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We investigate potentially important effects due to the existence of superheavy quarks and
leptons of the sequential type in higher-order weak processes at low energies. The second-order
4S5 #0 neutral-current processes K.~ ¢, K — vy and K:-Ks mass difference are analysed
allowing for fermions of masses comparable to or larger than the weak-boson mass in the
Kobayashi-Maskawa scheme and in the general sequential scheme with an arbitrary number of
generations. Possible connection between heavy-quark masses and light-heavy quark mixing
are also examined. The requirement that the rare decay processes such as K.~ pf and K*—
77 v7 be absent up to order aG/ vields a rather stringent bound on the magnitude of light-heavy
quark mixing: Such mixing has to be less than »w/mquark times a factor much smaller than unity.

§1. Introduction

It is by now more or less established that there exist at least three
generations of quarks and leptons. A striking feature of their spectra is that the
fermion masses increase by large factors from one generation to the next.
Therefore, it is by no means unrealistic to suspect that there exist in nature
superheavy (as heavy as or heavier than the weak-bosons) quarks and leptons."

An interesting possibility is that such superheavy fermions may manifest
themselves in low-energy weak processes through discernible effects as higher
order corrections to the effective interactions involving only light fermions. This
expectation will be fulfilled if superheavy fermions are not decoupled from
low-energy processes, unlike in QED and QCD.” Renormalization corrections to
the weak-boson masses and some other problems have been studied from this
viewpoint.?¥

The purpose of this paper is to analyse the possible effects of superheavy
quarks and leptons in the rare weak processes K, ufi, K'->r vy and K~ K°.
These reactions occur due to effective 4S5 #+0 neutral-currents which are induced
at the one-loop level of weak interactions. It will be shown that superheavy
fermions are not decoupled from such low energy processes, giving potentially
important effects. It should not be difficult to have an idea of how this
non-decoupling of fermions of mass m#> mw comes about. The Yukawa coupling
of unphysical scalars (in R. gauge) is proportional to my. Therefore, powers of
scalar couplings could compensate inverse powers of mr arising from superheavy
fermion propagators. However, to know how important the resulting effects of
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superheavy fermions are, we have to make explicit calculations.

We take the SU.(2)Xx U(1) model for unified weak and electromagnetic
interactions® and consider a general scheme of an arbitrary number of generations
N of quarks and leptons. Neutrinos are assumed to be massless. Only heavy
quarks contribute to the processes K;— uiz and K°— K° while both heavy quarks
and leptons come into play in the process K> x"vv. For the former processes,
the problem is to uncover the interplay between the masses of heavy quarks and
the light-heavy quark mixing. For the latter, the problem is whether its decay
rate can tell us something about the number and/or masses of charged heavy
leptons which might exist in nature.

The effects of heavy quarks in the Weinberg-Salam model have been
discussed in earlier works.D28~10 Heavy quarks much lighter than the
weak-bosons were considered in Refs. 6)~8). There has so far been no attempt
to analyse the effects of superheavy fermions in low-energy kaon processes taking
account of all the weak interaction diagrams at the one-loop level (diagrams with
unphysical scalar exchange, which were not considered in earlier works,” will be
shown to give dominant contributions for fermions much heavier than the
weak-bosons).

The perturbation calculation of weak interactions would eventually break
down in the limit of very heavy fermion mass mx. This would occur for m */mw’
=al/dx, ie., mrza few TeV. For mr<1TeV, which are fermion masses we
will consider in this paper, higher order weak corrections are still small and the
perturbation calculation can be trusted. Small one-loop corrections could,
however, have important effects on processes which are ahsent in the lowest
order, such as 4S #0 neutral-current processes.

The transitions K, — ug, K*—>r vy and K°~ K° are described by effective
AS +0 neutral-current interactions of light quarks and leptons. The effective
four-Fermion Lagrangian can be obtained from the sum of Z-exchange and
box-diagram amplitudes. We will take the free-quark model to compute these
second-order (in weak interactions) diagrams. Strong interaction corrections
may be taken into account in the standard manner in QCD, and they are known
not to be significantly large.'”

The effective Lagrangian for light quarks and leptons is obtained in § 2. The
Z-exchange and box-diagram amplitudes are computed in §§ 2.1 and 2.2. The
result is given in the arbitrary Re gauge.'” Only the final expressions are given
in the text, while more details are given in Appendices A, B and C. Section 3
contains an analysis of the effects of heavy quarks and leptons in the decay rates
of Ki»pjg and K - x'vy and in the K.-Ks mass difference. Here, a
quantitative analysis is made in the Kobayashi-Maskawa model.' In §4 we
speculate on possible connection between heavy quark masses and light-heavy
quark mixing in the limit of large quark masses.
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§2. Effective Lagrangian for d5— ug, d§s— vy and ds— sd

Consider the sequential scheme with an arbitrary number of generations N,
and denote the j-th quark doublet of charge 2/3 and —1/3 and the j-th lepton

doublet by (ZJ> and (ZJ> respectively. In this notation, = u;, d = d: and ve = vy,

e=L,. We will assume that all neutrinos are massless, so that there is no mixing
among leptons. The hadronic charged current takes the form

]#:jzk sz?’u(l_Ys)Ujkdk, (2:1)

where U;. 1s an N X N unitary matrix.

The computation of the amplitudes for K- piz, K" =z vy and K< K°

amounts to finding the effective Lagrangian for the elementary processes d§— uz,
ds—vy and d3—sd’¥'® and the evaluation of the matrix elements thereof.
There are two classes of diagrams that contribute to these elementary processes:
One consists of Z exchange diagrams generated by the induced d5Z coupling (Fig.
1), the other of the box-diagram in which weak-bosons W * and unphysical scalar
¢* are exchanged (box-diagrams for ¢35— v are shown in Fig. 2).

Throughout the paper, the external fermion masses and momenta will be set
to zero compared with the internal fermion masses. The one-loop amplitudes for
the three elementary processes are then described concisely in terms of the
effective four-Fermion interaction, which takes the form

. _ N N
[eff:%{x[ll §L7udL(C,UL')’#,UL_§I DiVLiV“VL1’)+E( §L7udL)z]
+(a//47r)[f?1 Siyedi+ ﬁzDilab(WlsgLO‘de

+ Ma S rOpdr) py* 1} thc. (2-2)
with
d JVVVE/I\_I‘ v “
Wil Lim .
S—-—JMV/V\,VJL_._X) __?_
d U, M (a) (b)
z
P P

’ o W _‘J__?zi_[:

(c) (d)

Fig. 1. The Z exchange diagram contributing to
d5—vp and d§— pf. Fig. 2. The box-diagrams for d5—yo.
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x=(a/4zx)/sin*Gw, (2-3)

where @w is the Weinberg angle.

On the second line of the above equation, the first term gets contributions
from both Z exchange and photon exchange, while the last two arise from photon
exchange. These terms do not contribute to the K.— i decay. They are
included in the effective Lagrangian for 45— uu¢ for completeness and will be
discussed only very briefly.

The coefficients C andD; in L e are given, with the aid of the unitarity
relation 2% U % U;a=0, by the sum of N —1 heavy quark (w2, us, -, un)
contributions,

C:({Xj}):é U’s Ujdc_(xj,xl:o)»
ﬁ({XJ} ) 2 UJSUde(lJ, X1— 0 y) (2'4)

where x,=m2%;/mw’ and v:=m}./mw?. As for the term for d5— sd, E is given by
the sum of (N —1)* terms

N —
{XJ}) szzz LTJ?‘\‘SUJIdU:SdeE(xJ‘,xk). (2-5)
In Egs. (2-4) and (2-5), the light quark (u:) contribution is rearranged into other
N —1 heavy quark contributions so that ultraviolet divergences cancel out by the
GIM mechanism.'? W‘i will give below the result of our calculation of the
coefficients, C, D and E for two classes of diagrams separately.

2.1. Z exchange diagrams

The one-loop diagrams for the induced ¢$Z coupling are shown in Fig. 3. The
blob in the diagrams 3(a) and 3(b) represents the self-energy part of the d<s
transition. The one-loop diagrams for this transition are shown in Fig. 4. The
induced d5Z vertex takes the form

1 3

m (z) .
(472')2 cos 6 UJS UJdSLyﬂdLF (2 6)

(i) —
I, =-

where 7=a, b, ---, h. I'"” are given in Appendix A. The sum of all ™" yields in
the R. gauge

A o1 3 1
— ) - - Y
=2 M=y 7
Y 42‘ .
+—3—A&—xilnxj+7(xj,f)—(xjﬂx1). (2+7)

8 (Xj*l)z
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s d d s s d
I “ ’.
TN
zZ ))JJJV\‘\I‘ A/ \\
s u,u, d s v,y d

Fig. 4. The one-loop contributing to the self-
energy part of the d< s transition, the blob in
Fig. 3.

Fig. 3. The one-loop diagrams contributing to the
induced d5Z vertex. The same diagrams
with Z boson replaced by photon give the
induced d§y vertex.

(The singularities at x;=1 in the second and third terms are superficial and are
absent in their sum.) The &-dependent term in (2-7) is given by

g 1 1
4 x—1 éxﬁl
+

[<§ e

For x,€ x;<1, the above results (2:7) and (2-8) coincide with those of Refs. 17)
and 18) up to order of x;,. We note in passing that the term x,/4 becomes
dominant for large x; in Eq. (2:7). This term arises, as seen from Appendix A,
from diagrams of unphysical scalar exchange (diagrams, ¢+ b, d and h of Fig. 3).

The contribution of the Z exchange diagram to / s can immediately be found
from the induced d57 coupling (2-3). The result is

1
Ex—1

11
y(x, & >xlnx § &

Cz:D_z:Fz. (2'9)

The computation of the photon exchange contribution i1s somewhat more
involved and requires the calculation of the induced d5y coupling up to second
order in the external momenta. The resulting coefficients H; and H., are given in
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Appendix B.

2.2. Box-diagrams

There are four types of box-diagrams, as shown in Fig. 2. Their
contributions to / e are given in Appendix C. The sum of the four contributions
yields for d§— pj and d5—vD

X; 3 1

Cu*~%mlnxj*§;j—_—l—c(xj,E)*(xjﬂxl), (2-10)
oot (s

B B e g L

T il )= (), (211)

where v;=m?:/mu? with L; denoting the lepton associated with the neutrino v;.
The &-dependent terms c(x, &) and d(x, &) are found to be equal to y(x, &), as
they should be.

As for d5— 5d, only box-diagrams contribute to this process(Fig. 2). The
sum of their contributions to [ esf(see Appendix C) vields

2 =z 1.3 1 3 1 i
Ex;, x0)= x;xk{xjixk[ll 2 o—1 4 (xj_l)z]lnxﬂ%xj Xz)
23 1 .
4 (xj-l)(xkgl)}’ (2-12)
3

13 1,
x—1 2 (=177

(2-13)
This result is of course &-independent. The result (2-12) differs from the
expression used in Ref.9), in which only the diagram of two-W -boson exchange
was calculated in £=1 gauge.
2.3. Coefficients C and D

Combining the results obtained in §§ 2.1 and 2.2 with x; being set to zero, we
find for dS— g and d5—vv

C:C(xj,xIZO):%(ﬁ)Zlnxjﬁ-%xj*%x—gT, (2-14)

hi‘m@h:é)z _ L*xf_@f:_ﬁi,)z
8 vi—xj\vi—1 1nyl+8[3)i“xj x;—1
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B S 1.3
+1+3(xj 0 ]lenxj+4xj 8(

>ﬁ (2-15)

—1
§3. Analysis of the processes K.~ pp, K > w'vy
and the K .-Ks mass difference

The effective Lagrangian (2-2) is of the usual V — A current-current type,
with the effect of heavy fermions contained in the coefficients C,Dand E. The
matrix elements of these neutral-current products for K;— ¢4 and K™~ 7" vP can
be related in a trivial manner to those of the charged-current products for K —
jve and K* - 7°&ve, respectively.’® As for the matrix element for K°— K°, some
complication arises from the fact that a hadron is present in both initial and final
states.'™ We will not discuss this problem but take the vacuum dominance
approximation. We will first spell out the general expressions relating the
coefficients C and D; to the decay rates and E to the K:-Ks mass difference.

3.1. General formulae
a. Ki-upp

This process is CP conserving, so that only the real part of U Usa
contributes to the decay rate. We find from Eqs. (2-2) and (2-4)

oK) _ BUKG—pf)ea ., [ReCUx )]
Z'(KL) B(K¢”’/jl/,u) Uuzs ’

(3-1)

where we have set (1—4 m«*/mx?)"?/ (1—ms*/mx®)*=1. The subscript sd
stands for short-distance contribution, i.e., the one which is induced by the
effective local interaction (2-2). x is defined by Eq. (2-3). We take » =0.0025,
which corresponds to sin’@w =0.23.

B(K.~ pft)sa 4&M .
B = iy, = 105107 0. (3-2)

The short-distance contribution to B(K;—uxz) can be extracted from the
measured value of B(K;— pfz) by taking account of other contributions including
that from the two-photon intermediate state. Here we quote the result from

previous analyses:®'®®

B(KL*’ﬂﬂ)sd«,(S 107°. (3-3)

Substitution of this empirical result into Eq. (3-2) yields the bound

Ez

(UJS ) x], ] /Uus§08 10 4 (3'4)

L
Il
N
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b. K'—=x*vp
Since the neutrinos are assumed to be massless, they all contribute to this

decay rate. Neglecting the electron mass, we have

B(K'»rx"vi) _ 9y 2 |D; ({xj},yi)|2'

B(K > QVe) =1 szs (3.5)
Using B(K"— 7°&v.)=0.048,"" we have
N o
B(K = x'v7)=0.60-10"° 2 | Di({x;}, v/ Uds. (3-6)

At present, experimentally, a very weak upper bound on the ratio B(K" > zx"vi)
is known:*”

B(K"—=7"vy)<0.6-107°. (3-7)

Substitution of this upper bound into Eq. (3-6) yields

311 5 UA UsaD(xs, 0; 3P/ Use< 10, (3-8)

i=1

c. K:-Ks mass difference
The K;-Ks mass difference is given by

AmK:mL‘msl—%K Re< K| Leri| K. (3-9)

Assuming the vacuum dominance in the intermediate states, we obtain
Amx/mx=(2/3)x(Gr/vV2)fx*Re E~38-10"2Re E (3-10)

Let us see how the coefficients C, D and E behave for large x; and v:. As
expected, superheavy fermions do give non-vanishing contributions to C,Dand E
in the limit of large x; and v:, unless the mixing factors are inhibitingly small.
What is rather striking is that their importance increases linearly with x;= m;
/mw?, as seen from the following behaviours of C, D and E for large x; and y:.

C(xj,0)~%xj, (1<x,)  (3-11)
E(Xj, O; yz-)
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-E(x,0) D(y,05y,)
10t 27
g ] I /A
7
I | /// O l_3 1 = 1 ~ 1 i ] 2
/ 10 10 10 | 10 10
// -1r }’;=mu2/mf/
V.
o' -2r @.x10° Ab),x10
-3 1
% = (c),x10
-2 1 1 1 ! - 4._
002 07 0 10° (b)
(a) -g-
Fig. 5. (a) The coefficient C(x;) as a function  Fig. 5. (b) The coefficient D(x;, v:) as a func-
of x. The small x approximation is also tion of y: for typical values of x; (a) mw;=1.3

GeV, (b) mwu;i=30GeV and (c) mw,; =800
GeV.

shown (dashed line) for comparison.

~ T8 8 i1 (1, y:i<Kx;) (3-12)
o 1 3 1.3 1 o
x1{81nyz 8[1+(xj_1)2:|1nx1 4+8 xjhvl}, (1y xJ<<y1)
Flx, xk)N{ —%len(xk/x,—), (1€ %€ xx)
—x;In(xe""*/x5), (x;€1<€ xz) (3:13)
E(xj)~—%xj+—§"1nx,-. (1< x,) (3-14)

How the functions C and D behave for smaller values of x; and y; can be
found in Fig. 5, together with the approximate expressions for small x; and y:,
which were used in earlier analyses.”® The difference between the exact
expression and the approximate ones becomes significant, e.g., about 20% for C,
for mu; =30 GeV.

We observe an interesting feature in Fig. 5(b) regarding the role of heavy
leptons in the decay K*— n*vy. Though superheavy leptons are not decoupled
from this low-energy process, as remarked before, the contribution of heavy
leptons with masses y:>x; to D(x;, 0; v:) is suppressed considerably; D(x;, 0; v:)
even changes sign as y; increases. Therefore, the number of massless neutrinos
cannot be estimated by dividing the width I'( K*— z* v ) by the electron-neutrino
contribution to the width, as argued usually.?”

3.2. Kobayashi-Maskawa model
To derive more quantitative results we have to fix the number of generations.
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Here we will analyse the three processes taking the simplest scheme, i.e., the
six-quark model of Kobayashi and Maskawa.'¥ Shrock et al.””® have made
quite detailed analyses of the decay rate of K.—ux and the K;-Ks mass
difference, assuming m:<mw. We can now extend their analyses to the case m.
= mw just by replacing their small quark-mass approximations of C and E by our

exact expressions.
In the Kobayashi-Maskawa model, the mixing matrix elements U, are given
in terms of three mixing angles 4; and a CP violating phase §. Define

Ac= Ul Uca= _(C1C2+ Szl‘s@l.a)SlCzCs,
A= UL U=~ (c152— C2t:€7) 1823, (3-15)

where c;= cos #;, s;=sin &; and t,= tan 8;. The coefficients for the three
processes are given by

C=AcClxe, 0)+A.C(xe, 0), (3-16)
De=Du.=2AcD(xc, 0; 0)+A.D(x¢, 0; 0),

D:=AcD(xc, 0; yo)+A:D(x, 0; 0), (3-17)
E=A2E(xc)+2 A (xe, xe )+ APE(xe). (3-18)

a. Ki-up

The charmed quark contribution to (3-4) amounts to less than a few percent
of the bound on the right-hand side, and hence it can be safely ignored. The
experimental bound then yields

[(crsz+ catacs)sz]*|C(x:,0)|<0.9-1072, (3-19)

where fz=tan#s. Since ¢; is known precisely, the above inequality may be used
to derive a bound on [s:| as a function of s; for given values of m.. Figure 6

T 52 e

0.61

(a) B=-]

0.5
0.4

0.3

Fig. 6. Upper bounds on [s:| as a function of |ss| for given values
of m:; m:=30GeV (a) and 60 GeV (b). The bounds are
obtained by analyzing the K.- ¢#g decay in the Kobayashi-
Maskawa model. £=sgn(ttscsci™).

0.2

0.1

1 i 1 ]
01 02z 03 0Z 05
IS4l
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presents such bounds on |s:| for m:=30 GeV and 60 GeV.
b. K.-Ks mass difference
Equation(3+10) gives

Re(Ac?)E(xc)+2Re(AcA ) E(xe, x:)+Re(AF)E(x)=1.9-107". (3-20)

Combined with another constraint equation for CP violation effect in the K°-K°
transition, this equation can be used to derive conditional bounds on |s:| and |5] as
functions of |ss| for given values of m.. The procedure of such an analysis is
described in Ref. 7). Interested readers may repeat a similar exercise using E
given in the previous section.
c. Kr—-ntvy

The presently available bound (3:8) is too weak to derive meaningful
constraints on the mixing angles. We will instead try to estimate the decay rate
of K*—»nx"viy. This is possible if either the charmed quark or the top quark
contribution dominates the effective Lagrangian; the two cases occur for |s.
€ 107! and |sz/>>107" respectively.

The case of charmed quark dominance is reduced to the calculation in the
four-quark scheme.'® We then have

2
B(K**n*uﬂ)26.0-10’7x62[2<% In xﬂr%)
1 1)?
+{2In yz—?ln xc+‘2— . (3-21)
For m.=1.81 GeV and m.=1.3 GeV, we have*”
B(K -z yp)=~16-10"", (3-22)

which appears to be too tiny to be accessible experimentally.

As for the case of top quark dominance, we have from (3+5), (3-17) and (3-15)
B(K = vi)=6.0-10""|(c152— C2t3¢"°) 52|

Xt + 2 ]2

_3‘ 2[ xt»2
><16xt 3(xt_1)21n9(ft+xt~1

(3-23)
The ratio B(K'—-x*vy)/B(K,.— pfr) can be predicted with less uncertainty,

B(K*>ztvp) 31D (x¢, 0; 0))?
= =0.009—— 2 " 3-24
B(KL— pfi)sa [Re C(xx, 0)]2 ( )

Figure 7 gives the ratio as a function of x.. To make an order-of-magnitude
estimate, suppose that the dispersive part of B(K.—~ uj), (3.2£2.4)-107°, obtained
by use of unitarity®?? is due to the short-distance contribution. Then, B(K*—
ztvp) is predicted to be about 107° for m,.~30 GeV, a number which is smaller
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3L

=

i

t

X

S 0.5

@ ’ Fig. 7. The predicted ratio of B(K*—
+t;: 7 v )/ IB(K = pi)]se as a function
« of the top quark mass (x;=m:/mw?)
e i | 1

[ o | 10 102 in the Kobayashi-Maskawa model.

Xt = m,e/mwz

than the presently available upper limit?® by three orders.
§4. Light-heavy quark mixing

Some time ago, Glashow and Weinberg proposed a view that flavour-changing
neutral currents are “naturally” suppressed to order ¢Gr.*¥ Such view is valid if
all quarks are much lighter than the weak-bosons. On the contrary, if there exist
superheavy quarks, with masses comparable to the weak-boson mass, the absence
of flavour changing neutral-currents can no longer be imposed naturally. The
experimental fact that strangeness-changing neutral-currents are absent to aGr
has to explained by some dynamical mechanism rather than by the naturality
argument.

A simple explanation of this suppression of 4S5 #0 neutral-currents to ¢Gr is

provided by assuming a certain correlation between heavy quark masses and
light-heavy quark mixing. To see how this works, we demand that A4S +0
neutral-current interactions are absent to order «Gr. This restriction means for
ds-upi and dS—v: v,

Re( U} U;a)Clxs, 0)2/ Uisk1,

M=

[

J

2

N —
|2 U UsaD(5, 0; v/ Uds <1. (41)

We further demand that these conditions are to be satisfied without invoking
accidentally large cancelation between several terms of different generations.
The constraint (4-1) then implies, by use of of Egs. (3-11) and (3-12), that
light-superheavy quark mixing satisfies

| Uil 25712 = mw/ mus, (4-2)

where ¢ stands for light quarks 4 and s. Namely, |U,s has to be less than
mw/mu; times a factor much smaller than unity.
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The above argument may be extended to flavour-changing neutral-current
processes at low energies. The suppression of such neutral-currents to aGr is
now guaranteed if the inequality (4-2) is satisfied for all “light”-superheavy quark
mixing. Here, “light” should perhaps mean lighter than the weak-bosons. “Light
quarks” then include charmed quark and perhaps bottom quark.

Froggatt and Nielsen® have recently put forward an argument that quark
mixing angles are given order-of-magnitude wise in terms of quark masses by

|Usel~(mao/m;)'?  for me<m,. (4+3)

The two relations (4-2) and (4-3) are compatible provided that superheavy quark
masses are bounded by

”’Lj/MW$MW/Mq. (4'4)
The bound is most restrictive for ¢ =54 quark and gives
mJ/WLWSIO (4'5)

It is curious that this constraint on heavy quark masses is consistent with the
bound derived from the consideration of the one-loop corrections to the
weak-bosons masses.?
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Appendix

In this appendix we give some details of our calculation of the effective d3Z
and d5y couplings and the box-diagrams. We cope with divergences which appear
in the calculation of the 457 couplings in the dimensional method. The results are
presented in the £=1 gauge.

A. Induced dsZ couplings

The one-loop contribution to the d5Z coupling is calculated by a direct
summation of Feynman graphs.' [, defined by Eq. (2:6), for each of the
diagrams in Fig. 3 are given by

(a+b) — __ i . 32 l}
r = [Z(Q 1) sin 0w+4
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[( P s B In x;— ﬁ“xjfl(xj)]—(xjﬂxl),

2

(1 5z _l> X D SR T2 .
r (2 Q sin® Ow 1) =1 In x;+ 7 =1 In x;

—(%Q sin® ew%) (),
4= A%Q sin® 6W<1‘%>Xjf2(xi)+%( Q sin® Gw—1)
2 .
(e vy

2
F(e’:—(l—sm HW)[JT)ZIHJC] ﬁ]_(xj_)x1),

J

(a0 i
r —(2 sin’® Gw 1 (m =17 In x; gy

—%xjfzu,-)}—(xﬁxl), (A-1)

2 .
[V+9 =gin? gw[ (xxil)z In x;— x?cil]*(Xj_*X1),

where x;=m;>/mw? and @=2/3, the charge of up-quarks, fi{x) and f.(x) are
given by

1 +L[— ye+In(4x)—1n mw?]

fl(x):_n_‘4 2

3 1] x? 1 ]
T 2[(x—1)2 Inx=—2=7]

fax)= —Zﬁ—nﬂkln(z}zf)—ln mw’+1— xfl

In x. (A-2)

We note that no divergent integrals are involved in I'V*9 while divergent

integrals become convergent because of the GIM mechanismin I and I'*®".  As
for I'?® I and ', the terms x;/1(x;)—x1/1(x1) and x;/2(x;)—x1 f2(x:1) have
poles at #=4. These poles disappear from the sum of the three terms, leaving a
finite term

et pldt pin— [( Q—l)sin25w+1]

o

X[(zji—l)Th1 xf—ﬁ]*‘%xj—(xjﬁxl). (A-3)

The sum of all terms in (A-1) thus yields Eqgs. (2-7) and (2-8). Note also that
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the sum of the terms with Z coupled to the quark line is independent of the charge
Q.
B. Imduced dsy coupling

The diagrams to be computed are those of Fig. 3 with Z being replaced by 7.
The induced d5y vertex takes the form

pr: UJSUJdS[FI(q 7!-‘

1
(4r )282M 2

+anwiq“<msl—}1‘“‘7+ mdl—gﬁﬂaﬁ (B-1)

Computing the one-loop diagrams to second order in the external momenta and
masses, we find

_ A1 1 3 1 1 1 _
FI*Q{[lz 1712 =17 2 (xj—1)3]x’
2 1 2 1 5 1 11
135 1*(3 (o —1) —17° 2 (% 1)4)%]1%}
Jroaymo1 11 ]
3 a1 12 (x,— 1P 2 (=10 17
1.1 3% 1 5 1 11 ] o
6 x—1 12 (x-17 6 (5,— 17 "2 (m,—1)f foin%
(& x)— (x5~ 1) (B-2)

with fi(£, x)=—2v(&, x) and

31 31 3 xp }
{ xj—1+4 =17 2 (xj—l)s]x’ 2 =1y %

R Y e 3w
+|: (xJ_l) ( J_1)2+2 (Xj—l)a]xj 2 (xjﬁl)zt ll'lx,,

(B-3)

where the terms multiplied by @ arise from the diagrams (c)~(d). The
coefficients H, and H: are given by Ho=20-o U} Uja Halx;, x:=0) (a=1,2),
where H,— —4F,— 8, and H.= —4F;.

C. Box-diagrams

There are four types of box-diagrams, as shown in Fig.2.

The three diagrams with unphysical scalar exchange do not contribute to the
process d5— ufi when the muon mass is neglected. The remaining W-exchange
diagram 4(a) vields the contribution given by (2-10).

The contributions of the four diagrams to the process d5— v;v: are
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D(S):z[gl(xl’ yi)~g1(x'1, yi)]y

D(Db):D(é): _%yi [xjgo(xj, yi)—X1go(x1, yi)],
(D S S ‘
D 8yj[x1g1(xj,yz) xgi{x1,v:)], (C.1)

where x,=m%;/mw® and v.=m}./mw®, and

N (B LENE
gilx, y)= prpn | v Iny ] Inx y—1+ ,

r
y—xL

golx, y)=—

Yy . x . 1
=17 Iny =17 Inx 1+x—1]' (C.2)

y—
The sum of the four terms in (C.1) yields (2.11).

For the transition d5— sd, we give the result which can be used in the general
sequential scheme. Note that the box-diagram amplitude F is given by the N°Z
terms,

F=33 LAuF (mus, mus), (C-3)

N
=1 £=1

!

J

where N is the number of generations and A, is defined as a product of mixing
matrix elements, i.e., A;=U % U;a( U;r is introduced in § 2 (I1.d.). After a
rearrangement using the unitarity relation for Ujz, Au=—2 /ZZA 7, the right-hand
side of Eq. (C-3) can be written as

N
F:,? /1j/1k[F(mw', muk)

i=2

-F(mul, WZuk)‘F(muj, mul)+F(mu1, WLul)]. (C'4)

Correspondingly, the contributions to ./ ess from the four diagrams with exchange
of j-th and A-th up-quarks can be written as

_ d .
E=2% [E¥(x. x)
— ED(x,20) —E9(x5, 1) — EQ(x1, x1)], (C-5)

where i=a, b, c and d. The calculation of E‘ (x;, xz) is similar to that of D
for ds—>vi. The result is

E(S)(xj, xk): —%gl(xj, xk),
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. 1
E®(x;, xk)=E<é)(xj,xk):7xjxkgo(xj, Xr),

E(g)(xj,xk):“%x,—,ka(xj, Xk). (CG)

The sum of the four graphs yields

d .
Ec(xx)=23% E'9(x;, xx)

R R I
—4gl(xJ)Xk) |:xj—xk 4 2 xj'_l +4 (xj_l)z

7.7 1
Xh’lxj‘+8+4 xj_l

+(xijk). (C'7)

E(x;, xx) is then given by Eq. (C-5) with x, being set to zero. Substituting Eq.

(C-7)i

X2 X;

1)
2)
3)
4)

6)
7)

8)

10)
11)

18)
19)

nto Eq. (C+5) gives Eq. (2:12). E(x,) is then obtained by taking the limit
in Eq. (2-12).
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