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Effects of Superheavy Quarks and Leptons 
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We investigate potentially important effects due to the existence of superheavy quarks and 
leptons of the sequential type in higher·order weak processes at low energies. The second-order 
LlS * 0 neutral-current processes Kl. ~ I'ii, K- ~ 1[+ vi) and KL-Ks mass difference are analysed 
allowing for fermions of masses comparable to or larger than the weak-boson mass in the 
Kobayashi-Maskawa scheme and in the general sequential scheme with an arbitrary number of 
generations. Possible connection between heavy·quark masses and light-heavy quark mixing 
are also examined. The requirement that the rare decay processes such as KL ~ l1ii and K+ ~ 
1[+ vi) be absent up to order aGF yields a rather stringent bound on the magnitude of light-heavy 
Quark mixing: Such mixing has to be less than mW/mQuack times a factor much smaller than unity. 

§ 1. Introduction 

297 

It is by now more or less established that there exist at least three 

generations of Quarks and leptons. A striking feature of their spectra is that the 
fermion masses increase by large factors from one generation to the next. 
Therefore, it is by no means unrealistic to suspect that there exist in nature 
superheavy (as heavy as or heavier than the weak·bosons) Quarks and leptons. 1

),2) 

An interesting possibility is that such superheavy fermions may manifest 

themselves in low-energy weak processes through discernible effects as higher 
order corrections to the effective interactions involving only light fermions. This 
expectation will be fulfilled if superheavy fermions are not decoupled from 
low-energy processes, unlike in QED and QCD. 3

) Renormalization corrections to 

the weak-boson masses and some other problems have been studied from this 
viewpoint. 2),4) 

The purpose of this paper is to analyse the possible effects of superheavy 
Quarks and leptons in the rare weak processes KL-->f-lfi, K+ ...... J[+v)) and KO ...... j{o. 

These reactions occur due to effective LlS =1= 0 neutral-currents which are induced 

at the one-loop level of weak interactions. It will be shown that superheavy 
fermions are not decoupled from such low energy processes, giving potentially 

important effects. It should not be difficult to have an idea of how this 
non-decoupling of fermions of mass mF'PmW comes about. The Yukawa coupling 
of unphysical scalars (in R. gauge) is proportional to mF. Therefore, powers of 

scalar couplings could compensate inverse powers of mF arising from superheavy 
fermion propagators. However, to know how important the resulting effects of 
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298 T. Inami and C. S. Lim 

superheavy fermions are, we have to make explicit calculations. 
We take the SUr(2)x U(l) model for unified weak and electromagnetic 

interactionsS
) and consider a general scheme of an arbitrary number of generations 

N of quarks and leptons. Neutrinos are assumed to be massless. Only heavy 
quarks contribute to the processes KL -> fJjl and K°.-. go, while both heavy quarks 
and leptons come into play in the process K+ -> 7[+ IJ iJ. For the former processes, 
the problem is to uncover the interplay between the masses of heavy quarks and 
the light-heavy quark mixing. For the latter, the problem is whether its decay 
rate can tell us something about the number and/ or masses of charged heavy 
leptons which might exist in nature. 

The effects of heavy quarks in the Weinberg-Salam model have been 
discussed in earlier works.!l.2).6)~1() Heavy quarks much lighter than the 
weak-bosons were considered in Refs. 6)~8). There has so far been no attempt 
to analyse the effects of superheavy fermions in low-energy kaon processes taking 
account of all the weak interaction diagrams at the one-loop level (diagrams with 
unphysical scalar exchange, which were not considered in earlier works, 1).9) will be 
shown to give dominant contributions for fermions much heavier than the 
weak-bosons). 

The perturbation calculation of weak interactions would eventually break 
down in the limit of very heavy fermion mass mI-. This would occur for mf2/mw 2 

<(1/47[, i.e., mF<a few TeV. For ml-:S1 TeV, which are fermion masses we 
will consider in this paper, higher order weak corrections are still small and the 
perturbation calculation can be trusted. Small one-loop corrections could, 
however, have important effects on processes which are absent in the lowest 
order, such as LlS =1= 0 neutral-current processes. 

The transitions KL -> fJjl, K + -> 7[- IJ iJ and K°'-' K O are described by effective 
LlS =1= 0 neutral-current interactions of light quarks and leptons. The effective 
four-Fermion Lagrangian can be obtained from the sum of Z-exchange and 
box-diagram amplitudes. We will take the free-quark model to compute these 
second-ordE'r (in weak interactions) diagrams. Strong interaction corrections 
may be taken into account in the standard manner in QCD, and they are known 
not to be significantly large.ll) 

The effective Lagrangian for light quarks and leptons is obtained in § 2. The 
Z-exchange and box-diagram amplitudes are computed in §§ 2.1 and 2.2. The 
result is given in the arbitrary R. gauge. 13

) Only the final expressions are given 
in the text, while more details are given in Appendices A, Band C. Section 3 
contains an analysis of the effects of heavy quarks and leptons in the decay rates 
of KL->fJjl and K-->7[+lJiJ and in the KL-Ks mass difference. Here, a 
quantitative analysis is made in the Kobayashi-Maskawa model. 14

) In § 4 we 
speculate on possible connection between heavy quark masses and light-heavy 
quark mixing in the limit of large quark masses. 
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Effects of Superheavy Quarks and Leptons 299 

§ 2. Effective Lagrangian for ds- J.tji, dS--+)lv and ds- sd 

Consider the sequential scheme with an arbitrary number of generations N, 
and denote the j-th Quark doublet of charge 2/3 and -1/3 and the j-th lepton 

doublet by Ci;.) and (t) respectively. In this notation, u= Ul, d= dl and Ve= VI, 

e = L. We will assume that all neutrinos are massless, so that there is no mixing 
among leptons. The hadronic charged current takes the form 

(2'1) 

where Ujk is an N X N unitary matrix. 
The computation of the amplitudes for KL - f-Ljl, K~-7[-vlJ and KO ...... j{0 

amounts to finding the effective Lagrangian for the elementary processes d S - f-Ljl, 

ds--+ VlJ and ds- SdI5)~18) and the evaluation of the matrix elements thereof. 

There are two classes of diagrams that contribute to these elementary processes: 
One consists of Z exchange diagrams generated by the induced dsZ coupling (Fig. 
1), the other of the box-diagram in which weak-bosons W± and unphysical scalar 
(P are exchanged (box-diagrams for ds-' VlJ are shown in Fig. 2). 

Throughout the paper, the external fermion masses and momenta will be set 
to zero compared with the internal fermion masses. The one-loop amplitudes for 
the three elementary processes are. then described concisely in terms of the 
effective four-Fermion interaction, which takes the form 

with 

1: eff= ~. {x[4 s L/"dL( Cf-Lly"f-LL - ~1 DiVLiy"VU)+ E( sly"dd Z
] 

+ (a/ 4Jr )[HI s Ly"dL + HzO -I J"( ms sl(j""dL 

+ md S R(j"vdR) ]f-LY" f-L} + h.c. 

d::r7V 

s~v 
(0) 

(e) 

(2'2) 

w 

IT ~--p~~-_L 
(b) 

(d) 
Fig. 1. The Z exchange diagram contributing to 

dS-'vi/ and dS~f1ii. Fig. 2. The box-diagrams for ds~vi/. 

 at FH
 A

achen on February 1, 2015
http://ptp.oxfordjournals.org/

D
ow

nloaded from
 

http://ptp.oxfordjournals.org/
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(2-3) 

where ew is the Weinberg angle. 
On the second line of the above equation, the first term gets contributions 

from both Z exchange and photon exchange, while the last two arise from photon 
exchange. These terms do not contribute to the KL --> fJ.ji decay. They are 
included in the effective Lagrangian for d.'i --> fJ.fJ. for completeness and will be 
discussed only very briefly. 

The coefficients C and15 z inf' eft are given, with the aid of the unitarity 
relation ~~~l U)'5 UJd = 0, by the sum of N -1 heavy quark (U2, U3, "', UN) 

contributions, 

I .... 

D( {XJ},Y')= ~ U)'s UidD(Xj, Xl =0; Yz), 
J=-2 

(2-4) 

h - 2/ 2 d - 2/ 2 were Xj= muJ mw an Yz= mu mw . As for the term for ds--' sd, it is given by 
the sum of (N - 1)2 terms 

N 

E({xJ})= ~ Ufs UJdUIs UkdE(xJ.Xk). 
j,k=2 

(2-5) 

In Eqs. (2-4) and (2-5), the light quark (UI) contribution is rearranged into other 
N -1 heavy quark contributions so that ultraviolet divergences cancel out by the 
GIM mechanism. 121 We will give below the result of our calculation of the 
coefficients, C, 15 and E for two classes of diagrams separately. 

2.l. Z exchange diagrams 
The one· loop diagrams for the induced d s Z coupling are shown in Fig. 3. The 

blob in the diagrams 3(a) and 3(b) represents the self-energy part of the d<-->s 
transition. The one-loop diagrams for this transition are shown in Fig. 4. The 
induced dsZ vertex takes the form 

(2-6) 

where i = a, b, "', h. I'(l) are given in Appendix A. The sum of all Flo yields in 
the R. gauge 

I'z= ± rt1)=~XJ-~_l-
Z~l 4 8 xJ-l 

3 2x/- XJ 
+8 (XJ-1)2 In Xj+Y(Xj, ';:)-(xJ-->xd. (2-7) 
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s s d 

--r--
Z (b) 

;' .~~ d 
z 

(d) 

z 
(h) 

w- (p-

. t::'"\ ,......--, 
/ \ . . I I . 

S uj ,u 1 d S uj ,u1 d 

Fig. 4. The one-loop contributing to the self­
energy part of the d~ s transition. the blob in 
Fig. :1. 

Fig. 3. The one-loop diagrams contributing to the 
induced drZ vertex. The same diagrams 
with Z boson replaced by photon give the 
induced dry vertex. 

(The singularities at Xj = 1 in the second and third terms are superficial and are 
absent in their sum.) The ~-dependent term in (2-7) is given by 

(2-8) 

For xl~xj~l, the above results (2-7) and (2-8) coincide with those of Refs. 17) 
and 18) up to order of Xj. We note in passing that the term x) 4 becomes 
dominant for large Xj in Eq. (2-7). This term arises, as seen from Appendix A, 
from diagrams of unphysical scalar exchange (diagrams, a+ b, d and h of Fig. 3). 

The contribution of the Z exchange diagram to feff can immediately be found 
from the induced dsZ coupling (2-3). The result is 

(2-9) 

The computation of the photon exchange contribution is somewhat more 
involved and requires the calculation of the induced ds)' coupling up to second 
order in the external momenta. The resulting coefficients H1 and H2 are given in 
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302 T. Inami and C. S. Lim 

Appendix B. 

2.2. Box· diagrams 
There are four types of box-diagrams, as shown in Fig. 2. Their 

contributions to 1'eff are given in Appendix C. The sum of the four contributions 
yields for dS-->J1j1 and ds-->vv 

+_1[. Xj ( Xj - 4)2 + Xj -=-IJxjlnxj 
8 y, - Xj Xj -1 xj-1 

(2'10) 

(2'11) 

where y,= mL/mw2 with L denoting the lepton associated with the neutrino v,. 
The ~-dependent terms c(x, ~) and d(x, 0 are found to be equal to y(x, ~), as 
they should be. 

As for ds--> sd, only box·diagrams contribute to this process(Fig. 2). The 
sum of their contributions tot eff( see Appendix C) yields 

(2'12) 

- - 3 ( X )3 1 9 1 3 1 
E(xj, x;)=E(Xj)= -2 xj'::'l In Xj- Xj[4-4 Xj-l -2 (Xj_1)2]. 

(2'13) 

This result is of course ~-independent. The result (2'12) differs from the 
expression used in Ref. 9), in which only the diagram of two- W-boson exchange 
was calculated in ~ = 1 gauge. 

2.3. Coefficients C and D 
Combining the results obtained in §§ 2.1 and 2.2 with Xl being set to zero, we 

find for dS-->J1j1 and ds-->vv 

-- 3 X 13 x 
C= C(Xj, Xl =0)=-4 (~_J -1 )2Inxj+-4 Xj--4 ~.-J-1' Xj- Xj- (2'14) 

D=D(Xj, Xl =0; y,) 

=_~ y,Xj (Y'-4)2Iny,+~[ Xj (Xj_4)2 
8 Yi-Xj Yi-1 8 Yi-Xj xj-1 
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Effects of Superheavy Quarks and Leptons 

§ 3. Analysis of the processes K L -> f.1.ji, K- -> 1t'+ I/Y 

and the K L-Ks mass difference 

303 

(2·15) 

The effective Lagrangian (2·2) is of the usual V - A current-current type, 
with the effect of heavy fermions contained in the coefficients C, D and E. The 
matrix elements of these neutral-current products for KL -> fifi and K- -> 7[~ v iJ can 
be related in a trivial manner to those of the charged-current products for K~-> 
fiv,.. and K+ -> 7[0 eVe, respectively.161 As for the matrix element for K°<-> go, some 
complication arises from the fact that a hadron is present in both initial and final 
states.11I.7I We will not discuss this problem but take the vacuum dominance 
approximation. We will first spell out the general expressions relating the 
coefficients C and Di to the decay rates and E to the KL-Ks mass difference. 

3.1. General formulae 
a. KL -> fiil 

This process is CP conserving, so that only the real part of U /5 Ujd 
contributes to the decay rate. We find from Eqs. (2·2) and (2·4) 

where we have set (1-4 m,..2/ mK 2)12/(1-m//mK 2)2:::ol. The subscript sd 
stands for short-distance contribution, i.e., the one which is induced by the 
effective local interaction (2·2). x is defined by Eq. (2·3). We take x = 0.0025, 
which corresponds to sin2 8w = 0.23. 

(3·2) 

The short-distance contribution to B( KL -> fifi) can be extracted from the 
measured value of B( KL -> fiJi) by taking account of other contributions including 
that from the two-photon intermediate state. Here we quote the result from 
previous analyses:81.1SI.191 

(3·3) 

Substitution of this empirical result into Eq. (3·2) yields the bound 

N 

[~ Re( U/5 Ujd) C(Xj,O) YI U~s:S 0.8 .10- 4
• (3·4) 

)=2 
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304 T. Inami and C. S. Lim 

b. K+->7[+viJ 

Since the neutrinos are assumed to be massless, they all contribute to this 
decay rate. Neglecting the electron mass, we have 

B(K+->7[~viJ) 

B(KT -> 7[0 eVe) 

Using B( K+ -> 7[0 eVe) = 0.048,'9) we have 

(3·5) 

(3·6) 

At present, experimentally, a very weak upper bound on the ratio B( K+ -> 7[~ V iJ) 
is known: 20

) 

Substitution of this upper bound into Eq. (3·6) yields 

N N 

~ I ~ Uj~UjdD(xj,O;y,W/U~s<l.O. 
i=1 J=2 

(3·8) 

c. KcKs mass difference 
The KL-Ks mass difference is given by 

(3·9) 

Assuming the vacuum dominance in the intermediate states, we obtain 

(3·10) 

Let us see how the coefficients C, jj and E behave for large Xj and y,. As 
expected, superheavy fermions do give non-vanishing contributions to C, jj and E 
in the limit of large Xj and Yi, unless the mixing factors are inhibitingly small. 
What is rather striking is that their importance increases linearly with Xj == m;j 

/mw 2
, as seen from the following behaviours of C, D and E for large Xj and Yi. 

- 1 
C(Xj, 0)~4xj, (3·11) 

D(xj,O;y,) 
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-[(Xj,O) 
10 

10-' I 
(a) 

10 10' 

O(x;,O;y) 
2 

I 

0~---1~0~-3~~10--2~--ILO~-'~~~--~10~--~102 

-I y;=mL;2/m~ 

- 2 0), X 103 (b), x 10 
- 3F==-----------+--~( c--),-x 10-' 

-41--__ -

- 5 
(b) 

Fig. 5. (a) The coefficient ('(Xj) as a function 
of x. The small x approximation is also 
shown (dashed line) for comparison. 

Fig. 5. (b) The coefficient i5(Xj, y.) as a func­
tion of Yi for typical values of x; (a) muj = 1.3 
GeV, (b) mUj=30 GeV and (c) mUj=800 

GeV. 

-( ) { - ~ xjln(xk/xJ, (1~Xj~Xk) E ,Xj, Xk ~ 
- x j ln(xk l/4 /Xj), (Xj~l ~Xk) 

(l~xJ 

(3'12) 

(3'13) 

(3'14) 

How the functions C and 15 behave for smaller values of Xj and Yi can be 
found in Fig. 5, together with the approximate expressions for small Xj and Yi, 
which were used in earlier analyses.7).8) The difference between the exact 
expression and the approximate ones becomes significant, e.g., about 20% for C, 
for mUj,c30 GeV. 

We observe an interesting feature in Fig.5(b) regarding the role of heavy 
leptons in the decay K+ ---> 7[+ V 17. Though superheavy leptons are not decoupled 
from this low-energy process, as remarked before, the contribution of heavy 
leptons with masses Yi~Xj to 15(xj, 0; y;) is suppressed considerably; 15(xj, 0; y;) 

even changes sign as Yi increases. Therefore, the number of massless neutrinos 
cannot be estimated by dividing the width r(K+ ---> 7[+ vv) by the electron-neutrino 
contribution to the width, as argued usually.21) 

3.2. Kobayashi-Maskawa model 
To derive more quantitative results we have to fix the number of generations. 
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306 T. Inami and C. S. Lim 

Here we will analyse the three processes taking the simplest scheme, i.e., the 
six-quark model of Kobayashi and Maskawa. 14

) Shrock et al.7),8) have made 
quite detailed analyses of the decay rate of KL --> f.1ji and the KL -Ks mass 
difference, assuming mt<f;;mw. We can now extend their analyses to the case mt 

<: mw just by replacing their small quark-mass approximations of C and E by our 
exact expressions. 

In the Kobayashi-Maskawa model, the mixing matrix elements Ujk are given 
in terms of three mixing angles 8, and a CP violating phase o. Define 

AC== Uis UCd= -(C1C2+ 5zt3e'8)51c2C3, 

At == Ut~ Utd = - (Cl 52 - C2 t3e'8)51 52C3, (3-15) 

where c,= cos 8" 5,= sin 8, and t,= tan 8,. The coefficients for the three 
processes are given by 

C=AcC(Xc, O)+AtC(Xt, 0), (3-16) 

De=DI'=Acf5(xc, 0; O)+AtD(xt, 0; 0), 

Dr=AcD(xc, 0; Yr)+AtD(xt, 0; 0), 

E =Ac 2 E(xc) + 2AcAtE(xc, Xt)+ ,,1/ E(xt). 

(3-17) 

(3-18) 

a. KL-->f.1ji 

The charmed quark contribution to (3 -4) amounts to less than a few percent 
of the bound on the right-hand side, and hence it can be safely ignored. The 
experimental bound then yields 

(3-19) 

where t3 = tan83 • Since Cl is known precisely, the above inequality may be used 
to derive a bound on 1521 as a function of 53 for given values of mt. Figure 6 

0.7 
IS21 max 

0.6 

0.5 

0.4 

0.1 

(a) 1;=-1 

(b) 1;=-1 

(a) l=;~ I 

(b) 1; = I 

0.1 0.2 0.3 0.4 0.5 
15,1 

Fig. 6. Upper bounds on Iszl as a function of IS31 for given values 
of mt; mt=30 GeV (a) and 60 GeV (b). The bounds are 
obtained by analyzing the KL ~ ~f1 decay in the Kobayashi· 
Maskawa model. ';=sgn(tzf3c.cl- 1

). 
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presents such bounds on IS21 for mt =30 GeV and 60 GeV. 
b. KcKs mass difference 

Equation(3'10) gives 

307 

(3·20) 

Combined with another constraint equation for CP violation effect in the KO-Ko 
transition, this equation can be used to derive conditional bounds on I s21 and 131 as 
functions of I s31 for given values of mt. The procedure of such an analysis is 
described in Ref. 7). Interested readers may repeat a similar exercise using Ii 
given in the previous section. 
c. K+->7[+vv 

The presently available bound (3. 8) is too weak to derive meaningful 
constraints on the mixing angles. We will instead try to estimate the decay rate 
of K+ -> 7[+ V v. This is possible if either the charmed quark or the top quark 
contribution dominates the effective Lagrangian; the two cases occur for IS21 
~1O-1 and IS212> 10-1 respectively. 

The case of charmed quark dominance is reduced to the calculation in the 
four-quark scheme. 16

) We then have 

B(K+->7[-j-vv)::::':6.0'1O-7xe2[2(~ Inxe+ ~Y 

+( 21n Yr- ~ In Xe+ ~ YJ. 
For mr = 1.81 Ge V and me::::': 1.3 Ge V, we have22) 

B(K+ -> 7[+ V v)::::,: 1.6'10- 11
, 

which appears to be too tiny to be accessible experimentally. 

(3'21) 

(3'22) 

As for the case of top quark dominance, we ha ve from (3· 5), (3·17) and (3 '15) 

B( K+ -> 7[+ V v)::::,: 6.0 '1O- 7 1( Cl S2 - C2 t3 e i8 )s212 

(3·23) 

The ratio B( K+ -> 7[+ V v) / B( KL -> f.Jfi) can be predicted with less uncertainty, 

B(K+->7[+vv) 
B( KL -> f.Jf.J )Sd 

0.009 3ID(xt, 0; oW . 
[Re C(Xt, O)F 

(3'24) 

Figure 7 gives the ratio as a function of Xt. To make an order-of-magnitude 
estimate, suppose that the dispersive part of B( Kc·· f.Jfi), (3.2± 2.4) _10- 9

, obtained 
by use of unitarityS).22) is due to the short-distance contribution. Then, B( K+-> 
7[+ V v) is predicted to be about 10- 9 for mt::::': 30 Ge V, a number which is smaller 
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~1.0 
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~ 

OJ 

T. Inami and C. S. Lim 

10 
xt "m/lmw

2 

Fig. 7. The predicted ratio of B( K+ ~ 
JZ"~IJi7)/[B(K~~ ,uP)]Sd as a function 

of the top quark mass (Xt=mt'/mw') 
in the Kobayashi·Maskawa model. 

than the presently available upper limieO) by three orders. 

§ 4. Light-heavy quark mixing 

Some time ago, Glashow and Weinberg proposed a view that flavour-changing 
neutral currents are "naturally" suppressed to order ClGF.

23
) Such view is valid if 

all quarks are much lighter than the weak-bosons. On the contrary, if there exist 
superheavy quarks, with masses comparable to the weak-boson mass, the absence 
of flavour changing neutral-currents can no longer be imposed naturally. The 
experimental fact that strangeness-changing neutral-currents are absent to ClGF 

has to explained by some dynamical mechanism rather than by the naturality 
argument. 

A simple explanation of this suppression of LlS * 0 neutral-currents to ClGF is 
provided by assuming a certain correlation between heavy quark masses and 
light-heavy quark mixing. To see how this works, we demand that LlS * 0 
neutral-current interactions are absent to order ClGF. This restriction means for 
ds-' f1jJ. and ds-' ))iV, 

N 

I ~ UJ's UjdD(xj, 0; Yi W / U~s~l. (4·1) 
;"=2 

We further demand that these conditions are to be satisfied without invoking 
accidentally large cancelation between several terms of different generations. 
The constraint (4·1) then implies, by use of of Eqs. (3·11) and (3·12), that 
light-superheavy quark mixing satisfies 

(4·2) 

where q stands for light quarks d and s. Namely, I Ujql has to be less than 
mw/mUj times a factor much smaller than unity. 
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Effects of Superheavy Quarks and Leptons 309 

The above argument may be extended to flavour-changing neutral-current 
processes at low energies. The suppression of such neutral-currents to aGF is 
now guaranteed if the inequality (4·2) is satisfied for all "light"-superheavy quark 
mixing. Here, "light" should perhaps mean lighter than the weak-bosons. "Light 
quarks" then include charmed quark and perhaps bottom quark. 

Froggatt and Nielsen24
) have recently put forward an argument that quark 

mixing angles are given order-of-magnitude wise in terms of quark masses by 

for mq <f:; mj. (4·3) 

The two relations (4·2) and (4·3) are compatible provided that superheavy quark 
masses are bounded by 

(4·4) 

The bound is most restrictive for q = b quark and gives 

m)mw:S 10. (4·5) 

It is curious that this constraint on heavy quark masses is consistent with the 
bound derived from the consideration of the one-loop corrections to the 
weak-bosons masses.2

) 
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Appendix 

In this appendix we give some details of our calculation of the effective dsZ 
and dsy couplings and the box-diagrams. We cope with divergences which appear 
in the calculation of the d s Z couplings in the dimensional method. The results are 
presented in the ~ = 1 gauge. 

A. Induced dsZ couPlings 
The one-loop contribution to the dsZ coupling is calculated by a direct 

summation of Feynman graphs. IS) r'iJ, defined by Eq. (2·6), for each of the 
diagrams in Fig. 3 are given by 

r'a+b)=-[~(Q-l)sin2 8 w + ~J 
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XLXjX~21)Z lnxj- XjX~I-xJI(xJJ-(xr->xI)' 

r (C) - ( 1 Q . 2 0 1 ) x/ 1 + 1 Xj 1 - 2 sm w-4 (xj-l)2 nXj 2 (Xj_I)2 nXj 

-( i Q sin2 Ow+ !) xjX~1 -(xr->xI), 

r(d) = - ~ Q sin2 Ow( 1- ~ )XJ2(XJ + ! ( Q sin2 Ow-I) 

r (h) - ( 1 . 2 0 ){ 1 [ x/ 1 Xj ] - 2- sm w 4 (xj-l)2 nXj-xj_l 

- ~ XJ2(Xj)}- (Xr-' XI), (A-I) 

where Xj = m/ / m w2 and Q = 2/ 3, the charge of up-quarks, /1 (x) and h( x) are 
given by 

(A-2) 

We note that no divergent integrals are involved in r U +
g

), while divergent 
integrals become convergent because of the GIM mechanism in r(C) and r(e). As 
for r(a+b), r(d) and r(h), the terms Xj/I(Xj)-xJ/I(xI) and XJ2(XJ-XJ/2(XI) have 
poles at n = 4. These poles disappear from the sum of the three terms, leaving a 
finite term 

(A -3) 

The sum of all terms in (A-I) thus yields Eqs. (2-7) and (2-8). Note also that 
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the sum of the terms with Z coupled to the quark line is independent of the charge 
Q. 

B. Induced ds; coupling 
The diagrams to be computed are those of Fig. 3 with Z being replaced by;. 

The induced ds; vertex takes the form 

+ F . v( 1 - ;5 + 1 + ;5 )] d 2i5I'VZq ms-
2
-- md-2- . (B-1) 

Computing the one-loop diagrams to second order in the external momenta and 
masses, we find 

+[2 1 +(2 ---=---c1 ~ 3 Xj - 1 3 (Xj _1)2 

_[1 __ 1_+11 1 
3 Xj - 1 12 (Xj _1)2 

-[ ~ Xj~l - ~~ (Xj~1)2 
+ !l(~, Xj) - (Xr-' Xl) (B-2) 

with h(~, x)= -2;(~, x) and 

(B-3) 

where the terms multiplied by Q arise from the diagrams (c) ~ (d). The 
coefficients HI and H2 are given by Ha=2}.J~2 U/s Ujd Ha(Xj, XI=O) (a=1,2), 

where HI = -4Fl -srz and H 2= -4F2. 

C. Box-diagrams 
There are four types of box-diagrams, as shown in Fig.2. 
The three diagrams with unphysical scalar exchange do not contribute to the 

process d 5 --> flfl when the muon mass is neglected. The remaining W -exchange 
diagram 4(a) yields the contribution given by (2-10). 

The contributions of the four diagrams to the process d 5 --> Vi Vi are 
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D(~)=2[gl(Xj, Yi)-gl(Xl, Yi)), 

D(g)=D(~)= - ~Yi[XjgO(xj, Y;)-XlgO(Xl, Yi)), 

D(g)= ~Yj[Xjgl(Xj, Yi)- Xlgl(Xl,Yi)], (C.1) 

h - 2/ 2 d - 2/ 2 d were Xj=mUj mw an Yi=mLi mw, an 

1 [( Y')2 (X)2 1 1 ] gl(X,y)=--- -- Iny- -- Inx---+--, 
Y-X y-l x-I y-I x-I 

) _ 1 [ Y xII ] go(x, Y - --- ( 1)2 In Y ( 1)2 In x---I +--1 . Y-X Y- x- Y- x-
(C.2) 

The sum of the four terms in (C.1) yields (2.11). 
For the transition ds -> sd, we give the result which can be used in the general 

sequential scheme. Note that the box-diagram amplitude F is given by the N,2 
terms, 

(C·3) 

where N is the number of generations and It is defined as a product of mixing 
matrix elements, i.e., ;V=' U j*;; Ujd( Ujk is introduced in § 20I.d.). After a 

rearrangement using the unitarity relation for Ujk, Au = - ~f~2Aj, the right-hand 

side of Eq. (C· 3) can be written as 

(C·4) 

Correspondingly, the contributions to £ eft from the four diagrams with exchange 
of j-th and k-th up-quarks can be written as 

_ d , 

E=2.~ [E(~)(xj, Xk) 
z=a 

(C·S) 

where i=a, b, c and d. The calculation of E(i) (Xj, Xk) is similar to that of DU ) 

for d s -> l/ i7 . The result is 
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(C·6) 

The sum of the four graphs yields 

(C·?) 

E( Xj, Xk) is then given by Eq. (C· 5) with Xu being set to zero. Substituting Eq. 
(C·?) into Eq. (C'5) gives Eq. (2·12). E(xj) is then obtained by taking the limit 
Xk-> Xj in Eq. (2·12). 
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