GeV.
The bound Q„hp ( 1 comes from the age of the Universe of
10 billion years or more. The ranges 0.16 & A„ho & 0.33
and 0.25 & O„hp ~ 0.5 are favored by the MDM and CDM
scenarios, respectively. The banding in mp, mi~q, and tanP
is from numerical sampling and is not physically signi6cant.

expectations for low-energy SUSY. In Fig. 33 we plot a
histogram of Oxhp2 for all otherwise acceptable solutions

with m~&
' ——145GeV. Notice that there is a strong

peak at Oxhps 0.1 suggesting that in the CMSSM the
MDM scenario is somewhat more favored relative to the
CDM one. Within the framework of CMSSM we can view

this result one of two ways, either as a prediction for Ox
(given hp) for solutions which satisfy all other criteria,
or that cold dark matter puts a severe constraint on the
CMSSM if we demand that the LSP contributes most of
the (cold) dark matter needed in the either the MDM or
CDM scenarios. Both viewpoints are quite constraining:
the first viewpoint for LSP (cold) dark matter and the
second for the parameter space of the CMSSM.

Finally, in Fig. 34 we plot Axhp vs mq~2, mp, tanP,
and p. (In these graphs we lift the constraint Oxhp2 & 1.)
Notice that the ranges of Oxhpz favored by both MDM and
CDM generally select both mq~s, mp, and ]p, i

(which is
an output parameter in our analysis) in a broad region of
a few hundred GeV. For small m&~2, mo + 100 GeV the
relic density is too small because some sleptons are rather
light there (roughly less than 100 GeV) which enhances
the t-channel pair-annihilation yy ~ ff [91].Also notice
that large tan P produces more solutions with low Oxhp
than do the solutions with low tanP which is due to a
very strong enhancement in the LSP pair™annihilation
cross section caused by the exchanged pseudoscalar A
[56]. (The coupling Ayy scales like tanP. )

boson masses one should expect from the CMSSM. In
Fig. 35 we present a scatter plot of mass vs particle
type for all the acceptable solutions in CMSSM with
mf' ' = 145 GeV. Little changes significantly with vary-

ing m~~ '. In the next section we will further prejudice

1000

t.

xe.
I

4t'a.A'

500

:ti44Cv

1
re (

I'.01 teart

7

rich;'
' v","'.

jl' 't

rlvr ~ 1
W. I
v ~

100

50

h0 A0x' x'

J. The SUSY spectrum FIG. 35. Scatter plot of mass vs particle type for all ac-

ceptable solutions in our data set with m~~
' = 145 GeV and

f & 50. The horizontal bands are due to numerical sampling

and are not of signi6cance.
By varying our input parameters over wide ranges of

values we can consider what ranges of sparticle and Higgs
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our parameter space in order to find sample solutions
that are preferred theoretically.

K. Physics prejudice enhancement of part of model
space?

In this section we apply some experimental and the-
oretical prejudices to the acceptable solutions. For ex-
ample, solutions with B(b ~ sp) = 5.4 x 10 are
less favored than solutions with B(b + sp) = 3.5 x
10 . Furthermore, theoretically we prefer solutions
with lower fine-tuning. These are just two examples.
Other prejudices that we can apply on the solutions are
mb(Mx)/m„(Mx) 1, the LSP providing the right
amount of cold dark matter, and cr, (mz) close to its ex-
perimental central value. As can be gleaned &om previ-
ous sections, some of these prejudices work against others
in some respects.

We have attempted to select a subset of all the solu-
tions which are most likely to satisfy all (or most) of the
above prejudices. We do that by effectively "squeezing"
the solutions: select a preferred value for each constraint
above and reducing the errors (or allowed region) by a
factor of 2. In analyzing this squeezed set we And that
the fraction of solutions which are detectable at LEP II
and Fermilab goes down by about a factor of 2. That
is, only about 18'%%up of this set of solutions is detectable

at Fermilab or LEP II, whereas in the full set the frac-
tion is 32%. We therefore find that the set of solutions
which best satisfies our current experimental and theo-
retical prejudices are characteristically more dificult to
detect than the full set of solutions allowed by current
experiment. Table VIII presents three examples of such
solutions. Solutions 1 and 3 are not detectable at LEP II
or Fermilab, but Solution 2 is in the chargino, h (LEP II)
and gluino (Fermilab) channels. We view this section as
an initial attempt to add weighted physics criteria in or-
der to select a part of the model space to use for other
considerations such as phenomenological predictions or
theoretical studies.

X. SUMMARY AND COMMENTS

Encouraged by gauge coupling (grand) unification as
implied by LEP we have made an attempt to frame SUSY
by reconsidering minimal supersymmetry in the light of
GUT's. We have parametrized the whole multitude of
low-energy SUSY masses and couplings in terms of just
five free parameters (and the sign of p), including the
mass of the top quark m& which will soon be known. We
have demanded gauge coupling uni6cation and proper
electroweak symmetry breaking. In further reducing the
allowed parameter space we have included all the rele-
vant experimental and cosmological constraints that can

TABLE VIII. Three representative solutions —one with rather light sparticles and the other two
with intermediate to heavy sparticles. All masses are given in GeV. Some neutralino and chargino
masses are quoted as negative. This is merely an indication of the phase of the mass eigenstates
(expressed as q, by some authors); we include it in case people wish to use these numbers in
calculations, but only magnitudes should be considered as experimentally relevant. tz, z are physical
eigenstates, while tL, R correspond to the top squark mass-matrix entries. Same for the stau and
the sbottom.

Model parameters
tang, m~~

mp, m, g, , Ap/mp

Bp/mp, B(mz)
pp, p, (mz), a.(mz)
&x, Mx/10' Gev

i, H, A, H'
~L„pr., TI,

&R) P R) TR

VeL) VPL) VTL

uL, , cg, tL,

uR, CR, tR
dL„sI., bl.

dR, sR, bR

Tl ) T2

tI) t2

bg, b2

X'I 7 X2
0 0 0 0=LSP X2~ X3~&4
MI, M2, M3 —g

B(b m sp)
ms(Mx)/m (Mx)

0„60
B and gaugino purities

Solution 1

10, 145
247, 302, -2.5
-0.67, -0.03

394, 450, 0.124
0.041, 1.64

116, 346, 345, 354
328, 328, 324
276, 276, 268
318, 318, 318
700, 700, 634
677, 677, 620
705, ?05, 622
676, 676, 667

266, 326
419, 705

620, 670
239, -468

126, 239, -457, 464
126, 245, 718
3.52 x 10

0.794
0.27

0.99, 0.99

Solution 2

1.5, 145
91, 111, 2.5
2.84, 2.20

-214, -218, 0.127
0.042, 2.21

62, 317, 305, 315
124, 124, 124
104, 104, 104
114, 114, 114
283, 283, 299
276, 276, 271
288, 288, 266
276, 276, 276

104, 124
177, 363
264, 278
53, 257

27, 65, -220, 263
45, 90, 292
2.97 x 10

0.750
0.24

0.67, 0.87

Solution 3

5, 170
ill, 247, 2.5
0.02, -0.46

303, 304, 0.129
0.041, 2.04

113, 326, 324, 333
211, 211, 211
152, 152, 152
197, 197, 197
570, 570) 555
551, 551, 492
575, 575, 534
550, 550, 549

151, 212
445, 594
533, 550
192, -329

102, 191, -316, 324
102, 200, 610
4.76 x 10

0.794
0.22

0.98, 0.98
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be imposed without choosing a specific GUT gauge group
at the unification scale. We have not found the present
experimental bounds on SUSY particle masses to be par-
ticularly constraining; in fact they are only beginning to
limit the lower range of the SUSY masses. In contrast,
rather robust cosmological constraints such as requiring
that the Universe be at least 10 billion years old and that
the LSP not be electrically charged, rule out large &ac-
tions of the SUSY parameter space. Furthermore, much
more specific conclusions about the resulting SUSY mass
spectra and properties can be drawn if one expects the
neutralino LSP to be the dominant dark matter compo-
nent (in either cold- or mixed-DM scenarios) in the Hat
Universe.

A number of groups have already reported studies
along the same lines we follow. Our work is more compre-
hensive and complete in that more of the theoretical and
phenomenological constraints are included than in any
previous work, and precision to the few percent level is
required wherever appropriate in a fully consistent man-
ner. We also include more applications than have been
considered previously.

It is only by combining all the constraints and explor-
ing wide ranges of parameters that one is able to establish
where SUSY might be realized. Remarkably, we 6nd that
SUSY is preferably realized in the range of Higgs boson,
sfermion, and gaugino masses of several hundred GeV
and below, with larger values sometimes allowed by our
constraints but disfavored by too much fine-tuning. At
this point one still cannot favor any range of mq, unless
one insists on the mb-m uni6cation which in most cases
(but not always) implies a very heavy top quark. Sim-
ilarly, all values of tanP between one and about 50—60
(perturbative upper bound) are still allowed, although
the resulting phenomenology often difFers considerably
in the small and large tan P regime. On the other hand,
significant constraints can be placed on the (mi~2, 7Dp)

plane. The region mqy2 )) mp is invariably excluded by
requiring either electroweak symmetry breaking or neu-
tral LSP, while mp )) m, y/2 is typically ruled out by
either EWSB or a lower bound on the age of the Uni-
verse. References [19,30] have argued that the region
mo )) mi~2 --mz (and small tanP 8) appears to be
favored by bounds on the proton decay in the simplest
SUSY SU(5) model, but we prefer not to rely on an SU(5)
GUT, so this region is not favored for us.

We have made a first survey of phenomenological im-
plications for future SUSY searches in high-energy exper-
iments. We 6nd reasonable chances for eventually find-
ing a chargino at LEP II and the gluino or gauginos at
the Tevatron. The light Higgs boson h has a very good
chance of being discovered at LEP II but most likely only
if its beam energy is pushed close to or beyond 200 GeV.
On the other hand, the chances are very slim with the
currently approved ~s = 178 GeV. The LHC will pro-
duce large quantities of all superpartners.

Several predictions follow &om our analysis which
could have served to falsify the CMSSM before the sweep-
ing supercollider searches for the squarks, Higgs bosons,
and the gluino are done.

We derive a general upper bound on a, (mz) ( 0.133.

For larger mi, and for some regions of tan P when mi is
smaller, there is a lower bound n, (mz) ) 0.117. In the
regions where the bound is not implied by the physics
constraints, it is implied instead by the addition of a fine-
tuning constraint. GUT-scale threshold corrections may
be sizable and modify these limits by several percent.
(In this paper we have ignored all GUT-scale corrections
because we have not yet studied specific uni6cation gauge
groups and their Higgs boson structures, although we do
assume sin Oiv(Mx) = 3/8. )

Within our parameter space the light Higgs boson mass
is very SM-like and mg & 120 GeV for m~

' = 145 GeV
and mg & 130GeV for m~

' = 170 GeV, with somewhat
lower values usually favored. We also 6nd that m~ )
85GeV for tanP ) 5. If h had been discovered below
about 30GeV, our entire parameter space would have
been excluded.

The charged Higgs boson is always significantly heavier
than m~ and its discovery should not be expected at
LEP II and most likely even at the NLC500. Other heavy
Higgs bosons (II and A) are almost degenerate in mass
with H+. If H+ is discovered below about 110GeV, our
entire parameter space is excluded.

If B(Z —i bb) ( 0.214 and mi~
' & 150 GeV, all solu-

tions are excluded. Similar bounds exist for larger m~ '.
The LSP is almost invariably of the gaugino-type

(more precisely b-ino-type), as advocated early in
Ref. [91]. If the cold dark matter is not of this type,
almost all solutions from this study are excluded. If at
least one sfermion (other than the top squark or sneu-
trino) had always been lighter than about 80 GeV, there
would have been too little neutralino DM [110]. Fur-
thermore, had the sneutrino been the LSP, the CMSSM
would not have predicted enough DM.

Several clear patterns and relations among the masses
of the Higgs and SUSY particles arise which can be tested
in future accelerators.

We have also addressed several related issues recently
discussed in the literature. We agree with [3,5,8,10] about
the need to use two-loop RGE's and to include multi-
ple thresholds in considering the running of the gauge
couplings. One-loop RGE's and simplified one-step ap-
proaches can each lead to errors in o.,(mz) of soine 10%
(while the experimental error is at the 5% level). We
emphasize that it is inappropriate to use the so-called ef-
fective SUSY-breaking scale Ms&SY in deriving the GUT
mass scale M~ and gauge coupling n~. In particular,
the value of M~ derived this way can be twice that com-
ing from the full two-loop calculation. We have noted
that GUT-scale corrections of 10—15% to the relation
m&(M+) = m (Mx) may have a significant impact on
the resulting mass of the bottom quark mt, (mb) and may
allow for this relation to hold for wide ranges of both
mi

' and tan P. We also find it very important to use
the one-loop effective Higgs boson potential particularly
in the range of large masses () 1 TeV) where it can lead
to qualitatively diferent conclusions than had we simply
used the tree-level potential.

Remarkably, we find that for larger m~ it is possi-
ble to place upper bounds on all superpartner masses of
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1 TeV, without imposing any fine-tuning criterion. For
smaller m&p

' this is still true for some regions of tang
near one, but not for all.

Ultimately the goal is to go from experimental data
to a determination of the efFective Lagrangian of the su-
persymmetric and (perhaps) unified theory at a scale of

10 GeV. We have shown by example that an effec-
tive and perhaps optimal way to do this as data becomes
available is to systematically reduce the allowed parame-
ter space numerically. Once the high-scale Lagrangian is
known, perhaps the patterns among its parameters will
lead toward an understanding of how SUSY is broken
and what the underlying theory is.

Minimal supersymmetry is a very attractive theoretical
framework which makes several falsi6able phenomeno-
logical and cosmological predictions while at the same

time encompassing all the remarkable experimental suc-
cesses of the standard model. The most natural ranges
for supersymmetric particle masses typically lie above the
reach of currently operating accelerators (LEP, Fermilab)
but may be accessible to the upgraded LEP and Fermilab,
and should be successfully explored by the next genera-
tion of colliders.
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