QUARK MASSES

J. GASSER and H. LEUTWYLER
Institutfür Theoretische Physik, Universitàt Bern, Sidlerstrasse 5, CH-3012 Bern, Switzerland

I

NORTH-HOLLAND PUBLISHING COMPANY - AMSTERDAM

PHYSICS REPORTS (Review Section of Physics Letters) 87, No. 3 (1982) 77—169. North-Holland Publishing Company

QUARK MASSES*
J. GASSER and H. LEUTWYLER
Institut für Theoretische Physik, Universitdt Bern, Sidlerstrasse 5, CH-3012 Bern, Switzerland
Received 12 March 1982
Contents:
1. Introduction — historical prelude
2. Origin of quark and lepton masses —QCD as an effective
low energy theory
3. Renormalization
4. Chiral limit
5. Spontaneous breakdown of chiral symmetry
6. The vacuum expectation value of c~q
7. Quark masses as perturbations
8. Masses of the Goldstone bosons
9. First order mass formulae for other multiplets
10. Higher order terms in the quark mass expansion
11. Electromagnetic contributions — renormalized self-energy
12. Energy of the photon cloud
13. Quark mass ratios from meson and baryon masses

79
83
84
87
88
89
91
93
95
98
101
103
110

14. Quark mass ratios from other sources
15. Light quark masses from QCD sum rules
16. Heavy quarks
17. Quark masses from SU(4) symmetry
18. Quark masses from grand unified theories
19. Summary and conclusions
Appendices
A. Other multiplets: 3 3* 6 and 10
B. Meson nonets
C. Improved chiral perturbation theory (ICPT)
D. The pion—nucleon o-term
E. What if (0It~q~0)
vanishes?
F. A quantum mechanical model for p—u mixing
References

114
117
125
129
132
136
142
146
149
154
157
158
162

Abstract:
We review the current information about the eigenvalues of the quark mass matrix. The theoretical problems involved in a determination of the
running masses m~,md, m~,m~and mb from experiment are discussed with the aim of getting reliable numerical values equipped with error bars that
represent a conservative estimate of the remaining uncertainties.

*

Work supported in part by Schweizerischer Nationalfonds.

Single orders for this issue
PHYSICS REPORTS (Review Section of Physics Letters) 87, No. 3 (1982) 77—169.
Copies of this issue may be obtained at the price given below. All orders should be sent directly to the Publisher. Orders must be
accompanied by check.
Single issue price DII, 48,00, postage included.

o 370-1573182/0000—0000/$23.25 ©

1982 North-Holland Publishing Company

a

J. Gasser and H. Leurwyler, Quark masses

79

1. Introduction historical prelude
—

The earliest information about quark masses derived from current algebra, although in this
framework the quark mass problem showed up only implicitly in the symmetry properties of the
Hamiltonian, i.e. in the commutation rules involving the currents and the energy-momentum tensor.
Partial conservation of vector and axial currents implies that the piece of the Hamiltonian that is not
symmetric under SU(3) x SU(3) is small. The breaking of SU(3) was identified as an octet term in the
Hamiltonian very early [1]. The structure of chiral symmetry breaking could however only be uncovered
once it was recognized that the symmetry generated by the axial currents is not realized as a normal
symmetry of the states, but is spontaneously broken by an asymmetric vacuum [2—6].A further
important step that had to be taken to understand the structure of the symmetry breaking terms
concerns isospin symmetry. For a long time the strong interaction was supposed to be isospin
symmetric; the observed isospin breakings were attributed to the electromagnetic interaction. Several
puzzles however occurred in this picture: the sign of the proton—neutron and K~ K°mass differences,
the decay ~ 3ir and the phenomenon of p w mixing. A first step towards a solution of these puzzles
was the tadpole mechanism [7], which associated the bulk of the electromagnetic self-energies with an
octet operator. The origin of the tadpole remained mysterious for quite some time. Within the quark
model an operator of this type is generated by the electromagnetic self-energy diagrams of the u and d
quarks. The quark self-energies are however proportional to e2m~and e2md —too small to explain the
size of the tadpole term. The principal source of isospin breaking finally turned out not to be the photon
cloud that surrounds the particles but the fact that the u and d quarks have very different masses even if
electromagnetism is switched off. (The smallness of these quark masses makes it likely that they are
entirely due to an electroweak radiative correction determined by a larger fermion mass scale the
masses m~and m~may well turn out to be of order e2 in a more complete theory. This does not concern
us here; the point we are discussing is that other degrees of freedom than light quarks and photons must
be involved if one is to understand the size of m~ md.)
The role of symmetries and their breaking through mass terms was clarified by Wilson [8] and it
gradually emerged that the part of the strong interaction Hamiltonian that breaks the symmetries of
current algebra has all the symmetry properties of a quark mass term.
In QCD this structure of the Hamiltonian is built in: the only renormalizable symmetry breaking term
that this theory admits is a quark mass term. The parameters that break SU(Nf) X SU(Nf) are the
eigenvalues of the quark mass matrix: m~,m~,m~
The strength of isospin breaking is measured by
m~ m~,the strength of SU(3) breaking by m~ ~(rn~+ md); chiral SU(2) X SU(2) is broken by m~and
~1d etc.
On the basis of current algebra symmetries alone it is not possible to determine the absolute size of
the light quark masses, but it is possible to determine the two ratios m~:rnd: m~.We will discuss the
present status of the subject in sections 13 and 14.
In some of the early works on the quark model the quarks were treated as very heavy in order to explain
on kinematical grounds why the bound states are not ionized in high energy reactions. QCD indicates that
this picture is wrong, that confinement of colour is a dynamical phenomenon that persists even if the quark
masses are put equal to zero. In order for a massless theory to make sense and to represent a good
approximation to this world it is crucial that this theory breaks conformal invariance [9,101. It was realized
very early that the trace of the energy-momentum tensor(which measuresthe breaking of scale invariance)
contains a large piece that is symmetric under SU(3) x SU(3). The origin of this term however remained
mysterious [see e.g. 11]. In QCD the trace of the energy-momentum tensor contains an anomaly [12—161
—

—~

—

—

—

—

—
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proportional to the square of the gluon field strength:
+{1+

=

y(g)}{muüu +

mddd+. .}.
.

(1.1)

The trace anomaly is a consequence of the fact that even though the coupling constant g is
dimensionless, a change in scale requires a change in the value of g, determined by the f3-function.
Conformal invariance is broken ab initio by the renormalization group invariant scale A (dimensional
transmutation).
Nambu and Jona-Lasinio [3] had pointed out that in a theory based on spontaneously broken chiral
symmetry the bare fermion masses m0 needed to produce the proper pion mass must be surprisingly
small, a rough estimate indicating m0 ~ 5 MeV. Various estimates of the size of these masses were given
in early papers on the subject [4,17, 181. Okubo [191analyzed sum rules for the two point functions
involving scalar, vector, tensor, axial and pseudoscalar densities, saturated them with the lowest lying
physical states and obtained
m~—7MeV,

~

m~—= 156MeV.

(1.2)

He also observed that these values are consistent with the assumption that the mass difference between
baryons is given by the difference of the quark masses they contain (additivity rule). Within QCD the
sum rules used by Okubo are divergent and saturation by lowest intermediate states does not make
sense [20].One has to work harder along the lines suggested by Vainshtein et al. [21]to estimate quark
masses from QCD sum rules.
A different framework that allows one to determine the light quark masses was proposed by one of
us [221.Using SU(6)-symmetry to relate the matrix elements of the vector current to those of the
pseudoscalar density

f,. (204 ±11) MeV

(01 fly,~dIp~)
= ~

(OIü iysdI~)=

=

~

f~M~
m~+ m~

=

(131.9±0.1)MeV

we obtained the relation
(1.3)

2)f~
3th(M~-th)f~=(M~-th

which gives
th ~(m~+

md)=

5.4MeV

(1.4)

for the mean mass of u and d. Using SU(3)-symmetry for the operator matrix elements the model
furthermore implies the relations
M~—4th2M~—(m~+th)2
2th
m~+th
-

M~ M~= 2(MK*- M~)= (ms- th)(1
-

+fjf~)

(1.5)

S
S
S
S
S
S
S
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which allow one to extract a value for the strange quark mass in two independent ways, with the result
m~=125MeV

and

m~=153MeV

respectively. The first relation is a slightly modified version of the Gell-Mann—Oakes—Renner—Glashow—
Weinberg formula expressing the ratio M~:M~in terms of SU(2) x SU(2) to SU(3) x SU(3) symmetry
breaking parameters. The second relation is a modified version of the additivity rule according to which
the masses of the bound states p, K*, ~ only differ through the masses of the quarks they contain:
M,. = 2(m. th). The reason for this additivity rule to emerge within a symmetry scheme is the
fact that the symmetry relations are consistent both with the chiral limit mquark 0 and with the
nonrelativistic situation for heavy quarks, for which additivity holds trivially: up to corrections of order
v21c2 the energy of the bound state is given by the sum of the rest energies of the quarks.
Since SU(6) has not been established as an approximate symmetry property of the bound states in
QCD it is not clear that the relations among the matrix elements that follow from this symmetry are
correct.
In the early seventies a number of different quark mass estimates were obtained [23—27]
on the basis
of deep inelastic scattering data, using various hypotheses about the short distance behaviour of the
electromagnetic current. These hypotheses turn out not to be satisfied in QCD. It does not seem to be
possible to extract more than crude upper bounds on the quark masses from deep inelastic scattering
data at the presently available precision.
In 1975 we reanalyzed the Cottingham formula for the proton—neutron mass difference to obtain an
estimate for the isospin breaking due to the electromagnetic interaction. Using the SU(6)-values for the
mean mass of u and d we then obtained the estimates [28]
—

—

-~

m~=4MeV,

md=7MeV.

(1.6)

At first sight this substantial mass difference between the u and d quarks seems to be in conflict with
isospin symmetry: why is isospin an almost perfect symmetry of the strong interactions if these masses
differ by almost a factor two? First, the presence of a scale in the strong interaction implies that the size
of the quark mass terms is not to be measured in comparison to zero, but in comparison to typical
eigenvalues of the chiral Hamiltonian free u and d quarks would have very different energies at rest,
interacting quarks always have energies of the order of the strong interaction scale and it only makes a
small difference whether their masses are zero or are of the order 4 or 7 MeV. The same is true of the
huge difference between the masses of u, d and s quarks indicated in (1.2): as long as the typical energy
of an s quark is large in comparison to 150 MeV, this difference will not produce large flavour
asymmetries. There is however one place where the large difference between m~,md and m~is not
shielded by the strong interaction. The mass of the Goldstone bosons would vanish if the quark masses
were zero; the ratio M~:M~: M~is a direct measure for the ratio th : m~of quark masses (see section
8). This relation poses the second puzzle: why does the ratio m~:md = 4:7 not lead to a large isospin
violation of the Goldstone boson masses? The reason why the strong interaction hides the SU(2)
asymmetry in the quark mass term even better than it hides the SU(3) asymmetry is the fact that only
three of the four states that consist mainly of u and d quarks (uu, üd, du, dd) become massless in the
limit m~= md = 0. The fourth state remains heavy because of the anomaly in the axial current whose
presence is vital for an understanding of the meson spectrum (if one e.g. ignores the anomaly in the
context of the SU(6) symmetry-scheme mentioned above this model goes to pieces). The isospin
—
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violating part of the quark mass term, ~(m~ md)(flu dd) does not have any matrix elements between the
three I = 1 Goldstone modes, it only produces transitions from these modes to the I = 0 combination
flu + dd. These transitions are however inhibited by the large mass difference produced by the anomaly.
[The presence of s quarks allows the combination flu + dd to go partly into the ~-meson and thus to remain
at a relatively low mass. The mixing ir° ~ does produce a tiny second order effect in M,,~ M,rO
proportional to (m~ md)21(m. th) (see e.g. [29])which is however difficult to separate from genuine
second order perturbations (section 12).] Nevertheless there are sizeable isospin asymmetries e.g. in the
g-terms of irN-scattering [30],but the smallness of these terms makes it again difficult to identify the effect
in the data.
Since the quark masses break SU(3) X SU(3) one may attempt to determine their value on the basis
of the observed violations of chiral symmetry. Chiral symmetry breaking effects were analyzed by
several authors [31—40].
The observed deviations from chiral symmetry are indeed found to be consistent
with small quark masses, typical estimates giving th -~ 15 MeV or th <40 MeV. The smallness of these
effects of course makes it difficult to obtain accurate values. It is however crucial that one does not find any
large violations of chiral symmetry. In the case of SU(2) x SU(2) a deviation of the order of 7% is a very
large effect [41]. For a recent discussion of deviations from the Goldberger—Treiman relation see e.g.
Dominguez [42] and the references quoted therein. We briefly comment on schemes that try to
explain some of the “observed deviations” in terms of large quark masses of order th 40 MeV in
appendix E.
In the meantime the perturbative properties of QCD had been firmly established. Georgi and
Politzer [43] pointed out that the ratios of running masses coincide with the symmetry breaking
parameters of current algebra at large values of the scale ~. (In the MS scheme the ratios are
renormalization invariant so that this connection holds for any value of the running scale.) The scale
dependence of the quark mass reflects the fact that a bare quark is surrounded by a cloud of gluons and
quark pairs; the energy of the cloud contained in a sphere of radius r increases with r. For sufficiently
small radius perturbation theory provides a reliable description of this cloud (asymptotic freedom) and
hence a reliable expression for the running mass at large values of ~ — r1. Unless the scale p- is
changed by orders of magnitude or is shifted into the region where perturbation theory breaks down the
variation in the running mass is rather small. [The value of the effective strong coupling constant has
recently been measured in several independent ways with the result a~(20 GeV2) = 0.18 ±0.03, a value
that is considerably smaller than previously claimed [44—48].With this value of a~the perturbative
expressions make sense at values of p. of the order of 1 GeV. The change of the running mass from
p. = 3 GeV down to p. = 1 GeV e.g. is less than 25% if A ~
150 MeV.] In the following we will
always be quoting values for the running mass at the scale p. = 1 GeV (the renormalization group
invariant mass is rather sensitive to the value of A which is not known to sufficient accuracy).
Bound states of very heavy quarks have a small diameter and it makes sense to use the perturbative
separation of self-energy effects from gluon exchange. Within perturbation theory the pole mass Mq
defined by the start of the cut in the quark propagator appears to be a meaningful quantity that is
relevant for the description of heavy quark bound states (section 16). For light quarks however
nonperturbative effects play a crucial role in the bound state motion. Politzer [49] determined the
leading nonperturbative contribution to the effective quark mass M(p2) defined by S(p) =
Z(p2)[M(p2)—pi’.
Many attempts were made to establish a connection between the quark mass in the Lagrangian and
the constituent quark mass parameter used in phenomenological nonrelativistic models. These models
do give a semiquantitative account of the bound state properties, but it has not been possible to
—

—

—

—

—
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interpret their parameters in terms of the masses and of the coupling constant in the Lagrangian which
is supposed to be the basis of these models. Rules of thumb such as the rule that the constituent mass to
be used in a nonrelativistic description is given by the quark mass plus a term that comes from the scale
of QCD and is of the order of 300 MeV are consistent with other rules of thumb such as Mproton
~
M.
~
or p.proton ~
We will not discuss any constituent quark mass values but
stick to the masses that appear in the Lagrangian.
The first determination of light quark masses within the framework of QCD was given by Vainshtein,
Voloshin, Zakharov, Novikov, Okun and Shifman [211who analyzed the two point function for the
axial divergence. We will discuss this subject in detail in section 15.
This concludes our historical survey. The following sections describe the current theoretical status of
the quark masses.

2. Origin of quark and lepton masses — QCD as an effective low energy theory
The gauge theory of the electroweak interaction has made it clear that the quark and lepton masses
do not have the status of basic constants of nature: the mass of, say, the electron does not occur in the
Lagrangian of the theory. (Gauge fields can only couple to conserved currents; the weak V-A currents
are conserved only if the fermions are massless.) The electron mass is attributed not to a mass term in
the Lagrangian but to the fact that the ground state of the theory happens not to be symmetric with
respect to the transformations generated by the weak currents. The electron moves at less than the
velocity of light, because it has to move through and interact with a condensate that spontaneously
breaks the symmetry of the Lagrangian. In the framework of gauge theory the values of the lepton and
quark masses are determined by the properties of the condensate. Many models for the spontaneous
breakdown of gauge symmetries have been studied, but we still know very little about the electroweak
condensate we actually live in. It does not seem to be possible at this time to calculate the fermion
masses, although some of the relationships among these masses that follow from simple assumptions
about the symmetry properties of the condensate are consistent with the facts (section 18).
Even if the quark and lepton masses have lost the status of basic constants of nature, the success of
QED shows that the electron mass is a crucial physical quantity whose value allows one to account for a
large body of facts in a very precise manner. The reason for this success of an effective low energy
theory like QED is its renormalizability. The predictions of the theory only depend on the charge and
the mass of the particle. The mechanism responsible for the generation of the electron mass is irrelevant
as far as low energy matrix elements such as e.g. the magnetic moment are concerned (provided of
course that the energy scale involved in that mechanism is large in comparison with the electron
mass the larger the more accurate the effective low energy theory).
At energies small in comparison with M~,M~the quarks and leptons interact almost exclusively
with gluons and with photons. The weak interactions (and all other degrees of freedom relevant for the
structure of the symmetry breaking condensate) are frozen in. The degrees of freedom that are not
frozen quarks, leptons, gluons, photon interact in a renormalizable manner. The corresponding
effective low energy theory (QED + QCD) contains two coupling constants e and g and the masses me,
m,~,m~,m~,m~,m~,m~,mi,,... as free parameters. The theory is expected to account for the low
energy phenomena involving these particles to a very high degree of accuracy comparable to the
precision of QED in atomic physics: as long as the quark or lepton masses are not too large the direct
effects of the weak interactions can safely be ignored at low energies.
—

—

—
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Since the charge e is a small parameter electromagnetic effects are well accounted for by the first few
terms of an expansion in powers of e2. The first part of this paper will be devoted to the zero order term
in this expansion electromagnetic effects will be neglected. In this approximation the effective low
energy theory mentioned above reduces to QCD:
—

£~QCD=

D~=

F~F~+

— ~-~--~

g
8w +

~

~(iØ

—

mq)q

q=u,d,s,...
iF~AaI2.

(2.1)

The hadronic energy levels are of course only supposed to be reproduced by this Lagrangian up to
effects of order e2. The mass of the proton e.g. is expected to come out too low by about 1 MeV we
will discuss these electromagnetic corrections in sections 11 and 12.
For completeness we mention that (2.1) is not the most general renormalizable Lagrangian involving
quarks and gluons. The effective Lagrangian of the strong interactions presumably also contains a small
CP violating term proportional to FF (Such a term arises e.g. if before diagonalization the quark mass
matrix has a complex determinant.) We will not discuss the connection between the quark mass matrix
and the weak angles (Cabibbo, Kobayashi—Maskawa) and disregard the small CP violating term in the
Lagrangian of QCD.
—

3. Renormalization
The Lagrangian of QCD contains the bare coupling constant g°, the bare quark masses
. and some ultraviolet cutoff A that regularizes the divergences encountered in the expansion
in powers of g°.The theory is fully specified by the values of the bare constants g°,mc,... once a
suitable regularization procedure is chosen. In principle, the renormalization program is straightforward: one calculates quantities of physical interest (say eigenvalues of the Hamiltonian HOCD) in terms
of the bare parameters at a given, large value of A. Once a sufficient number of physical quantities have
been detennined as functions of the bare parameters one inverts the result and expresses the bare
parameters in terms of physical quantities, always working at some given, large value of A. Finally, one
uses these expressions to eliminate the bare parameters in all other quantities of physical interest.
Renormalizability guarantees that this operation at the same time also eliminates the cutoff.
In QED there is a very natural set of physical quantities in terms of which to express the bare
constants: the charge and the mass of an isolated electron. This choice is by no means of crucial
importance. Even if isolated electrons were not available (i.e. even if electrons occurred only in
positronium bound states) the renormalization program would go through just as well: the masses of
two such bound state levels could serve as physical parameters in terms of which the bare constants of
the theory could be calculated. The crucial point in the renormalization program is that one is able to
establish a quantitative connection between the constants in the Lagrangian and some physical
quantities. Since one is able to calculate the positronium levels in terms of the bare constants of QED
almost as well as the charge and the mass of an isolated electron, the renonnalization program would go
through almost as well if there were no measurements on isolated electrons.
m°~,
ms,.

.
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In QCD confinement prevents us from observing isolated quarks the colour and the mass of an
isolated quark are not available as physical quantities in terms of which to express the bare constants of
the theory. There are various observables that one may use instead. The most obvious quantities of
physical interest, the masses of the bound states, have recently become accessible to a quantitative
comparison with the parameters of the Lagrangian. In the framework of lattice calculations it appears to
be possible to calculate the lowest mesonic and baryonic eigenvalues in units of the inverse lattice
spacing A = a1 as a function of the bare coupling constant and of the bare quark masses. Inverting these
results one obtains values for the bare coupling constant and for the bare quark masses which seem to be
perfectly consistent with the values obtained from other methods. If the violations of chiral symmetry
produced by the lattice can be brought under control then these methods maywell provide us with the most
accurate determination of the parameters of QCD.
A different set of observables is related to high energy processes or to the bound state properties of
very heavy quarks which play the role of test charges probing the structure of the QCD Lagrangian. For
observables of this type the relation to the parameters appearing in the Lagrangian may be established
within perturbation theory.
Perturbation theory also fixes the cutoff-dependence of the bare parameters: in order that a change
in the value of the cutoff A does not modify physical quantities such as bound state masses, the bare
constants have to be adapted to the change according to the renormalization group [53—56].
As A
both the bare coupling constant and the bare quark masses tend to zero, roughly g° (ln A)1,
m~ (in A)112. More precisely, the bare coupling constant and the bare quark masses are given by
—

—+ ~

—

—

I

16i~1A2 /~ln~j-~
A2\$11(130)2

exPlf3o(go)25

m

— ~

/ A\2v1/So
miklnX)
-

—

(3.1)

where A and ñi, are held fixed as A
The quantity A is the renormalization group invariant scale
and th, is the renormalization group invariant mass. The constants ~o, 13i and Yo are the leading
coefficients of the f~-and y-functions [57—67]:
—~~.

/3(g)—
--

~
/3O16~.2

y(g)= Yo2~

o~
(g )

g5

$1(16~.2)2

yl(
42)2+O(g)
2

/3o=l1—~N~

f3i102—~N~

Yor~

y

1=W—~N~

(3.2)

where Nf is the number of quark flavours. In the MS-scheme the renormalized coupling constant g(p.)
and the renonnalized quark masses m~(p.)are determined by the differential equations
d

p.

m(p.)

=

—y[g(p.)] m~(p.)

(3.3)
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Table 1
Running coupling constant and ratio of running mass to renormalization group invariant mass in the MS scheme with 3 flavours. The last two rows
contain the corresponding values of A in the MS scheme with 4 and 5 flavours (to two loops, taken from Bernreuther and Wetzel [71]).For details
see text.
A

3=5OMeV

(GeV)

a,1~a)

0.75
1.0
1.25
1.5
2.0
2.5
3.0
3.5
4.0
4.5
5.0

0.19
0.18
0.17
0.16
0.15
0.14
0.14
0.13
0.13
0.13
0.12

,ñ/m(1)
A4
A5

1.69
36MeV
21MeV

0.62
0.59
0.57
0.56
0.54
0.52
0.51
0.50
0.50
0.49
0.49

A3=100MeV

A3=15OMeV

A3=200MeV

A3=25OMeV

a~yL)

a~(j~)

a~yL)

a~(js)

0.25
0.22
0.21
0.19
0.18
0.17
0.16
0.15
0.15
0.14
0.14

0.72
0.67
0.64
0.62
0.59
0.57
0.56
0.55
0.54
0.53
0.52

1.49
76MeV
47MeV

0.31
0.27
0.24
0.22
0.20
0.19
0.18
0.17
0.16
0.16
0.16

0.81
0.74
0.70
0.67
0.63
0.61
0.59
0.58
0.57
0.56

0.55

1.35
120MeV
78MeV

0.37
0.31
0.27
0.25
0.22
0.21
0.19
0.19
0.18
0.17
0.17
1.24
165MeV
111MeV

0.90
0.81
0.75
0.72
0.67
0.64
0.62
0.60
0.59
0.58
0.57

0.46
0.36
0.31
0.28
0.24
0.22
0.21
0.20
0.19
0.18
0.18
1.14
211MeV
146MeV

A3=300MeV

a~l~)

1.01
0.88
0.81
0.76
0.70
0.67
0.65
0.63
0.61
0.60
0.59

0.56
0.41
0.35
0.31
0.27
0.24
0.22
0.21
0.20
0.19
0.19

1.14
0.95
0.86
0.81
0.74
0.70
0.67
0.65
0.63
0.62
0.61

1.05
259MeV
184MeV

with the boundary condition that g(A), m,(A)
with to
thezero,
barethe
constants
g°,m~for
sufficiently
2 coincide
(g°)2tends
ratio m(A)/m~
tends
to one).
large
A
(more
precisely,
the
difference
g(A)
The solution to these differential equations reads
—

)_g(p.)_47rJ
1/3llnL~0[(lnL) 2
asp.
4~r 130L1
f3~ L
L L

34

(.)

-

m(p.)

=

rn

2/3iyo
1(~L)2)~~~0{1
—

in L+ 1 + ~

with L = ln(p.2/A2). In the MS-scheme the renormalized coupling constant g(p.) depends only on the
ratio p./A and is independent of the quark masses; N~is the total number of flavours, including heavy
quarks. In the low energy region which we will be concerned with the heavy quark degrees of freedom
are however frozen. In this region a renormalization prescription that ignores the heavy flavours is more
appropriate than the MS-scheme: the decoupling theorem [68,69] asserts that infinitely he~yquarks
decouple from all quantities of physical interest. In the following we will therefore use the MS-scheme
with Nf = 3. The behaviour of the effective coupling constant across the thresholds for the heavy
flavours was studied by Ovrut and Schnitzer [70] and by Bernreuther and Wetzel [71]. These authors
show that the value A
3 = 130 MeV in the MS-scheme for Nf = 3 is equivalent to the value A4 100 MeV
in the MS-scheme for Nf = 4 and to A5 65 MeV for N1 = 5.
The numerical values of the effective coupling constant and of the ratio of the running mass to the
renormalization group invariant mass are listed in table 1 for N1 = 3 and different values of A3.
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4. Chiral limit
To appreciate the significance of the quark masses in QCD it is important to understand the
theoretical limit in which these parameters are put equal to zero. In fact, the masses of the light quarks
u, d and s are small in a sense to be specified below to put them equal to zero does not distort the
properties of the theory beyond recognition. In section 7 we will discuss how to account for the actual,
nonzero values of m~,m~and m~in a perturbation expansion around the chiral limit m~ md = m~= 0.
The remaining quarks c, b,... are not light: although one may of course study the theoretical limit in
which these masses also vanish, it does not seem to be possible to recover the actual mass values by an
expansion around that limiting case. At low energies a better approximation is obtained if the quarks
c, b,... are instead treated as infinitely heavy. In this limit the degrees of freedom associated with these
quarks freeze and may be ignored in the effective low energy theory. For this reason we will in this
section ignore the presence of heavy quarks altogether, and study the limit m~= m~= m~= 0. (The
discussion would not change in any significant way if we instead considered a different number of
flavours provided all quark masses are put equal to zero.)
In the chiral limit QCD contains only one parameter: the renormalization group invariant scale A
(note that in the chiral limit the presence of a CF violating term proportional to FE has no observable
consequences). The mass of say the proton is some pure number multiplying A and likewise for all
other physical states of the theory: all mass values of the spectrum are given by some pure number
multiplying the proton mass. The numbers M~/M~,
M4/M~,...are determined by the theory in a
—

parameter free manner. In this sense the chiral limit of QCD may be called a theory without any
adjustable parameters: QCD is of course unable to predict the value of M~in GeV units, but it
determines all dimensionless hadronic quantities in a parameter free manner. The elastic cross section
for pp scattering e.g. is some fixed function of the variables s/Mt and t/M~multiplying the square of the
proton Compton wavelength. It is most remarkable that a theory that does not contain a single
dimensionless parameter is expected to provide a good approximation to the hadronic spectrum. To
solve this theory and to verify that the solution indeed closely resembles the world we live in presents
one of the most fascinating challenges in particle physics.
The Lagrangian of massless QCD has a high symmetry. The nine vector and eight axial currents
a=0,1,...,8

V4y~~-q,

a=1,...,8

A~=qy~ys~q,

(4.1)

are conserved the corresponding charges commute with the Hamiltonian. The ninth axial current is
not conserved (60123 = 1):
—

4’y
8~(4y

5q)=

.~-~--_~

~

(4.2)

[SinceFt is itself a divergence, it is possible to write down a ninth axial current that is conserved. The
consequences of this conservation law are referred to as the U(1)-problem. The conserved current is not
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gauge invariant and the associated charge makes sense only if the gauge field strength vanishes at
infinity. We assume that the U(1)-problem does find a solution within QCD and we will in the following
disregard the ninth axial current. For a review of the U(1)-problem see Crewther [72].]

5. Spontaneous breakdown of chiral symmetry
In the chiral limit the symmetry group of the QCD Hamiltonian is SU(3) x SU(3) x U(1). It is very
easy to see that the ground state of the theory cannot possibly be symmetric with respect to this group if
massless QCD is to be a good approximation to this world. In fact, consider the vector and axial vector
two point functions. If the state Ic~) is symmetric under SU(3) x SU(3) then we must have (a, b =
1,...,8)
(~lA~(x)
A~(y)I4)=

(~IV~(x)V~(y)~4).

(5.1)

[To prove this, observe that under SU(3) x SU(3) the combinations R = V + A, L = V A transform
like (8, 1) and (1, 8) respectively. If k) is invariant then (4IRLI~)must vanish. This implies (5.1).]
The equality (5.1) requires that whenever there is a particle of spin 0~or 1 (contributing to the right
hand side of (5.1)) there must be a mass degenerate partner of spin 0~or 1~(contributing with equal
strength to the left hand side of (5.1)). There is no trace of such parity doubling in the spectrum of
hadrons. If massless QCD is a good approximation to this world then the vacuum cannot be symmetric
under SU(3) x SU(3).
Note that the equality (5.1) is true order by order in perturbation theory. There may be a state
the dressed Fock vacuum of perturbation theory which is Poincaré invariant up to a phase and
symmetric with respect to SU(3) x SU(3) such that (5.1) holds. This state is not the state of lowest
energy, however. The state of lowest energy, the physical vacuum 0), must be asymmetric under
SU(3) x SU(3) [73,74].
A spontaneously broken symmetry calls for Goldstone bosons: if some generator T~of SU(3) x
SU(3) does not leave the vacuum invariant, T’~0)~ 0 then we must have a physical state T’~l0)with the
same energy eigenvalue as 0), because HQCD commutes with T~.If T’~is a vector charge then the state
T~0)describes a massless scalar, if T’~is an axial charge then we get a massless pseudoscalar
[75].
The eight lightest hadrons (IT, K, ~) are pseudoscalars. They are the Goldstone particles associated
with the axial charges. [That these particles are not exactly massless as it would be appropriate for
Goldstone particles is attributed to the fact that the QCD Hamiltonian is not really chirally invariant
the masses of the light quarks break the symmetry SU(3) x SU(3). If we were able to vary the quark
mass parameters in the real world then we could see how IT, K and i~indeed become massless as we let
m~,md and m~tend to zero.]
The vector charges are not broken spontaneously: (i) there is no trace of light scalars in the spectrum
of the mesons (the lightest scalars are heavier than the proton), (ii) there is very good evidence for the
corresponding symmetry group SU(3) to be a normal symmetry of the spectrum. Hadrons do occur in
nearly degenerate multiplets that constitute representations of SU(3).
—

—

—

—
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6. The vacuum expectation value of ~q
The vacuum expectation value of the scalar quark operators flu, dd, ~s was identified as a
quantitative measure for the asymmetry of the vacuum long ago [76].In the chiral limit the operators
flLUR, uLdR,.
transform like (3*, 3) under SU(3)L x SU(3)R. Hence their expectation value in a chirally
invariant state vanishes. The physical ground state is however not chirally symmetric and there is no
reason for the expectation values (0J~LqRI0) to vanish. As a product of two fields of dimension ~ the
operators ~q are of course only defined up to counter terms of dimension less than or equal to 3. In
massless QCD ~q is defined up to a multiple of the unit operator. The requirement that q~q~
transforms
like (3*, 3) fixes this multiple uniquely. To see this, one may simply define the scalar quark densities by
the commutators of the axial charges with the pseudoscalar densities. The commutator of two quark
bilinears is however a very singular object at short distances the commutator in general explodes in
the equal time limit. To show that the Gell-Mann—Oakes—Renner relation may nevertheless be derived
within QCD we use the language of the operator product expansion which exhibits these singularities
explicitly. For definiteness we consider the charged axial current and the corresponding pseudoscalar
density
. .

—

=

dy,.~y
5u,

P = di y5u

and write the operator product expansion in the form
A~(x)P~(y)
=

~

C~(x y)
—

O”(y).

(6.1)

The coefficient of the unit operator, C~(z),is Lorentz covariant. Furthermore, in the chiral limit which
we are considering here, the axial current is conserved, i.e. 8~’C~(z)
= 0. The general Lorentz covariant
solution to this constraint is
2 irz°)2
(6.2)
= k . zw/(z
where k is some constant of dimension 3. Applying the same argument to the coefficients of the other
scalar operators flu, dd, .~s,F2,. . . we conclude that they must also have the form (6.2). In fact the
scalars üu, dd and gs have the same dimension as P~.Their expansion coefficients are therefore
canonical and may be read off from the equal time commutator in free field theory:
—

C~(z)=0.

(6.3)

Since QCD is asymptotically free the effects of the interaction have to disappear at short distances. The
operators of higher dimension can therefore not be accompanied by singular coefficients of the type
(6.2)— the corresponding constants k vanish. Finally we observe that by a suitable redefinition of the
quark scalars of the type qq qq + A) we may absorb the contribution of the unit operator to obtain
C~(z)= 0. This operation unambiguously specifies the quark scalars. With this convention the operator
product contains a single scalar contribution:
-~
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Aw(X)P~(Y)=2~4(flu+ Jd)+ nonscalar terms.

(6.4)

Note that the convention does not depend on the channel used. The symmetry SU(3)L X SU(3)R
guarantees that the constants k that multiply the unit operator in operator products with different
flavour or in the product of a vector current with a scalar density are the same (we do not consider the
singlet currents).
To the vacuum expectation value only the scalar operators contribute and we therefore have the
exact relation
(0lAw(X)P~(y)I0)= ~

(Olflu + JdlO).

(6.5)

The intermediate
statescurrent
contributing
to the requires
left handp2side
may
be described by a spectral function of
2). Since
conservation
p(p2)
= 0 only the pion contributes:
the form Pw p(p
(0lAwl7T~)= ~f~’,pw,(0IPIir~)= g,,.
(6.6)
and we get
f.,,.g,~=

—(OIflu + ddlO).

Finally, we observe that for nonvanishing quark masses the equation 8A
relation
f,rM~= (m~+

md)g~.

(6.7)
=

(m~+

md)P

implies the exact

(6.8)

If both f,. and (0I~q~0)
tend to finite limits as mquark —*0 the pion mass must tend to zero in proportion to
(m~+ md)”2:
urn

M2 =
m~+ md

mqu.~k-~O

*

—

1

(j flu + ddIO).
f,~

(6.9)

The symmetry of the vacuum under SU(3)L±Rimplies that the expectation values of flu, dd and ~s
coincide in the chiral limit:
(OIfluIO) = (0(ddIO) = (0~~sj0)

(6.10)

and (6.9) requires them to be negative.
Note that the constant g,,. and the vacuum expectation values (0I~qI0)depend on the renormalization
point. The transformation law is contragredient to the transformation law for the quark masses; the
quantity m~(0IfluI0)is renormalization group invariant.
If the quark masses do not vanish, the short distance expansion for the product Aw(X) P~(y)contains
a term proportional to the unit operator ~-~mzwz6~. Since this contribution is more singular than the
coefficient of the operator flu + dd [see (6.4)] the simple argument given above that unambiguously
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identifies the vacuum expectation value of the quark densities in the chiral limit does not suffice. [The
commutator [Aw,~ contains a c-number Schwinger term.] The spectral function p(p2) associated with
(0IAwP~I0)tends to a constant at high energies (more precisely, it decreases logarithmically like the
running quark mass) and it is not a trivial matter to establish an unambiguous connection between the
vacuum expectation values (OI7qJO) and physical quantities (for a recent paper on the problem see
Novikov et al. [77]). We shall not make use of the order parameters (0J4q~0)except in the chiral limit
and do not discuss the difference between (OJflulO), (OIddIO) and (O~~sI0)
in the real world.

7. Quark masses as perturbations
In the chiral limit the mass spectrum consists of mass-degenerate multiplets of SU(3); the pseudoscalar octet is massless. If the masses of the light quarks are turned on, these multiplets split. In
particular, the members of the pseudoscalar octet drift away from mass zero as is schematically
indicated in fig. 1. In this and in the following sections we investigate the expansion of the hadronic
energy levels M~(A,m~,m~,m~,me,...) around the chiral limit m~= m~= m~= 0. The quark mass
expansion is often referred to as chiral perturbation theory [78,79]. The flavour asymmetries are caused
by the quark mass term in the Hamiltonian:
“QCD

=

110 + H
1

H1

=

f

3x {m~flu+ mddd + m~~s}.

(7.1)

d

_______________

ms

Fig. 1. Square of bound state mass as a function of the quark mass. Schematic plot for m, = md at fixed ratio mjm~.
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The expansion of the energy levels in powers of the light quark masses amounts to a perturbative
expansion of QCD in powers of H1. (Note that H0 treats only the light quarks as massless, the mass
terms of the heavy quarks are retained.) In lowest order the perturbation shifts the energy levels by
6E~= ~

(7.2)

.

Using covariantly normalized plane waves
3 2p°83(p’ p)
(p’, nip, n) = (2IT)
this becomes

(7.3)

—

ôE~=~-(p, nI(m~flu+mddd+ m~~s)Ip,
n).

(7.4)

Since the perturbation does not affect the momentum of the state we have
= 2E~ 6E~ = (p,

nI{m~flu+ mddd + ms~s}Ip,n).

The expansion of the square of the mass M~I(A,m~,md, m~,me,.
therefore takes the form

(7.5)
.

.)

in powers of the quark masses

~

(7.6)

where A~denotes the (mass)2 of the level in the chiral limit. The expansion coefficients B~,B~,B~.are
the matrix elements of the operators flu, dd, ss in the unperturbed, symmetric state
n)
Ip,

B~=(p,n~qqIp,n), q=u,d,s.

(7.7)

If there were no heavy quarks, A~would be given by some pure number times A2, the coefficients B~,
B B~would be (renormalization point dependent) pure numbers times A. In the presence of heavy quarks
the pure numbers become functions of the heavy quark mass ratios me/A, mb/A,...
If A~does not vanish, the expansion (7.6) for M~may be replaced by the linear mass formula
~,

M~= a~+ m~b’~
+ mdb,, + ~
= A,~,’2,

b~= ~A~112B~

+-~
.

(7.8)

As long as A~is different from zero the linear and quadratic mass formulae only differ by effects of
order (mquark)2 and we have no reason to prefer one to the other. For the pseudoscalar mesons the
quantity A~,however vanishes. In this case a quark mass expansion is possible only for M~.The
quantity M,~(A,ma,...) e.g. has a square root singularity at mquark = 0. [In the above derivation it is
crucial that the states j,, n) are normalized covariantly, such that the expectation value of the scalar
mq4q is independent of the momentum of the state. It is not possible to work in the rest frame of the
particle because for the pseudoscalar mesons there is no rest frame in the symmetry limit around which
we are expanding.] In the following we will consistently be working with mass formulae for M2.
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Note that we are dealing with perturbations of a degenerate spectrum: (i) In the chiral limit the mass
levels constitute degenerate multiplets of the flavour group SU(3). (ii) In addition the presence of
massless Goldstone bosons in the unperturbed system produces a continuous spectrum starting at the
common mass of the multiplet. (The same effect occurs in QED where it is due to photons rather than
pions.) We briefly discuss the problems caused by these two types of degeneracies and first consider
point (i).
The mesonic bound states transform according to the representations 3, 3* and 8 and the baryon
multiplets constitute the representations 3, 3”, 6, 8 and 1S2. To apply perturbation theory we have to
choose the states in such a manner that the perturbation does not produce first order transitions
between degenerate levels. Since the perturbation has ~T3 = z~Y = 0 it is convenient to use a basis in
~,

~,

which 7’~and Y are diagonal. In this basis mixing within a given multiplet only occurs between states
that have the same charge and the same hypercharge. The only multiplet which contains two such states
is the octet (IT°/~j,1~°/A).
We will discuss mixing of these octet states in sections 8 and 9.
Even if two levels are not exactly degenerate in the chiral limit the perturbation will induce mixing if
the perturbation is not small in comparison with the energy separation of the unperturbed levels. A
mixing phenomenon of this type occurs in all known light meson multiplets with the exception of the
Goldstone bosons: the octets are nearly degenerate with the singlets (p cv = —6 MeV, 6 S’’ 0,
A2 f = 45 MeV, g
35 MeV). The origin of this degeneracy is connected with the OZI rule
[80—83]:gluon exchange diagrams treat all flavours alike and hence give all nine flavour combinations
the same bound state mass in the chiral limit. In the pseudoscalar channel nonet degeneracy is lifted by
the annihilation diagrams responsible for the axial anomaly. In the other channels the degeneracy will
be lifted e.g. if there are nearby glueballs with the same jPc (The OZI rule however also suppresses the
coupling of these states to the ~q multiplets.) The observed nonet degeneracy in the 0~ and 1~
multiplets suggests that there are no nearby glueballs with these quantum numbers (unless their
couplings are very small).
In the case of the qqq bound states the representations 8, ~Q require the space/spin wave functions
to have different symmetry properties. There is no reason to expect the different multiplets to occur at
nearly the same mass.
The implications of point (ii) are much more subtle: the presence of massless particles in the chiral
limit leads to infrared divergences in chiral perturbation theory [84].They are due to the fact that in the
chiral limit the state n + IT is degenerate with the state n the corresponding energy denominator in the
perturbative expansion of M~vanishes. A careful treatment
of the
singularitybosons
shows they
that the
312 in the
caseinfrared
of the Goldstone
are
terms
neglected
in
(7.6)
are
in
general
of
order
(mquark)
of order in ~uark In mquark [85,86]. We will come back to this point in section 10.
—

—

—

—

~,

—

8. Masses of the Goldstone bosons
We first consider the quark mass expansion for the pseudoscalar octet. In this case the constant A~
vanishes and we therefore have to work with quadratic mass formulae. For the pion the coefficients
~
B~+and B~+were determined in section 6— they are related to the vacuum expectation value
(OIfluPO) in the chiral limit:
M~*= (m~+ md)B + O(m ~ in mq)
B

=

—y~-(0Jflui0).

(8.1)
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Applying the same analysis to the kaon we get
M~±
= (m~
+ m
5)B
M~o= M~o=

+

(md +

O(m ~In mq)

rn5)B + O(rn ~ln mq)

(8.2)

with the same constant B (recall that in the chiral limit f1. = fK, (OIfluIO) = (OiddiO) = (0Is~sI0)).
If rn~ md the states ir° and ~ mix: the perturbation H1 generates transitions between the
unperturbed octet states IT°)oand n)~.The eigenstates are
IT°)=

cos 0 1IT°)o+sin 0 ij)0

In) = —sin 0

IT°)o+

cos 0 n)o

m,J—rn
tg 26

m.
;
m = ~(m~+ md)
and the physical masses are given by
2 0/cos 20
M~o= 2thB ~(m. th)B sin
M~= ~(2m.+ th)B + ~(m. th )B sin2 0/cos 20.
=

~

(8.3)

—

—

—

(8.4)

—

The mixing angle is proportional to the ratio of the SU(2)-breaking mass difference m~—m~to the
SU(3)-breaking mass difference m~ th. Since this ratio is a small number, the mixing angle is small. Up
to terms of order 02 the state ir° is degenerate with ir and the mass of the ~ is given by
—

M~= ~(2m.+ th)B +

o(~/~2,

rn2 in m).

(8.5)

The mixing causes the levels to repel. The neutral pion becomes somewhat lighter than ir~:
(8.6)

M~+_M~O=~(mu_~)_B.

4 m,~—m

The ninth member of the pseudoscalar nonet, the ~j’, does not become massless in the chiral limit. In
the framework of the perturbation expansion with respect to the light quark masses this state does
therefore not play any special role. There is of course no reason for the matrix elements (n’IHiIn) and
(n’IHsIir°)to vanish and the perturbation will therefore induce mixing between ~j and ‘q’ as well as
between ir° and
The mixing angles are of first order in the quark masses (proportional to
rn
5—~(m~+
md) and to m~—m~respectively). In the
mass spectrum
however in
thethepresence
of the
2 which
we have neglected
above discussion.
makes itself felttheonly
in terms proportional
to (mquk)
[Numerically,
contribution
of the i~’is
enhanced in comparison with other intermediate states
because it is associated with a relatively small energy denominator the perturbation shifts M~from
zero to about 1/3 of M~,.It is however very questionable whether the ~p~’mixing angle may be
extracted from the mass spectrum by disregarding all other effects of order (mquark)2.]
~‘.

~‘

—

Si
Si
Si

S
S
S

S

I Gasser and H. Leutwyler, Quark masses

95

Spontaneously broken chiral symmetry explains at once why the masses of the pseudoscalar octet are
not at all SU(3)-symmetric (M~:M~:M~= 1: 13: 16) whereas the masses of all other multiplets deviate
by less than 20% from their mean values: the squares of the pseudoscalar masses are proportional to
the quark masses. There is no reason why the quark masses should show less scattering than the lepton
masses do hence it is natural to find that the Goldstone boson masses also show considerable
scattering.
If we ignore higher order corrections for the moment, we may extract the quark mass ratio rn5: th
—

either from the ratio
M~: M~= (rn. + th) : 2th

—*

rn5: th

=

25.9

(8.7)

or from
M~:M~~
= (2rn5+ th):3th

—*

m5: th

=

24.3.

(8.8)

The fact that the two determinations agree remarkably well shows that the Gell-Mann—Okubo formula
is well satisfied by the pseudoscalar octet. The asymmetries of the mass values in this multiplet require
the s-quark to be about 25 times as heavy as the average of u and d.
The mass formulae for K~and K°also indicate that in order for the K~to be lighter than the K°the
up-quark must be lighter than the down-quark. To extract a reliable value for the ratio (m~ rnd): (rn~+
md) from the observed value of (M~+ M~o): M~.we however need to correct these mass formulae for
the energy of the photon cloud which makes a significant contribution to isospin breaking mass
differences. This will be done in sections 11 and 12.
—

—

9. First order mass formulae for other multiplets
The general form of the quark mass expansion for any hadronic level was given in section 7. To first
order the expansion involves four unknown constants A, Bk’, B”, BS for each one of the states. We now
exploit the fact that the unperturbed Hamiltonian is symmetric under the flavour group SU(3). One
consequence of this symmetry is that the constants A~are the same for all members of a given
multiplet. Furthermore, the symmetry relates the coefficients B~,B~and B~,which stand for the matrix
elements of the operators flu, dd and &~s in the various states of the multiplet. Consider e.g. the baryon
octet. In this case the B-coefficients involve three independent matrix elements (F-coupling, D-coupling
and singlet). We use this property to express all B-coefficients in terms of the proton matrix elements of
flu, dd and .~s:

Bd =

(pI~dIp)

Bs=

(pj~s~p)

The first order mass formulae for the baryon octet then read

(9.1)
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mdBd + msBs + 0(m312)
A + m~Bhl
+ mdB + msB5 + 0(m312)

M~=
M~=

A

+ muB’~+

+

= A

rnuB’’ + mdBs + msBd + 0(m312)

M~-= A + m~B5+ mdB’’ + rn

3t2)
5B’~+ 0(m

M2~o=

+ muBd + mdB + m

A

5B” + O(m

3/2)

1 + 0(m312).

(9.2)
rndB”+ m5B’
The states Z° and A are mixed according to (8.3) with the same mixing angle. Neglecting terms of order
(ma— md)/(ms— th) we obtain
M’s--

+ muBs+

= A

M~o=

A

+ th(BU +

Bs)+ m

3t2)
5B’’ + 0(m

~

(9.3)

The baryon mass values are left unchanged if the quark masses and the constants A, B’~,B’~,BS are
subject to the following transformations:
(a)

mq*Amq,

(b)

mq—* inq+ p.,

(c)

inq

-*

Fflq,

A3A

~

B~~-*B~ A-*A-p.(B”+
B~ B~+ a-,
-~

A

—*

A

—

o(m~+

B’~+BS)
ind + m

(9.4)

5).

This implies that only 4 combinations of the 7 constants rn~,m~, m5, A, B”, B”, BS are relevant for the
baryon masses. The mass formulae therefore imply 4 constraints among the 8 mass values. One of these
constraints is the Gell-Mann—Okubo formula, the other three are the Coleman—Glashow relations for
the splittings within the isospin multiplets. In the absence of information about the value of the constant
A it is not possible to extract quark mass ratios like m5: th from the observed masses of the baryons.
The same remark applies to all other multiplets whose mass in the chiral limit is not known. The mass
of the Goldstone bosons in the chiral limit is known this is why we do get information about the ratio
m~:th from the mass spectrum of the pseudoscalar mesons. What we can extract from the mass
spectrum of the other multiplets is the ratio of differences R = (rn.-- th): (md m~)which measures the
strength of isospin breaking in comparison with SU(3)-breaking. We will determine this ratio from
different multiplets in section 13 after having analyzed the size of the corrections due to higher order
quark mass terms and due to the electromagnetic interaction.
In order for the SU(3) splittings within multiplets not to exceed 20% of the mean mass the quark
mass difference m. th which is responsible for these splittings must be small in comparison with the
scale1~d
of the
interaction;
since rn5 isinmuch
larger than
implies
that all
quark
masses
and strong
rn~must
be small quantities
comparison
with ththethis
scale
of QCD.
Thelight
same
conclusion
m~,
results from the observation that the pseudoscalar octet contains the 8 lightest hadrons: the quark mass
term does not shift the Goldstone bosons far away from mass zero (M~,=
To give the condition “ma, m~,,m
5
scale of QCD” a quantitative form we should specify what we
mean by the scale of QCD. There are various
quantities
that these
remain
finitearein not
the independent,
chiral limit and
2,(PT)
In fact,
scales
butmay
are
serve as mass scales: A, f,r’ M,,, M~,(a’)~
—

—

—

-~
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given by some pure number of order one determined by chiral QCD times A. The scale A itself
which is closest to the Lagrangian turns out to be too small to serve as a standard with respect to which
to measure the size of the SU(3) asymmetry parameter m~ th. The quantity f,,. is also too small. A4.
seems to be more adequate although there is no particular reason to prefer this quantity to (a’)~2or to
M~.
The eightfold way is an approximate symmetry of the strong interaction not because the quarks u, d,
s have similar masses, but because their mass differences are small in comparison to M,. Isospin is an
even better symmetry, not because m~ ind is small in comparison with m~,but because m~ md is very
small in comparison to MV,.
The mass of the charmed quark is not a small quantity in comparison with the scale of QCD: the nc
is considerably heavier than the n’ (M~= 10M~,),the charmed baryon A~(2273)is more than twice as
heavy as the proton. If the mass of the charmed quark is varied from its actual value down to m
5, the A~
loses half its weight and moves to A (1115); if m~is diminished further and put equal to th, the A~ends
up at the nucleon mass. The difference m~ th must therefore be larger than in. th by a factor of the
order of 8. The difference me,— th is the symmetry breaking parameter of SU(4), the ratio (me—
th): (m. th) measures the strength of SU(4) breaking versus SU(3) breaking. The size of m~ th makes
it clear that one cannot get very reliable information from SU(4) symmetry (see section 17 for a brief
discussion of SU(4) mass formulae).
For the multiplets 3, ~‘, ~ and .iffl the first order mass formulae analogous to (9.2) may be found in
appendix A.
The quark mass expansion for the meson nonets is complicated by mixing. Consider for definiteness
the vector meson nonet. In the chiral limit this multiplet consists of a singlet and an octet with a spacing
of order M0,
= 6 MeV. It is not known whether the singlet or the octet is the lower one of the two.
When the quark masses are slowly turned on the levels undergo mixing through angles that are sensitive
to the details of the small pieces of the interaction that violate the OZI-rule, until the strange quark has
become heavy enough for the mass term m5gs to dominate. (Note that the quark mass term produces
the splitting Mc. M,. 240 MeV which is large in comparison with the original separation of singlet
and octet.) The quark mass term dominates as soon as m~is large in comparison with 1M1 M81
6 MeV. For the physical value of m5 the state co) contains practically only strange quarks. Within the
accuracy of first order mass formulae the mixing angle defined by (we choose the phase of the state
~o)such that it reduces to ~s)for ideal mixing):
—

—

—

—

—

—

—

—

—

—

—

—

=

—cos ~ 8, T = 0)+ sin ~I1)

(9.5)

has the ideal value ~ = 35.3°(tg ~ = 1I\/2). In (9.5) we have neglected the small component of the state
~)in the direction of the vector 8, T = 1, T3 = 0) which is caused by the isospin violating piece of the
quark mass term and is proportional to m~, ind. In fact, the transition matrix element (~s~qmq~flu
dd)
which determines the size of the isospin violating component of ~)is forbidden by the OZI-rule. The
isospin one component of cD) is therefore very small.
The isospin breaking piece of the perturbation does however have a pronounced effect on the states
and cv), because (i) their energy separation is not large in comparison with the size of the
perturbation ~(m~ ind)(flU dd) and (ii) the OZI-rule does not inhibit transitions between these two
states. The interference between p°and cv can be measured directly in reactions such as e~e IT~IT
by analyzing the behaviour of the cross section in the vicinity of the cv mass. Up to electromagnetic
corrections the probability for an cv to decay into IT~IT is determined by the ratio (mU—md):(rn5—
—

—

Ip°)

—

—

—*
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th). The reaction e~e IT~IT therefore provides us with an independent determination of this ratio.
The relevant formulae for p°—w-mixingare collected in appendix B. Furthermore, we give a simple
quantum mechanical model describing the interference of two resonances in appendix F.
—~

10. Higher order terms in the quark mass expansion
In the preceding two sections we focused on the lowest order terms in the expansion of the hadron
masses M~(A.m,~,ind, in5, ma,...) around the chiral limit of the light quarks, m~= m., = rn~= 0. As
mentioned in section 7, the quark mass expansion is not a simple Taylor series, but contains terms that
are not analytic in m,~,m~,and in5 [88].We now discuss these nonanalytic contributions and then make
simple estimates of the size of higher order terms in the quark mass expansion in order to determine the
accuracy to which quark mass ratios can be extracted from the spectrum of baryons and mesons.
For definiteness we first consider the mass of the nucleon and discuss the expansion around the chiral
limit of the u and d quarks, holding m5 fixed at the physical value. In this case the first order mass
formula reads
M~=A+mUB”+mdB”

(10.1)

where A, B”, B’’ are unknown functions of A, m~,ma,... (in the preceding section we also expanded
A, Bu, B” in powers 2,of but
in5). of
Asorder
shown
by Langacker
and Pagels
next nonanalytic
term in the terms
expansion
is
(inquark)312.
The structure
of [89]the
the leading
in the
not
of
order
(inquark)
quark mass expansion for the mass of any particle may be obtained from improved chiral perturbation
theory, a method described in appendix C [90,91]. One reorders the quark mass expansion by summing
leading infrared divergences to all orders in the quark mass. The net result is that the leading
nonanalytic terms in M~(A,m~,md, ins,. . .) are removed by subtracting the lowest order diagram of an
effective chiral Lagrangian with physical masses in the propagators. As long as the effective Lagrangian
gives the particles the proper masses and satisfies the soft-pion theorems it also exhibits the correct
leading nonanalytic terms in the quark mass expansion.
Improved chiral perturbation theory tells us that to remove the leading nonanalytic piece in the
quark mass expansion we may proceed in the same manner as in the case of the electromagnetic
self-energies: the main contribution to the photon cloud also comes from the Born term diagram (see
section 12). We merely have to replace the electric charge by the axial charge and describe pion
emission in terms of derivative coupling 0~i~/f~.
The reason behind this simple result is that the
effective coupling of pions is weak at small momentum k the probability amplitude for the quark mass
term to generate more than one pion is smaller by powers of k/f,~.What counts in the leading
nonanalytic term is only the coefficient of the leading infrared singularity and hence only the lowest
order diagram.
The leading nonanalytic term in the proton mass is removed by subtracting the lowest order diagram
due to pion emission of an effective chiral Lagrangian with physical masses in the propagators. If
= md = th the quantity MN defined by
—
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in terms of the physical nucleon and pion masses MN, M1. is free from the leading nonanalytic term in
m~,ind. The integral J(MN, MN, M1~)is defined in (C.4) and f,. = 132 MeV, g.~.= 1.25; expanding this
integral in powers of M and rewriting the result in the form (10.1) one obtains
(10.3)

M~=A+th(Bu+Bd)_~A1l2M~+....

8irf~,.

The last term is nonanalytic in the quark masses, because it grows with the third power of M,,, i.e. is
proportional to (m~+ flld).
It is not difficult to understand the origin of the nonanalytic term. In the chiral limit the nucleon is
surrounded by a cloud of virtual pions that extends to infinity. As the quark masses are turned on the
pions become heavy and the cloud shrinks, the probability for finding a virtual pion falling off like
exp(—2M,rr). The static model provides us with a simple description of the properties of this cloud.
Before we look at the static model we should perhaps clarify the significance of a language that uses
words like meson cloud, virtual pions and the like in the context of QCD. What we are talking about
are nonanalytic terms in the quark mass expansion and what we are claiming is that these nonanalytic
terms are the same as those occurring in an effective Lagrangian, the simplest version of which is the
static model. This model describes the nucleon in terms of a core and a pion cloud. The model provides
us with a reliable effective infrared Lagrangian to the extent that the nucleon is heavy in comparison to the
pions and that the inverse radius of the core which plays the role of the ultraviolet cutoff that occurs in a
relativistic effective Lagrangian is large in comparison with both the meson mass and the baryon mass
difference due to the quark mass term (to M~ M1. in the case of an expansion in powers of m~,md at
fixed ins and to M~ MN if nonanalytic terms in in5 due to K and n-meson emission are considered). In
fact, one may verify that the expressions given for the nonanalytic terms in appendix C on the basis of
improved chiral perturbation theory reduce to the meson cloud energies in the static model if one takes
the limit MN_SOC. [The core distribution
that occurs
in the the
static
limit isof the
transform
2).] Forp(x)
this reason
we discuss
physics
the Fourier
nonanalytic
terms of
in
the
axial
vector
form
factor
G(—q
the framework of the static model. (In the numerical work we have used the relativistic prescriptions
given in appendix C.) The Hamiltonian of the static model is (see e.g. ref. [92]):
—

—

H

=

Jd3x ~[4;2+(V. 4i)2+M~çb2]+V2f

JdxP(x) r V(~ T)—~MT
.

3.

(10.4)

We have used the Goldberger—Treiman relation to express the coupling constant in terms of g.~.and f,r;
the quantity ~M stands for the neutron—proton mass difference. It is straightforward to determine the
ground state energy to second order in the coupling constant. Neglecting iXM (i.e. putting in. = ind) one
finds
F,. =

~

f

3x d3y V p(x) V
.

U,)

exp{—M~x

—

yJ}•

(10.5)

d

The expansion of this expression for the energy of the pion cloud in powers of M,r produces the series
1 M.,.r + ~M~r2 ~M~r3+~... The first term only contributes to the constant A that represents the
(mass)2 of the nucleon in the chiral limit. The second term disappears upon integration and the third
—

—
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term is proportional to in,, + mt,, and is therefore absorbed in the constants B”, Bd One easily checks
that the fourth term indeed gives rise to the nonanalytic contribution given in (10.3).
In the static model the total energy of the pion cloud around the nucleon is E,. = —185 MeV and the
individual terms in the expansion F,~= E0 + E1M~+ E2M~~
amount to E0 = —202 MeV, E1M~=
+26 MeV, E2M~= —13 MeV. (The corresponding relativistic prescription given in appendix C gives
F,,. = —121 MeV; see eq. (C.4) with M0—*M~and M~= M~+ E,,..)
It is clear that one may give similar expressions for the leading nonanalytic terms in the quark mass
expansion with respect to all three light quark masses m,,, md, in5. The leading contribution to the
nucleon mass then contains terms proportional to M~and to M~in addition to the term proportional to
M~given in (10.3). Taken at face value the leading nonanalytic term proportional to M~shifts the nucleon
mass by —235 MeV, to be compared with E2M~= —13 MeV. If the leading nonanalytic contribution would
indeed account for those pieces of the kaon cloud around the nucleon that are not already included in the
first order mass formula, then we would have to conclude that the validity of the Gell-Mann—Okubo
formula, derived on the basis of first order mass formulae, was an accident.
Fortunately, this is not the case. The static model (or improved chiral perturbation theory) makes it
clear that one can trust the expansion of the meson cloud energies in powers of the meson mass only if
the meson is light in comparison with the inverse radius of the nucleon core, represented by the Fourier
transform p(x) of the axial vector form factor. An expansion of the energy contributed to the nucleon
mass by the virtual K-cloud in powers of MK would be admissible if MK were small in comparison with
the scale set by the axial vector form factor this is not the case. (Note that what counts here is not the
size of in5, it is the size of the Goldstone boson masses that contain strange quarks.) The full energy of
the kaon cloud around the nucleon only amounts to EK = —39 MeV in the static approximation and to
EK = —24 MeV in the relativistic prescription given in appendix C. The formal expansion of the self
energy obtained by retaining the terms proportional to M~and disregarding the higher order terms is
large because it fails to reproduce the actual value of the corresponding self-energy diagram. The
terms up to M~.represent a good approximation only in the case of the pion cloud whose
radius is indeed large in comparison with the scale of QCD.
If the nonanalytic terms in the quark mass expansion are handled according to improved chiral
perturbation theory the corresponding corrections to the first order mass formulae are small. [As discussed
in appendix C the singlet and octet pieces of
absorbed
in a
5 ifthe
onemeson
desires.cloud
Whatenergies
counts ismay
the be
piece
of the cloud
redefinition
of
the
coefficients
A
and
B”,
B”,
B
energy that does not have octet symmetry.] The corrections are nevertheless significant, because they
account for the flavour asymmetries in the baryon masses caused by the fact that different members of
the octet get an unequal share of the meson cloud energy. The nucleon cloud e.g. consists mainly of pions
whereas the cloud surrounding the E predominantly contains kaons the contribution to the mass,
although small, is rather asymmetric.
In fact, the corrections required by improved chiral perturbation theory explain why earlier
determinations of the ratio of SU(2) versus SU(3) symmetry breaking parameters, (ind m~):(in. th),
from the baryon masses did not give a consistent picture. The effect that is responsible for these
discrepancies is quite amusing and we briefly describe it in the framework of the static model. The
energy of the IT* cloud around the proton is given by
—

—

—

E

d3k
k2G2(—k2)
f~.J~ (2ir)32cv(k)
cv(k)+ z~M
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with w(k) = (M~ + k2)”2. If we put z~M=0 this expression coincides with (10.5) (up to a factor 2/3,
because we are only looking at IT~ here). As discussed in appendix C we however have to use the
physical masses in the energy denominator: F,, E
0 = M,, + cv M~and take the neutron—proton mass
difference iXM into account. In the corresponding expression for the energy of the IT-cloud surrounding the neutron the sign of E~Mis reversed. To lowest order in in,, mi,, the charged pion cloud
contributes a negative amount to the neutron—proton mass difference:
—

—

—

‘~

L~E

—

2

r

,2r’2i

~3,

2
z.gA~~
U
~
f~. J (2ir)~2w(k)
w(k)

~2

(10 7)

The cloud leads to an attraction of the two levels if the masses are purified from nonanalytic
contributions the neutron—proton mass difference becomes larger. In the static model the shift amounts
to ~E = —0.84 MeV. We emphasize that the contribution we are talking about is not nonanalytic by
itself it is proportional to in,, m,~,and we could just as well remove it by a suitable redefinition of the
constants B”, B”. That would indeed guarantee that there is no difference between M,, M~and the
purified mass difference M,, M~to first order in m~ md; the effect would then however show up e.g.
in the mass difference M~ M
1, because the contribution of the meson cloud to the mass operator
cannot be represented as the sum of a singlet and an octet. To leading order the determination of the
ratio (md— m,,):(m5— th) is of course not affected by shuffling of clouds
2). (the procedure only modifies
theThere
quark are
massof expansion
of nonanalytic
the baryon masses
on the
the quark
level ofmass
(inquark)
course also
terms in
expansion of the Goldstone boson
masses. Since the constant g~vanishes for this multiplet the leading infrared singularity is only
logarithmic [93]. The corresponding nonanalytic contributions in improved chiral perturbation theory
are given in appendix C.
Finally we comment on the terms of order (inquark)2 which the above discussion left untouched. To
estimate the size of these terms one may simply compare the results of an analysis of the baryon mass
formulae for M2 with an analysis of the corresponding mass formulae for M A somewhat different
method, which also works in the case of the Goldstone bosons, is to add the square of the sum of the
quark masses which the particle contains [(in, + in 2 for mesons, (in, + m
2 for baryons] to the
2)
2 + in3)
mass formula for M2 and to check that this modification
does not substantially
affect the results. We do
not claim that this simple recipe accurately describes the terms of order (inquark)2 in the quark mass
expansion, but we do believe that it provides us with an estimate of their order of magnitude (note that
in the limit of very heavy quarks the bound state mass does tend to the sum of the quark masses).
—

—

—

—

—

—

—

11. Electromagnetic contributions renormalized self-energy
—

The preceding sections dealt with pure QCD, the electromagnetic and weak interactions were turned
off. In this approximation the particles IT, K, N, A, 2~,E are stable. Note that even in the absence of
electromagnetic interactions the proton is lighter than the neutron if in,, < ind. (There is no reason why
in, should be equal to md if e = 0.)
If the electromagnetic interaction is turned on, the quarks start emitting and absorbing photons. The
IT0 and the ~ become unstable against the decays IT0—~yy 10_S fly. The cloud of virtual photons
surrounding a bound state of quarks contributes to the mass of the state. The order of magnitude of this
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contribution is given by the fine structure constant times the scale of the strong interaction, i.e. by about
1 MeV. It turns out that the isospin breaking effects produced by the mass difference in, ~ m~,happen
also to be of this order of magnitude we do not know why this is so. In order to extract information
about the size of the mass difference m,, ind from the observed mass spectrum it is therefore necessary
to first correct the data by subtracting the self energy associated with the photon cloud: to apply the
mass formulae established in the preceding sections we need to know where the hadronic levels would
be found in a world with e = 0.
To lowest order the effective Lagrangian describing the contributions from virtual photons is given
—

—

by

~e.m.

where D(z)

(11.1)

_~e2Jd4yD(x_y) Tj~(x)j~(y)
=

2(z2

[i4IT

—

iE)]’

is the photon propagator and j,~(x)is the electromagnetic current

j~(x)=~Qy,.
5q.

is the charge matrix with eigenvalues 2/3 and —1/3.) The product j’~’(x)j~(y)is too singular at x y
for the above integral to make sense as it stands. The behaviour of the current operator product at short
distances may be read off from the expansion
(Q

Tj’~’(x)j~(y)
=

~

C”(x

—

y) 0”.

Only scalar operators 0” survive the integral (11.1). Operators of dimension less than or equal to 4 are
accompanied with coefficients C”(x y) that produce nonintcgrable singularities. In QCD only the
operators ~, flu, dd, ss,... and F~F~’~”
belong to this class. More explicitly, retaining only scalar
operators and writing z = x y the expansion reads
—

—

Tf’(x)j,~(y)=C’(z))+

~

C’’(z)rnqqq+ ~

+~.

(11.2)

..

q~u,d,...

The coefficients of the operators flu, dd,... are proportional to the corresponding quark masses we
have
displayed while
this mass
factor
in (11.2).
At short
distances proportional
the coefficientto C’(z)
like
2)3explicitly
up to logarithms,
C’(z),
CShl(z),...
as well
as C’~(z)are
(z2)’.behaves
The terms
(z
omitted do not give rise to divergences in the integral. The divergences thus only involve operators that
are already present in the QCD Lagrangian a suitable renormalization of vacuum energy, quark
masses and coupling constant removes them. The renormalized effective Lagrangian may be written as
—

—

~e.m._~e2Jd4yDA(x_y)Tj~(x)j,(y)E.)+~

~mqqq~
3F~F~”

(11.3)

where .DA(z) is a regularized photon propagator. The counter terms ~E, ~
L~ind,... and ~g depend
on A in such a manner as to cancel the divergences of the integral as A 00~ As usual this requirement
does not fix the counter terms uniquely; to obtain an unambiguous expression for the effective
—*
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electromagnetic Lagrangian a renonnalization prescription must be adopted. The splitting of the
Hamiltonian into a term that represents pure QCD and a term that describes the electromagnetic
contribution depends on this prescription. This implies, in particular, that the values of the quark
masses which we are attempting to extract from data will depend on the renormalization prescription.
Fortunately, the dependence of the quark mass values on the renonnalization prescription adopted
for the electromagnetic contribution is very weak. To lowest order in g the counter term ~inq is given
by
~mq2O~mqln~

(11.4)

where p. is the renormalization point. In the case of the up-quark e.g. a change in p. by a factor 2
changes the value of in,, by 1%~of m~,i.e. by less than 0.01 MeV; for the s quark the same change
amounts to 0.25%~of m~,i.e. to less than 0.08 MeV. It is crucial that the electromagnetic self energy of
the quark is proportional to the quark mass if the renormalization ambiguity in in,, was 1%~of a typical
hadronic energy scale rather than 1%~of in,, the dependence on the renormalization prescription would
be significant. To lowest order in g the renormalization of the coupling constant is given by
—
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therefore amounts to a universal shift in the mass scale (‘Fr Q2 = ~ + ~ + ~ =
z~M=2l6IT2

p.2

(11.6)

The logarithm is accompanied by a very small coefficient; for the proton e.g. a change in the renormalization
scale p. by a factor 2 shifts the self-energy by only 0.06 MeV. In the chiral limit the electromagnetic self
energy of the Goldstone bosons is finite to lowest order in e2 (M = 0 implies iXM = 0). Since the neutral
axial currents remain conserved in the presence of the electromagnetic interaction, IT0, K°,K°and n stay
massless. The charged axial currents are not conserved in QCD; IT and K~’obtain a finite mass of order eM,.
(c.f. eq. (12.9)).

12. Energy of the photon cloud
The energy of the photon cloud is the expectation value of
value we need to know the matrix element (~ = p q)
T(q2,

~) =

f

~i d4x e’~(pjTf’(x)j~,(O)Ip)

—f

d3x ..9~e.m.. To evaluate this expectation

(12.1)
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for the particle in question. As shown by Cottingham [94],the imaginary part of this matrix element at
spacelike values of q is related to the cross section for electron scattering. The information contained in
the structure functions for electron scattering in fact suffices to determine the entire matrix element T
[95] provided Tm T does not contain fixed poles [v-independent contributions, or, more generally,
contributions of the type v”f3,,(q2) with integer n]. We do not know of a proof that fixed poles of this
sort are absent in QCD, but we assume that this is the case, such that the energy of the photon cloud
surrounding the proton can in principle be worked out from data on elastic and inelastic electron—
proton scattering. The divergences of the electromagnetic effective Lagrangian of course also show up
in the energy of the photon cloud: the Cottingharn formula must be renormalized [96].The algorithm
which we set up [97] to express the renormalized electromagnetic self-energy in terms of the cross
section for electron scattering is only valid in the limit g = 0 (canonical scaling). To our knowledge an
analogous renormalized Cottingham formula that only involves the structure functions for electron
scattering and is consistent with the high energy behaviour of these structure functions in QCD is not
available in the literature. [Note that if subtracted fixed q2 dispersion relations are used, an algorithm
allowing one to calculate the subtraction T(q2, 0) in terms of the structure functions is needed.]
The construction of a properly renormalized Cottingham formula is of theoretical interest rather than
of practical importance for the following reason: the difference between the electromagnetic selfenergies of particles belonging to the same isospin multiplet, say between proton and neutron is finite in
the chiral limit m~= md = 0. The real world is very close to this limit so that the divergence and the
associated renormalization problems are associated with very small coefficients. The reason for the
finiteness of the self-energy differences in the chiral limit was given in the last section it is a
consequence of the fact that the quark mass counter terms ~
hind are proportional to the quark
masses in,,, md respectively and hence vanish in the limit in,, = ind = 0. In fact, consider the difference
between the proton and the neutron matrix elements of Tj~’(x) j~.(y). The corresponding short distances
expansion involves the matrix elements of the operators ~, flu, dd, ss, F~,.F’”,...The unit operator
the disconnected piece may be disregarded because it amounts to a universal energy shift for all
states, including the vacuum. The difference of the matrix elements belonging to the isoscalar operators
ss, F~,,F”‘,. . . between proton and neutron is proportional to m~ ind (in the limit m,, = in, isospin is
an exact symmetry of QCD, hence the matrix elements of isoscalar operators are the same for all
members of an isospin multiplet) and therefore vanishes for m~
= 0. Finally, in the case of the
operators flu and dd the expansion coefficient is proportional to in,, and m,,, respectively; the
contribution from these operators to the short distance expansion hence also vanishes in the limit
in,, = ind = 0. This shows that all singular terms in the short distance expansion of the difference
between the proton and neutron matrix elements of Tje~(x)j
1,(y)vanish in the limit m,, =
= 0; in that
limit the difference of the electromagnetic energies of proton and neutron is therefore finite and may be
worked out by using the unrenormalized Cottingham formula.
The electromagnetic self-energies of baryons and mesons were investigated by many authors (see
Zee [98],Cmi and Stichel [99]for a review up to 1972). We have reanalyzed the various contributions to
the Cottingham formula in 1975, using the data on inelastic scattering available at that time (see also
Gunion [100]). We found that the only sizeable contribution to the proton—neutron mass difference
comes from the Born term; resonance region, Regge region and deep inelastic scattering contribute
very little. The fact that the deep inelastic region does not contribute significantly is closely related to
the observation made in the last section: the logarithmic divergence which is associated with these
contributions has a tiny coefficient, even if one looks at the proton self-energy itself rather than at the
proton—neutron difference, for which the deep inelastic contributions are further suppressed.
—

—

—
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The Born term is determined by the electromagnetic form factors of the nucleon which we
approximate by the dipole formula with F~= 0:
G~(t)= G(t);
GR~(t) = p.~G(t)
G~(t)=~jj~p.”G(t); G~(t)p.”G(t)
G(t)

=

(1- t/m2)2.

Using the values

in2

=

(12.2)

0.71 GeV2, p.P = 2.79, p.fl = —1.91 one finds

M°~= 0.63 MeV,

M~O~=

—0.13 MeV.

(12.3)

Note that for a heavy particle the magnetic contribution is small (of order M2) and the Born term
reduces to the electrostatic energy of a charge distribution of which GE(—q2) is the Fourier transform:
M7

=

~-~4
I [GE(—q2)]2.
j q

(12.4)

~-~‘-

4IT

For a baryon of charge Q = 1 this amounts to 0.96 MeV.
We have performed a new determination of the Born terms for the other members of the baryon
octet on the basis of the available experimental information about the magnetic moments. The magnetic
moments of A, 1~, 1, S° and E~ are measured directly: p.~’= —0.730±0.006,~ = 2.95 ±0.16,
= —1.80 ±
0.32, p.~°
= —1.68±
0.08, p.~= —2.61 ±1.06 (in units of e/2M where Mis the mass of the
particle). The magnetic moment of the 1°then follows from isospin symmetry: p.~°
= ~(p.~ + p.~)=
0.58±0.18.Approximating the form factors again by the dipole formula and using the central
experimental values for the magnetic moments we obtain the results given in column 1 of table 2. Note
that the 10 self-energy contains two Born terms: one is due to the transition 10 —S 10 + y —*1°, the other
to the transition 1°—sA + y —*1°. The second contribution develops an imaginary part which manifests
itself in the decay 10 -S A + y. The known rate of this decay implies the value p.~= 2.31 ±0.26 for the
magnetic transition moment (in units of eI2M
1). The real part of the second contribution amounts to
Mr” = —0.20 MeV.
The uncertainties in the magnetic moments do not affect the self-energies substantially: for comparison column 2 of table 2 contains
the1 results
that one obtains
if one
A
n
1 n
.r uses the old SU(3) predictions
~o
[101] for the magnetic moments (p. =~p., p. =p.”, p. ~
, p.
zzz_(p.P+p.
)p.
, p.~
p.
= —~V3p.”) rather than the experimental values. In column 3 we quote the values obtained by
Coleman and Schnitzer [102]who used two different form factor models to estimate the uncertainties in
their analysis. Within the errors their results are consistent with the information about the electromagnetic
form factors available today.
As mentioned above the data on inelastic electron scattering show that the Born term dominates the
electromagnetic self-energy of the nucleon: the phase space factors in the Cottingham formula suppress
the inelastic contributions. We estimated [97] the size of the contributions from inelastic intermediate
states to the proton—neutron mass difference to be less than 0.3 MeV. We think that this estimate also
applies to the other members of the baryon octet: we assume that the Born terms given in column 1 of
table 2 represent reliable values for the total electromagnetic self-energy to within ±0.3MeV.
£0

~.-
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Table 2
Estimates for the photon cloud energies of the baryons. Column 1 contains the Born terms
calculated with the measured magnetic moments and column 2 gives the corresponding values
calculated with the SU(3) predictions for the magnetic moments. Column 3 quotes the values
given by Coleman and Schnitzer and in column 4 we give estimates based on the simple quark
model ansatz described in the text.

p
n

p—n
—

—

Born term

Coleman and

Quark

exp

SU(3)
2

Schnitzer

model

3

4

0.63
—0.13

0.63
—0.13

0.70
—0.21

0.87

0.73
—0.13
0.94

—0.07
0.79

—0.09
(1.95

0.76
—0.17
—0.86

2~

.i~+ ~

Born term

2~°

1)76

—0.21
—1.04
1.92

1.98

1.1/1.4

—0.7/—1,8
—1.25/—1.6
2.1/2.0

1.0±0.4

—0.3±0.7
—1.3±0.6
2.4±0.5

A different estimate is based on the quark model picture of the photon cloud [103—105].One
separates the self-energy into a contribution coming from photon exchange between two of the three
quarks and a contribution that accounts for diagrams of the quark self-energy type:
M5

=

a(1/r)(02Q3+ 0301+ Q,Q
2)+ C(Q~+Q~+Q~)

(12.5)

where 0,, 02, 03 are the quark charges. As discussed in the preceding section the self-energy of the
bound state must be renorn1alized. The counter term does not have the structure of the above formula
(in the chiral limit the divergent part of the mass shift is flavour independent). We have however also
seen that the deep inelastic contributions which produce this divergence are tiny. Within the accuracy of
quark model estimates it is not a crime to neglect terms that are not of the structure (12.5).
The first term in (12.5) may be estimated on the basis of simple models for the wave function, which
give, typically
(1/r) = 330/390 MeV

(Itoh et al. [124])

(1/r) = 255 MeV

(Isgur [125])

(12.6)

for the average inverse distance of two quarks in a baryon. In perturbation theory the second term is
proportional to amqua,.k and hence vanishes in the chiral limit. Perturbation theory does however not
properly account for the chirality changing piece of the quark propagator; the constant C contains
nonperturbative contributions of order a times the scale of QCD. We do not attempt to determine a
reliable value for the constant C, but will be content with a rough estimate. We note that the entire
self-energy of the proton and of the 1~are given by C. The Born term estimates for the proton and .~
self-energies are C = 0.63 MeV and C = 0.70 MeV respectively. In an electrostatic picture the self-

Si
Si
Si
Si
Si
Si
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energy is C= ~allIrl, where Il/ri is the mean inverse distance weighted with the charge distribution. For
a charge distribution corresponding to the dipole formula we have C 0.96 MeV and hence I lIr~
260 MeV. We allow the constant C to have any value in the range 0 < C < 1.5 MeV. We consider this
estimate very generous as the upper limit would require the Born term to represent less than half of the
actual value of the renormalized self-energy of the proton (the direct comparison with the Cottingham
formula indicates that contributions from intermediate states other than the proton are substantially
smaller than the Born term).
The estimates for (lIr) and C given above lead to the values given in column 4 of table 2. Within the
errors that are of the order of 0.5 MeV the simple quark model estimates described above agree with
the Born terms.
The literature contains several quark model calculations of the photon cloud energy that are more
sophisticated and do not rely on the ansatz (12.5) but instead use detailed quark wave functions (refs.
[108—119];for more recent work see refs. [120—125]and the references quoted in these papers). In
particular, the magnetic interaction among the quarks has been estimated. Note that some of these
estimates lead to large electromagnetic contributions to
1 and to E° E. [The rule according to
which the quark magnetic moments are given by e/2m constituent with m~0~5,(u)
= 350 MeV, in ~
=
.~

—

—

550 MeV imply large SU(3) asymmetries in the magnetic self-energy.] In the following we shall not
make use of the quark model estimates, but use the experimental information from electron scattering
on protons and neutrons, extrapolated to the other members of the baryon octet in what we consider a
conservative manner.
Our final estimates for the photon cloud energies of p—n, 1~ .~ and S°
are given in
column 2 of table 3: we use the Born terms with the measured magnetic moments and assess the
uncertainties due to inelastic contributions at ±0.3MeV. Subtracting this from the observed mass
differences we obtain the corresponding values in pure QCD (column 3 of table 3). In the case of the
combination z~M.r= M1+ + M1- 2M1o the analogous estimate of the electromagnetic self-energy gives
1.98 ±0.30 MeV, whereas the simple quark model described above leads to 2.4 ±0.5 MeV. The fact that
these values agree with the observed mass difference (~M1)~’~’
= 1.78 ±
0.14 MeV is a welcome
—

—

Table 3
Isospin breaking mass differences. For p — n,
— .~
and .~ —
the electromagnetic self-energies are estimated with the Cottingham formula: the central
value is the Born term, the error bar is an estimate of the size of inelastic
contributions. For K~— K°the electromagnetic self-energy is calculated from
Dashen’s theorem, for D~— D°we have used a simple quark model ansatz. Column
3 is the difference between columns 1 and 2, except for ~ + .~ — 2.~°
and ~ —
where column 32.is (For
the input:
directinestimates
pure QCD
of the
these
corresponding
mass differences
electromagnetic
are very small,selfof
order (rn, — md)
energies see text.)

p—n
—

.~7

~ + .1 — 2Z°
+ — ir°

Experiment
1

Electromagnetic
2

QCD
3

—1.29
—7.98 ±
0.08
—6.4±0.6
1.78±0.14

0.76±0.30
—0.17 ±
0.30

—2.05±0.30
—7.81 ±
0.31

—0.86±0.30

—5.5±0.7

4.60

1.78±0.14
4.6±0.1

±0.02
±0.1

K~— K°

—4.01 ±
0.13

1.27 ±
0.30

—5.28±0.33

D~—D°

5.0±0.8

1.7±0.5

3.3±0.9

—
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consistency check: in pure QCD this combination has a very small value of order (rn,, ind)2. The order
of magnitude of ~
in QCD is given by 1° A mixing which produces the mass splitting ~
—292(M
2 and the nonanalytic terms are also
1 MA)
—0.015 MeV.
contributions
of of
order
of this size.
(The=situation
is veryThe
similar
to the case
IT~ (inquark)
IT0, see below.)
For the Goldstone bosons a nonrelativistic quark model analysis in terms of (1/r~does not make
sense; the mass difference between the IT~ and ITt) would require (1/r~ 1.2 GeV which is outrageous.
We see no reason why a model that fails for the pion should be valid for the kaon.
In the chiral limit current algebra implies the low energy theorem [126]:
—

—

—

—

dss ln1~-[p’~(s)~pA(s)];

-

(M~o)~
= 0

(12.7)

where p” and p’~are the vector and axial vector spectral functions normalized as
pV(~)f2

6(M~—s)+~

(12.8)

with f,, = (204 ±11) MeV and f,. = 132 MeV. On account of the second Weinberg sum rule (which is
valid in massless QCD) the expression (12.7) is independent of the renormalization point p.. Saturating
the integral (12.7) with p and A
1 and eliminating the A1 parameters fA,, MA, by using the analogous
saturation of the Weinberg sum rules one obtains
(A4’2~\Y—_.~. A,f21L~L~
1
/f\2
k

‘r)

~

P,,C

J

\Ji~/

2

‘129

-~°

f
f2_.~2
Jp

J-,r

which gives ~
= (4.9 ±
0.2) MeV for the value of f~quoted above. The result is very close to the
observed mass difference M.,,.+ M~.o= 4.60 MeV. [The error bar does not account for the error
committed in approximating the spectral functions p~”and ~A with single narrow resonances. A more
accurate analysis of the p-contribution that includes finite width effects leads to the value M~+=
6.1 ±0.8MeV[127].]
If the quark masses are allowed to be different from zero, perturbation theory shows that the sum
rule (12.7) diverges with a coefficient proportional to am2. In fact the operator product expansion for
the difference V~.V,. A,~A,.contains a term proportional to m~q the integral occurring in (12.7)
therefore involves a divergence proportional to am(Oi4qiO). The formula (12.7) itself is only valid up to
terms of order am. The corrections appearing in a renormalized version of this formula are however
expected to be tiny, because the masses in,,, ind are very small in comparison to the scale of QCD. [A
renormalized formula would be of limited practical use, because there is no direct experimental
information on pA(
5) and it is not easy to improve the rough approximation by a single narrow
resonance used in (12.9).]
A direct evaluation of the electromagnetic self-energy of the pion on the basis of the Cottingham
formula, using theoretical models both for the elastic and inelastic contributions was performed by
Socolow [128]. Approximating the Born term with a p-dominated form factor F(t) = (1 tIM~)~one
finds
—

—

—

—

(M,,.c

—

M.,.o)B0

fl

=

4 3 MeV

(12 10)
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According to Socolow the inelastic contnbutions increase this to 4 9 MeV to within an error estimated at
±1MeV. [Note that the p-dominance model overestimates the data [129]; a realistic evaluation of the
Born term with the measured form factor would lead to a smaller value.]
In pure QCD the mass difference M,~+ M,~°
is very small. As mentioned in section 8 the first order
mass formula contains a contribution of order (inn m~)/(m, th):
—

—

M,,+

—

M,,o =

M~+—

M~o+~ (n~~~~)2

(!!!.i_

—

1)M~

(12 11)

The contribution from in,, ind amounts to a tiny shift of 0.11 MeV. The higher order terms in the
quark mass expansion produce corrections that are of the same size: (i) the leading nonanalytic correction
given in (C.7) is of order —0.05 to —0.1 MeV (for p. = 1 GeV the correction cancels the first order term)
and (ii) the corrections of order (inquark)2 are also expected to be of this size (the additivity rule leads to
a correction of order —(in,, ind) 12M,r —0.05 MeV). We conclude that the first order mass formula
cannot be trusted it only indicates the order of magnitude of M,,+ M,~oin pure QCD. Up to this
uncertainty of the order of 0.1 MeV the observed value for M,r* M,,.o must therefore come from
electromagnetism:
—

—

—

—

M~~—M~o=4.6±0.1MeV.

(12.12)

This value is consistent both with the estimate obtained from the current algebra sum rule (where the
main uncertainty stems from the fact that the behaviour of the axial vector spectral function is not
known) and with the estimate based on the Cottingham formula.
For the electromagnetic self-energy of the kaon current algebra implies the low energy theorem
[130]:
= (M~+)”,

Using the above value for ~
M~+—Mko=

(.M’~o)”= 0.
—

Mo

1.27±0.30MeV.

(12.13)

this gives
(12.14)

Dashen’s theorem is strictly valid only in the chiral limit: in the real world the relations (12.13) are
subject to corrections of order am, (and amquk In mq,,ark) which are difficult to evaluate. The error bar
given in (12.14) represents the typical order of magnitude of SU(3) x SU(3) breaking effects. [The
leading infrared singularities responsible for the nonanalytic terms of order amquark ln inquark were
worked out by Langacker and Pagels [131]. To obtain the proper expression for the corresponding
nonanalytic terms one should use improved chiral perturbation theory. It does not make sense to
replace all infrared logarithms by a universal number involving some mean meson mass. One first has to
verify that the leading nonanalytic term indeed represents a good approximation to the quantity in
question; if this is the case ICPT implies that one has to weigh the different contributions with the
logarithm of the physical mass of the corresponding virtual meson. We did not perform such a
calculation for the electromagnetic self-energies. On the basis of the analysis given in appendix C (in the
context of the corresponding nonanalytic contributions to the baryon and meson mass formulae) we
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expect that these corrections will again turn out to be small, although the contributions obtained by
using universal logarithms are large. Note that the estimates of the electromagnetic kaon self-energy
based on the Cottingham formula ~
M~o= 2.9 ±1.0 MeV [128] are also considerably larger than
what is implied by Dashen’s theorem. This analysis should be repeated with the experimental
information available today.]
We see no reason why symmetry breaking should be unusually large in the electromagnetic
self-energies. In the following we use the value (12.14) based on Dashen’s theorem.
For the D-mesons the quark model described above gives
—

M~+ M~o= ~a(1/r~ ~C.

(12.15)

—

—

Using the estimates given by Lane and Weinberg [105] on the basis of nonrelativistic potential models
[(1/r) = 350 to 450 MeV] and the crude estimate for the constant C given above one obtains (see also
[106a])
M~+—M~o=1.7±0.5MeV

(12.16)

whereas the Born term with F(t) = (1— t/M~’is
—

~

=

1.5 MeV

(12.17)

close to the electrostatic limit aM0/4 = 1.4 MeV for a heavy particle; the corresponding mean inverse
distance weighted with the charge distribution is 11/ri = ~M,,, 390 MeV. For an analysis of the inelastic
contributions to the electromagnetic self-energy of the D mesons see Boal and Wright [132].We do not
discuss these estimatesin detail because at the present level of our understanding the uncertainties involved
do not allow us to extract an accurate value for the ratio R = (m. iii): (in,, m~)of quark masses. For the
same reason we do not discuss isospin breaking mass differences ofresonances. In fact, we do not understand
the values K~ K = 6.7 ±1.2 MeV and D+* D~= 2.6 ±1.8 MeV given in the particle tables: although
the photon cloud contributions are expected to be smaller than for the corresponding pseudoscalar states
[107,106b] the corrected values are not in our opinion in good agreement with the mass formula (B.8) and
with the relation analogous to (14.13). To make use of the experimental information on small differences of
this sort it is crucial that one understands the electromagnetic corrections applied in the determination of
the pole positions (see Zidell, Arndt and Roper [133]for a discussion of these problems in the case of the ~
resonance).
—

—

—

—

13. Quark mass ratios from meson and baryon masses
We are now ready to determine the two ratios m~:md: in. from the mass formulae for the
pseudoscalar mesons and for the ~?(baryon octet. We first determine the value of the ratio m~:th from
the masses of IT, K and ~. A comparison of the first order mass formulae for IT, K and for IT, 1~
(corrected for electromagnetic effects according to Dashen’s theorem) gives in5: 01 = 25.9 and 24.3
respectively. There are two kinds of corrections to be discussed
in order
to assess the of
reliability
of these
2 In inquark)
and contributions
order (inquark)2.
values: nonanalytic corrections (terms of order (inquark)
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The leading nonanalytic corrections account for the self-energies of the meson clouds [we define the
energy of the meson cloud around the pion, ~
as the difference between the physical mass M~.and
the purified mass M,,. given in (C.6): M,,. = M,,. + z~M,,].If the cutoff p. is given a small value
(p. = 0.5 GeV) the energies of the clouds around ~ir,K and i~ are small (SM,. = —1.6MeV, L~MK=
3.4MeV, AM.,, = —8MeV). If p. is taken large (u = 1 GeV), we obtain AM,,. = +1.2MeV, AMK=
—21 MeV, AM,, = —22 MeV. For p. = 1 GeV the correction in the ratio rn5: 01 amounts to about +3
units (m,: 01 = 28.8 and 26.8 from IT, K and ir, ~j respectively); for smaller values of the cutoff the shift is
correspondingly smaller.
2.In the case of pion and kaon the additivity rule
Consider
according
to now
whichthe
we corrections
should addof
theorder
term (mq,,~k)
(m
2 to the first order mass formula for M2 may give a
1 +ofrn2)
reasonable estimate for the order of magnitude
these corrections. For a strange quark mass of order
130 to 170 MeV the correction tends to lower the value of the ratio m
5: 01 by 2 tocontribution
3 units. The terms
of
2 thus act in the direction opposite to the leading nonanalytic
the two
order
(m,,,,,,~k)
corrections roughly cancel. In the case of the eta it is not clear how to use the additivity rule. One may
use the picture that 2/3 of the time the eta consists of two strange quarks, 1/3 of the time of two u or d
quarks and weigh the correction (rn
2 accordingly. This prescription lowers the value of m
1 + rn2)
5: 01 by
about 3 to 6 units and thus overcompensates the leading nonanalytic correction. The corrections to the
first order formula preserve the octet character of the mass operator to a remarkable degree of
accuracy, the simple modification of the additivity rule given above does not. We do not try to improve
on this prescription;
instead
we observe
leading of
nonanalytic
and the terms
order
2act in opposite
directions
withthat
an the
amplitude
the same contribution
order. We conclude
that itofmakes
(mqu~k)
sense to determine the ratio rn,: 01 from the uncorrected physical masses (M~D M~P’ 135.0 MeV,
M~D
492.4 MeV, M~D = 497.7 MeV, M~~CD 548.8 MeV) and to use the size of the leading
nonanalytic contribution as an estimate of the error bar to be attached to this ratio. In this manner we
obtain
—

rn
5/mI1

=

25.0 ±2.5

(13.1)

for the average of the two determinations.
We now consider the ratio of the SU(2) breaking piece to the SU(3) breaking piece of the quark mass
term, which we numerically analyze in terms of the ratio
R=

(13.2)

.

ind

—

in,,

In the language of the symmetry breaking parameters
Oakes—Renner model the ratio R stands for

E3

and

68

that characterize the Gell-Mann—

~

(13.3)

In terms of this ratio the first order mass formula for K~ K°may be written in the form
—

R- M~-M~.
M~o—M~÷~

(13.4)
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Using the value for (MKO
R

=

—

MK+)0~derived from Dashen’s theorem this gives

43.4 ±2.7.

(13.5)

We again analyze the corresponding leading nonanalytic correction and the contributions of order
(inq,,~k)2. The nonanalytic correction shifts R downwards by 4 units if p. = 1 GeV (by less than that if p.
is smaller). The phenomenon observed in the determination of the ratio ins: 01 occurs also here: the
correction of order (inquark)2, estimated on the basis of the additivity rule, counterbalances the leading
nonanalytic correction such that we may again use the uncorrected value (13.5) and use the size of the
leading nonanalytic correction to estimate the error bar to be attached to R. The result is quoted in
table 4.
Next we consider the baryon mass differences for which the first order formulae may be written as
R

M~-M,.

R- MS-MN
—

—

M

1~

R_2(M5M~+4(M1M~~
M~—-M~-o
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providing us with three independent measurements of the ratio R. The three relevant isosopin breaking
baryon mass differences, corrected for electromagnetic self-energies, are given in table 3. With these
values the first order mass formulae give

Table 4
Measurements of the ratio R = (rn, — th )/(md — m,).
Column 1 contains the uncertainties in the experimental data and in the calculation of the electromagnetic corrections. Column 2 is our estimate of the
uncertainties due to higher order terms in the quark
mass expansion. (In the case of p — 0 mixing these
terms have not been analyzed. We have increased the
corresponding error bar from ±3to ±5in order not to
bias the average which is calculated by treating the five
values given in column 3 as independent measure-

ments).
5

p—n
p—wmixing

Average

~RI~0.

1~R”

2

±2.7
±7.5
±1.7
±5.4
±3

±3
±6
±3
±3

Result
3
43±4
51±10
43±4
42±6
44±5
43.5±2.2

5
5
S
S

aS
S

Si
Si
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linear
RN=64±9
R~=49±2
R2 = 44±6
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quadratic
RN=76±11
R.~=46±2
R5

=

38±5

(13.7)

where we have given the results both for the linear mass formula (13.6) and for the corresponding
quadratic version; within the accuracy of first order mass formulae there is no reason to prefer one to
the other. The values differ by up to a factor 2. It is evident that the first order mass formulae do not
provide us with a reliable determination of R and that we have to investigate the corrections to see
whether the observed mass differences are at all consistent with the framework advocated here.
The higher order terms in the quark mass expansion were discussed in section 10 on the basis of
improved chiral perturbation theory. According to this discussion the leading asymmetries due to the
nonanalytic terms in the quark mass_expansion are eliminated if one replaces the physical masses M~ by
the corresponding purified masses Mn defined in (C.5). In the quark mass expansion of M~there are of
course still higher order terms that are neglected in the3”2
firstthat
order
formulae,
their effect
aremass
present
in the but
physical
massesshould
have
be
smaller,
because
the
terms
proportional
to
(inq,,ark)
been eliminated. Inserting the purified masses into the linear mass formula (13.6) we obtain
RN=54±8 RN=48±7
R.~=45±2 R
1=41±2
R5=44±6 R5=41±5

(13.8)

where the first value is based on SU(3) symmetric axial vector couplings, the second on SU(3) symmetric
meson-baryon coupling constants (see appendix C, table 6).
The scattering of these values is indeed considerably smaller than for the uncorrected mass values.
This shows that a substantial fraction of the discrepancy in the values of R obtained from the raw
physical masses is due to the effect described in section 10 in the framework of the static effective
Lagrangian: the energies of the pion, kaon and eta clouds are rather different, not only because they
have completely different radii, but also because the mass differences of the corresponding virtual
baryons produce sizeable differences in the energies of the clouds.
The difference between the quadratic and the linear mass formulae is a rough estimate for the size of
the uncertainties due to the remaining higher order terms. The first order formulae for the square of the
masses generally lead to larger deviations than the first order formulae linear in the masses. We first
look at the deviations from the Gell-Mann—Okubo formula

-

2N+2E-3A -1
E-N

(13.9)

Using the raw physical masses in pure QCD the linear formula gives ~i= —0.070, the quadratic one
implies ~i = +0.093. The corresponding numbers for the purified masses [SU(3)-symmetricaxial vector
couplings] are = —0.084 and ~i = +0.061 for the linear and quadratic version of (13.9) respectively.
The deviations are perfectly consistent with the size of the corrections to be2 with
expected
from higher
the additivity
ruleorder
[i.e.
terms
in
the
quark
mass
expansion.
Estimating
the
terms
of
order
(inqu~,.k)
writing Ma,, = M~ + (m
2 and using the values of Mn rather than M~]the quadratic formula
1 +=in2
+ rn3)
gives zl = —0.005 for m~
130
MeV and ~i = —0.057 for in. = 170 MeV: the terms of order (inq,,ark)2
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obtained from the additivity rule essentially transform the quadratic mass formulae into the corresponding linear ones.
These observations are confirmed by an analysis of the ratio R. If one uses the quadratic mass
formulae with the purified masses (symmetric axial vector couplings) one finds (RN, R1, R5) =
(63, 43, 38) instead of the values (54, 45, 44) given above 2onwith
thethe
basisadditivity
of linearrule
massone
formulae.
finds (58,Correcting
43, 40) if
the=quadratic
for ifterms
130 MeVmass
and formulae
(54, 43, 41)
m of order (mquars)
2 obtained from the
5 = the
170quadratic
MeV. The
terms
of order
(mquk)
additivity rule again essentially convert
mass
formulae
into the
linear ones.
On the basis of the above discussion we conclude that the values of the ratio R extracted from 1 and
are affected very little by higher order terms in the quark mass expansion, whereas the value obtained
from the neutron—proton mass difference is strongly affected, both by the nonanalytic contributions and
by the terms of order (inquark)2 the value RN = 76 ±11 that follows from the quadratic mass formula if
one uses the physical masses (corrected for the electromagnetic self-energy, of course) is shifted to
RN = 63±9if one subtracts the nonanalytic contributions [SU(3) symmetric axial vector coupling] and is
further reduced to RN = 54±8if the terms of order (mqu,wk)2 are taken from the additivity rule with
in
5 = 170 MeV. In table 4 we quote the values obtained from the linear mass formulae, using the
purified masses [mean values in (13.8)]. Columns 1 and 2 contain the error bars due to the uncertainties
in the values of the masses in pure QCD and in the higher order terms of the quark mass expansion
respectively. The three values of R obtained from the spectrum of the baryon octet are not only
consistent with one another, but are also in perfect agreement with the independent determination of R
from the meson spectrum. (For other recent estimates see refs. [135—144].)

14. Quark mass ratios from other sources
An independent direct measurement of the ratio R = (m. 01): (ind m~)is based on p w mixing
[145—152].
The effect of an off-diagonal term in the pw mass matrix can be seen in a very clean manner
in the reaction e~e -s IT~IT which exhibits a shoulder near the mass of the w [147, 153, 154]. From
these and other experiments the particle data group gives
—

=

—

—

0.014 ±0.002.

Using equation (B.12) of appendix B this becomes
M~,’=—2.22±0.16MeV

(14.1)

for the off-diagonal element of the mass matrix (the phase of M,,,., is observed to be close to 180°).The
electromagnetic interaction of course also produces p—w-transitions. The process p —s y —s w contributes
2

M~=

~

F0Fn,

=

0.43 ±0.04 MeV

where .F~and F5, are the coupling constants of these mesons to the electromagnetlc current

(14.2)
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~0Ij~,ip°)=E~,F,.,M~
F0=~3=fp=144±8MeV
(0Ij~iw~
= E~F~15,

F5,

=51±3MeV.

(14.3)

Other electromagnetic contributions are estimated to be negligibly small [147]. The bulk of the
experimental value must therefore come from the quark mass difference m~ rn,,. Inserting the above
values for M~°—
M~into the mass formula (B.14) this gives
—

R=44±3

(14.4)

where the error bar only includes the errors given above in the values of ~
M~. We do not
attempt to estimate the higher order terms in the quark mass expansion to assess the accuracy of the
first order mass formula (B.14). [Compare also Langacker [152] who obtains R = 48±10from a
somewhat different weighting of the same data.]
Several authors (Segré and Weyers 0[155];
Langacker
[157];Ioffe
Voloshin
[159])
and i/i’Genzcli [156];
+ ~ provide
information
about[158];
symmetry
breaking:
have
shown
that
the
decays
cli’
—5
cli
+
IT
both decays are forbidden if the quark masses vanish. The amplitude of the first reaction is proportional
to inu m,, (apart from an electromagnetic contribution of order e2), the amplitude for the second
reaction is proportional to in
5 01. loffe and Shifman [160] have shown that the ratio of rates can
unambiguously be calculated on the basis of PCAC with the result
—*

—

—

r

=

F~.g,+,,.O~
,~‘-cç!,+~

16R

(P~)~.
p.,,

(14.5)

In fact, it is not even necessary to invoke PCAC. To show this we consider the limit inq,,ark —s 0 at fixed
ratios rn~:rn,,. rn~.
First
order
0 is
given
by perturbation theory in the quark masses implies that the amplitude for the
decay i/i’ —5 cl + IT
~

=

—(i/JIT°outit~rnqJ~/i’)

(14.6)

where the matrix element is to be evaluated with the unperturbed states. Since in the unperturbed
system the octet of Goldstone bosons is degenerate, there is in general no physical difference between
IT° and ~ in that limit. In the present case perturbation theory shows that the first order mass formula
(8.4) unambiguously selects the limiting states. The matrix elements of the operator c~inqmay then be
worked out by using SU(3) for the octet basis o(IT°i, o(i~J.The result is
Tçt,’..g,+,,.oV3cosO+2sinOR
Tç,,..q,±,, 2 cos OR \/3 sin 0’
—

t 2O=~-~
g
2R

(147)

This determines the ratio of rates for any value of R. Since R is large, the angle 0 is small and we
obtain the result of loffe and Shifman given above.
The average of the recent data [161,162] for the branching ratios is
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B(çb’ -s

(0.10 ±0.03)%

~/i+ IT°)=

(14.8)
B(~fr’—s~/r+~)=(2.3±0.4)%
which gives
rex,. = 0.043 ±0.015.

(14.9)

The relation (14.5) then implies
R

=

28~

less than the value R = 43.5 given in table 4 by about two standard deviations. The theoretical
prediction for r with R = 43.5 is
r,,, = 0.018.

(14.10)

[This prediction is based on SU(3) and hence is subject to corrections of order in5 also the contribution
0 is neglected. We see no reason for these
of
the electromagnetic
to the decay
i/i’ —s
~ +has
IT not been estimated in the literature.]
corrections
to be large, interaction
but to our knowledge
their
size
A further source of information on symmetry breaking is ~-decay. In particular, the decays
—s IT~IT IT0 and ~ —s IT0IT0IT0 have been identified as symmetry breaking probes long ago (refs.
[163,164]; for a review of the early literature see [165]).Using PCAC for pions only (rn~,rn,, —sO, rn
5
fixed) one finds good agreement with the data on the slope parameter of the Dalitz plot. Also, the direct
measurements of the ratio B = F,, o,ro,,.o/F,,..,,.,r+ir-,,.o [167,168] which give B = 1.46 ±0.14 are in good
agreement with the prediction B = ~ (up to small corrections for the difference in Dalitz plot slopes and
phase space) that follows from the isospin properties of the symmetry breaking quark mass term. (Note
however that the overall fit of all data on n-decays provided by the particle data group implies
B = 1.268 ±0.060. This disagrees with the isospin prediction by more than 3 standard deviations.)
The predictions involving PCAC for the eta are not in good agreement with the data. In our opinion,
none of these predictions is more reliable than the prediction for the decay rate (f,, = f,,.):
r

2

3

—_~__~2L—11fl
‘U
3 ç2 —

(1411

f’s

which disagrees with the data [166]:
=

(324 ±46)eV

(14.12)

by about a factor two. The absolute rate for this process (which determines the other rates via their
branching ratio) is difficult to measure. The value decreased by more than a factor two a couple of years
ago [166]. On the theoretical side the theorem (14.11) is only valid in the limit mquarkO; one has to
allow for corrections of order inquark ln inquark as well as for corrections of order m~(which may well be
dominated by fl~’-mixing,see e.g. refs. [170,171]). The higher order corrections appear to be
substantial; to our knowledge the uncertainties involved in these corrections have however not been

I Gasser and H Leutwyler, Quark masses

117

investigated. In view of both the theoretical and the experimental uncertainties it appears to be difficult
to determine symmetry breaking parameters from n-decays in a reliable manner and we do not discuss
the subject further here. The reader is referred to the literature which may be traced from the papers of
Neveu and Scherk [169],Dittner, Bondi and Eliezer [165],Langacker and Pagels [172],Weinberg [173],
Crewther [174],Raby [175], Dominguez and Zepeda [176], Roiesnel and Truong [177].
The measured mass difference MD~ MDO = 5.0 ±0.8 MeV also provides information about isospin
breaking. In contrast to the K~—K°
mass difference the electromagnetic self-energy however has the
same sign as the contribution from ind rn~.The uncertainty in the value of the mass difference in QCD
(see table 3) is therefore rather large: (MD* MDo)QC~)= 3.3 ±0.9 MeV. Furthermore, the corresponding
SU(3)-breaking mass difference MF MD = 164 ±60 MeV based on MF = 2030 ±60 MeV [178] needs
experimental confirmation. Using the mean values the first order mass formula
—

—

—

—

rn,,— in,,
MD+—MD°=rn —01 (MF—MD)

(14.13)

gives R = 50. In view of the large uncertainties both in (MD+ MDo)~’~and in MF MD the error is
large, of order ±20.One may replace the uncertain observed value of the mass difference MF MD by a
theoretical estimate, based on SU(4) or on other dynamical assumptions to reduce the error bars in the
result. It is however clear that the D~ D°mass difference does not provide reliable information about
the ratio R at this stage.
—

—

—

—

15. Light quark masses from QCD sum rules
The first determination of the light quark masses within the framework of QCD was given by
Vainshtein, Voloshin, Zakharov, Novikov, Okun and Shifman [179]. They considered the two-pointfunction for two axial divergences:

if d4x e~(0iT8A~(x)aA(0)J0)

P(q2) =
A,.. =

(15.1)

fly
1,,y5d.

2) at large values of q2 is given by
Asymptotic
that
the strong
behaviour
of constant
P(q
perturbation freedom
theory. Toguarantees
zeroth order
in the
coupling
the imaginary part of P(q2) is given
by (s~>th2):
Im P°~(s)
=

~—

s012

01

=

~(rn,,+ in,,).

(15.2)

Using renormalization group arguments Vainshtein et al. then show that the leading asymptotic
behaviour of Im P in QCD is given by the same expression, provided 01 is identified with the running
quark mass 01(s) defined in (3.3). At sufficiently large values of s this expression should provide a good
approximation to the actual imaginary part of P (see below for a more accurate high energy
representation that includes first order corrections). At low energies the imaginary part does not follow
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a smooth curve such as (15.2) nor does it produce the threshold at s = 4012 characteristic of perturbation
theory. Nonperturbative effects instead generate a pole at s = M~,a continuum starting at s = 9M~,., a
bump at s = M~ etc. (for experimental evidence on IT’ see refs. [182,183]):
Im P(s)

=

ITf~M~3(M~,. —

s) +~...

(15.3)

To confront the information contained in the high energy representation (15.2) with the known
behaviour of the amplitude in the low energy region Vainshtein et al. assume that the asymptotic
behaviour (15.2) is valid for s > So where So is low enough for the interval 0 < s <s0 to be dominated by
the pion contribution alone. The sum rule

ds {Im P(s)

—

Im P~(s)}= 0

(15.4)

then implies

V3

(15.5)
So

2 this gives
With the estimate s0 1.5 GeV
01(so) = 6.5 MeV.
A value for s
2 and M~.. 2.3 GeV2 appears to be
somewhere
the interval
between
M~
= 0.02
GeV
reasonable in0 the
sense of in
duality
and finite
energy
sum
rules.
It is however clear that the numerical
value is very sensitive to the choice of s
2 or
andalso
thatacceptable.
somewhat different values of So, say s0 = 1.2 GeV
So = 1.8 GeV2 (01
8 MeV, 01 = 5 MeV)0 are
The most extensive analysis of the QCD sum rules in this channel was performed by Becchi, Narison,
de Rafael and Yndurain [184]and by Narison and de Rafael [185].These authors circumvent the lack of
information about the behaviour of the imaginary part in the intermediate energy region by resorting to
inequalities. Since Im P is positive, to saturate with the pion contribution alone means to get a lower
bound on the value of a convergent dispersion integral. Furthermore, they improve the accuracy of the
high energy representation by including the first order (two loop) correction [186—191].For the
absorptive part their result amounts to
Im p~rt(~)

=

s th(s)~[i +

—

{in~(s)+ rn2,,(s)

—

rn,,(s) rn,,(s)} + . .

.]

(15.6)

where in (s) is the running mass to two loop order and a,(s) is the running coupling constant.
In the most recent version of their work Narison and de Rafael use the Laplace transform technique
[181]. Let

L(M)

=

~

J

ds e~MS Im P(s).

(15.7)

i
Si
Si
Si
S
S
S
S
S
S
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The pion contribution requires
L(M)

L’T(M) = f~,.Ma,,. exp{—M2,,./M2}

(15.8)

for all values of the variable M The perturbative asymptotic representation equivalent to (15.6) reads
L°~’(M)
=~~~M4th(M)2
[1+ (~+2YE)a,(M2)

2{rn2(M)+

rn~(M)-rn,,(M) rn,,(M)}+~.

.1(15.9)

where y~= 0.577.. . is Eulers constant.
In addition to using an improved perturbative high energy representation they also include the
leading nonperturbative correction which may be extracted from the operator product expansion:
=

~

01(M)2 {~B2)+ T~ff~M~~J

(15.10)

where (B2) is the vacuum expectation value of the square of the gluon field strength, introduced by
Vainshtein, Zakharov and Shifman [180]:
(B2)

=

(0iF~,,F~”
0) = ~-~(0~
~ G~,,.G0” 0)— 0.12 GeV4.

Narison and de Rafael then study the inequality L’~ L”~+ Lnc~1~t,which gives a lower bound on the
quark mass for any value of M For large values of M the bound is very weak as it decreases with M2.
Letting M become smaller the bound becomes more stringent until one reaches a value M
0 below which
the bound again weakens. Picking the “optimal” value M0 they arrive at the bounds

th(1GeV)

9.4±2.2MeV;
7.2±1.8MeV;
5.3±1.2MeV;

A =70MeV;
A =140MeV;
A=21OMeV;

M0=600MeV
M0=65OMeV
M0=75OMeV.

(15.11)

(The error bars are given by Narison and de Rafael on the basis of the size of the corrections to the
leading asymptotic behaviour; we have converted the bounds given for the renormalization group
invariant mass into the corresponding bounds for the running mass at 1 GeV according to table 1.)
As pointed out by Hubschmid and Mallik [192] the crucial question is whether the asymptotic
representation may indeed be used down to values of M of the order of 600 or 700 MeV. The question
was studied by Eidelman, Kurdadze and Vainshtein [193] in the case of the two point function
associated with the vector current where the behaviour of the imaginary part is known from ekeannihilation data. In that channel the analogous asymptotic representation is indeed consistent with the
data down to M-values of this order of magnitude. Saturating the Laplace transform at M = M~,with
the p-meson alone one obtains an estimate for the p coupling constant
f

\/eM•(l+1(B)+O()}

(15.12)
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which is in fair agreement with the data. Assuming that the asymptotic representation for the Laplace
transform of (UI 8A~3A10) also holds at M = M,, and saturating it with the pion contribution Narison
and de Rafael obtain the estimate
01 (M0) =

{1 + O(a~)}= 10.7 MeV

(15.13)

which for A = 140 MeV is equivalent to 01 (1 GeV) = 10 MeV. The formula is similar to the old SU(6)
result (see section 1), the numerical value is twice as large.
It is difficult to estimate the accuracy of the asymptotic representation of the Laplace transform at
values of M of the order of M~or lower on the basis of experience with the vector channel: the
qualitative behaviour of the imaginary part is different in the two cases. For the vector current the
imaginary part tends to a constant at high energies whereas for the axial divergence it grows essentially
linearly with s. At any rate the contribution to the Laplace transform from intermediate states other
than the pion are strongly suppressed at these values of M such that one should expect the inequality
(15.11) to be almost saturated. We consider the values given in (15.11) as rough estimates of the quark
mass rather than as reliable lower bounds. To get a reliable bound one should not extrapolate the high
energy representation of the Laplace transform to values of M below 1 GeV. If one assumes the high
energy representation only to be valid down to 1 GeV then the bounds of Narison and de Rafael,
expressed in terms of the running mass at 1 GeV become

th(1GeV)

5.1MeV,
4.7MeV,
4.3MeV,

A=7OMeV
A =140MeV
A=21OMeV.

(15.14)

Hubschmid and Mallik avoid using the high energy representation down to small values of M
Instead they improve the low energy representation of the amplitude by including contributions from
higher intermediate states. They parametrize these contributions in terms of a narrow radial excitation
of the pion at M~ 1.5 GeV and allow the coupling strength of this state to vary within a rather broad
range of values. Working with finite energy and dispersion sum rules rather than with the Laplace
tranform they find that the model satisfies the constraints imposed by QCD provided the quark mass is
in the range
01 (1GeV)=5.7±2.2MeV.

(15.15)

2 the result is not sensitive to the value of A or of (B2).]
[Since
at relatively
large valuesevaluation
of q
We they
havework
carried
out an independent
of the Laplace transform with the aim of getting a
conservative estimate of the range of 01 values that are consistent with the QCD sum rule for the axial
divergence. Consider the Laplace transform of Im P(s) at M = 1GeV. This quantity gets sizeable
contributions only from the range 0< Vs <2.5 GeV. Around Vs 2 GeV the asymptotic formula
(15.6) should start to become a reliable representation of the actual imaginary part. [Note that the
quantity 2IT Im pPers(5)/3~ is almost constant in the range 1.5 GeV <Vs <2.5 GeV. If A is of order
140 MeV then this quantity varies from 1.25 012 (1 GeV) to 012 (1 GeV) as Vs grows from 1.5 GeV to
2.5GeV.] The problem is to obtain a reliable estimate of the imaginary part in the region below
V
5

2 GeV. The continuum starts at V5

= 3M.,,.

—

the contribution of the three pion intermediate state

Si
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can be worked out from current algebra. In the chiral limit it is given by
ImP3~(s)=38413fM~s.

(15.16)

The contribution grows linearly with s like the perturbative
however
muchit
3’~/Imimaginary
pPert is 0.15,part,
for 01
(1 GeV)with
= 10aMeV
smaller
coefficient.
ForIn01the(1 real
GeV)world
= 5MeV
the ratio
P
is
four_times
smaller.
the three
pion Im
contribution
is further suppressed by phase space
[at Vs = 1 GeV the suppression still amounts to a factor of two]. We conclude from this that the
imaginary part does not receive significant contributions before the threshold for resonance formation
(A1~+ M,,. = 0.9 GeV, M,,.. — 1.3 GeV) is reached: apart from the one-pion intermediate state the
imaginary part practically vanishes below V~= 1 GeV. The critical region is the range 1 GeV <V
5 <

2 GeV. We parametrize the imaginary part in terms of

IT, IT’

and a continuum contribution:
(15.17)

t(5).

Im P(s) = ITf~,,.M~,{ô(s

—

M~)+ r 5(s

—

M~.)}+ 0(s

—

So)

Im p~er

The radial excitation of the pion is weighted with the ratio r of the wave functions at the origin:
r= (OJfiysdiIT’)
(OiuysdIIT)

(15 18)

2

In fig. 2 we show the value of the running quark mass at 1 GeV that one obtains by calculating the
Laplace transform of (15.17) at M and equating the result with the asymptotic representation
Llse~(M)+ L”°”°~’(M)
given in (15.9) and (15.10). The renormalization group invariant scale is taken at
A = 140 MeV with Nf = 3 [as can be seen from (15.14) the precise value of A is not essential; the power
1/2 (mU*md)

_________________________________ D
>.

8

G

-

C

°

~‘

O~6

O~8

~

-

M

GeV
Fig. 2. Quark mass from QCD sum rules for A = 140 MeV; m, and md are the running masses in the MS scheme at ~e= I GeV, M is the variable in
the Laplace transform. Curves A and B are lower bounds obtained by different algebraic treatment of the first order corrections: the vertical bars
are an estimate of the errors due to higher order contributions. Curves C, D, E, F, G and H are obtained by using a series of models for the
behaviour of the imaginary part in the region 1 GeV <V~
<2 GeV.
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correction proportional to (B2) amounts to less than 10% for M> 1 GeV and might just as well be
dropped]. If the model for the imaginary part is a good approximation we should get the same value of
01 (1 GeV) for all values of M for which the asymptotic representation holds. Since we do not trust this
representation below M = I GeV we have indicated the corresponding quark mass values by dashed
lines.
Consider first the bounds of Narison and de Rafael. In our model these bounds correspond to s
0
r = 0 (curve B). With the accuracy
of
the
perturbative
calculation
there
is
no
distinction
between
an
112 and (1 ~aIir). De Rafael and Narison use a somewhat different
expressionform
of the
(1 + a/IT) expression to obtain a curve like A. We take the difference between
algebraic
for form
the perturbative
A and B as an estimate for the errors due to higher order perturbative contributions. Now consider the
contributions from intermediate states other than the pion. To get a rough estimate of the range of
parameters 5o, M,r’ and r of interest we observe that a linear IT-trajectory with the same slope as the
p-trajectory and with IT’ as the first spin zero daughter predicts M~= M~+ 2(a’)’, i.e. M,,.. = 1.5 GeV.
If the continuum threshold is taken half way between M~ and the next recurrence we get V~
—

0=

1.8 GeV. According to duality and finite energy sum rules (FESR) the IT’ peak should balance the area
between ~
+ M~)and so; this leads to r 8. The resulting value of the quark mass is given in curve
C. Between M = 1 GeV and M = 2 GeV the quark mass indeed stays practically constant at a value
01 (1 GeV) = 7.2 MeV.
If one keeps the continuum threshold fixed, the main uncertainty in the model is the size of the IT’
peak, measured by r. The value r 8 suggested by FESR may at first sight appear to be unreasonably
large. In fact, the analogous ratio of say the vector coupling constants for cl’ and its radial excitation cl” is
known to be small (the measured decay rates into e~egive r1, = (f~,: f~) 0.5). If one estimates r in the
framework of nonrelativistic potential models one also gets numbers of order one. Why do FESR
suggest a much larger value in the pion channel? The reason for this is most easily seen if one replaces
the imaginary part by a sequence of equally spaced narrow resonances: since at high energies the
imaginary part grows linearly with s the residues
r. a’)2
of these
to grow linearly
n.
2(ITf,rM~
fromresonances
resonance have
to resonance;
for 01 = with
5MeV
The
value
of
r~
must
increase
by
i~r
=
601
this gives 1~r 3, for 01 = 10 MeV the increase is four times larger: E~r 12 (01 = 7 MeV amounts to
6). For very heavy quarks the excitation energy of the first excited state is small compared to the
rest energy of the ground state. There is no dramatic increase in r~for the first couple of excited
states the linear increase in the imaginary part only develops once the excitation energy is of the order
of the rest energy. In the pion channel nonrelativistic models fail, because the excitation energy
M,,. M,,. is large in comparison with the rest energy of the ground state and it is not clear how to
handle kinematic factors like M,,. : M,
1 10.
It is certainly legitimate to question whether FESR provide us with a good estimate for the size of
the imaginary part below 2 GeV. Any model that saturates the sum rule may be regarded as acceptable.
To show the dependence of the quark mass value on the parameters of the model we give several different
sets of parameters which all lead to a consistent picture with 01 being roughly independent of the point
at which the Laplace transform is evaluated. The parameters defining the curves D, E, F, G, H are
given in table 5. If the imaginary part is taken too small in the intermediate energy region the sum rule
does not saturate. If one wants to have nothing but a narrow resonance below 2 GeV then saturation
only occurs for sizeable values of r the lower the mass of the resonance, the larger r has to be (models
E, F, H). Curves D and G are almost indistinguishable: it does not matter whether the imaginary part is
carried only by a narrow resonance with r = 8 at M~= 1.3 GeV or whether ~ of the resonance
contribution is spread over the interval from 1.1 to 1.6 GeV. We consider models D and G as upper
—

—

—
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Table 5
Values of the parameters s

0, M,, and r used in fig. 2. The running quark
mass at 1 GeV is determined by comparing the Laplace transform in the
region 1 GeV < M <2 GeV with the asymptotic representation.

Vso (GeV)
A,B
C
D
E
F
G
H

M,,. (GeV)

w

1.8
1.6
2
2
1.1
2

1.5
1.3
1.65
1.6
1.3
1.75

r

~(m,+ md) (MeV)

0
8
8
8
12
2

7.2
8.8
6.2
7.3
8.6

5

5.2

limits for the imaginarypart in the region 1 GeV < V~<2 GeV (note that in model G the continuum starts
with full strength at V~0= 1.1 GeV, a small IT’ peak sitting on top of it). Model H describes the opposite
extreme, for which there is nothing but a IT’ peak of modest size in this region. On the basis of these models
we conclude that our present knowledge about the behaviour of the two-point function (0JaA~oAIO) in
QCD is consistent with a quark mass value around 7 MeV:
01 (1 GeV) = (7 ±2) MeV.

(15.19)

In the absence of reliable information about the behaviour of the imaginary part in the intermediate
energy region it is not possible to reduce the error bar substantially. Quark masses of the order of
10 MeV or higher would imply that the imaginary part of the amplitude (0! T3A~oAIO) contains very
large contributions from the intermediate energy region below 2 GeV. The presence of such contributions would be a most interesting phenomenon by itself as these contributions would presumably
produce large corrections to PCAC (for a discussion of PCAC violations due to excited states of the pion
see [194—196]
and the references quoted in these papers).
It is straightforward to apply the same analysis to the K-ineson channel. The ITEP group obtains the
estimate in. (1.6 GeV) 110 MeV which for A in the range 100 to 140 MeV is equivalent to
in,

(1 GeV) = 120 MeV.

(15.20)

The bounds of Narison and de Rafael for M

m~(1 GeV)+ 01(1 GeV)

130MeV,
120 MeV,
110MeV,

1 GeV are
A =70MeV
A = 140 MeV
A =210MeV

(15.21)

(the corresponding “optimal” bounds for the running mass at 1 GeV are 210, 160 and 130 MeV
respectively. As discussed above these optimal bounds are obtained by using the high energy representation at low values of M; it is difficult to estimate the error bars in that procedure). Using the estimates
for the imaginary part given above we obtain
in, (1 GeV) = 180 ±50MeV.

(15.22)
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(The positions of the thresholds and of the radial excitation K’ are expected to be at slightly higher
values of s than in the pion channel. Based on the observation that M~ M~is roughly equal to M~.
we have shifted the values of s according to 5K = Si~~+ M~ M~which leads to MK’ M,,. 80 MeV.)
We conclude that the QCD sum rules are consistent with a strange quark mass in the interval
130 MeV < in
5 < 230 MeV. A strange quark mass below 130 MeV is in conflict with the bounds (15.21)
which we argued to be on the safe side, whereas a strange quark mass larger than 230 MeV calls for
very large contributions from the intermediate energy region. The sum rules are perfectly consistent
with the ratio in5: 01 = 25 obtained from the spectrum of the pseudoscalar mesons in section 13.
One may obtain information about the quark mass values from other two-point functions than those
discussed above. The problem with these other channels is that there is even less information about the
behaviour of the imaginary part than in the case of the axial divergence where at least the coupling
strength of the pion and of the kaon are known. The analysis is therefore necessarily rather crude and
does not permit one to extract very reliable information about the quark masses at this stage.
In a recent paper Mallik [197]has analyzed the QCD sum rules for all two-point functions associated
with the scalar, vector, tensor, axial and pseudoscalar quark densities (see also Craigie and Stern [198]).
This analysis not only shows that quark mass estimates very similar to those proposed by Okubo [19]
may be obtained within QCD, it also demonstrates that some of the SU(6)-relations among the vector,
tensor and axial coupling constants that lead to the value 01 = 5.4 MeV (see section 1) indeed follow if
one saturates two-point function sum rules in the manner described above. In view of the fact that one
has to eliminate unknowns by combining saturated sum rules the numerical results of course involve
larger uncertainties than in the case of the sum rule for the axial divergence. Within the errors
associated with the saturation scheme the quark mass values given by Mallik are perfectly consistent
with the estimates given above.
Finally, for the purpose of illustration rather than with the intention of reviewing the subject in any
detail, we briefly indicate how an analysis of the two-point function associated with the baryonic
“currents” q(x) q(x) q(x) leads to information about the order parameter (0I~q~0)
and hence about the
size of the quark masses [199].For definiteness we consider some parity even spin ~field ~(x) with the
quantum numbers of uud, e.g.:
—

—

~(x)

= y,.. y~

da(x) (u~(x)Cy”

—

—

u~(x))Cabc

(15.23)

where a, b, c are colour indices and C is the charge conjugation matrix with y~=
Lorentz invariance implies a spectral representation of the form

(0I~(x)~(y)I0) = ~

J

ds {p1(s) i~+p2(5)}~(X

-

y; s)

—

Cy,~C’.

(15.24)

where ~l‘~(z;s) is the positive frequency part of the free Green’s function for a scalar field of mass V~.
In perturbation theory (massless quarks) the spectral function p2(s) vanishes to all orders because the
propagators of the field d which enters the diagrams at x and leaves at y always contain an odd number
of y-matrices. In the real world p2(s) is obviously different from zero. The proton e.g. produces the
contribution
pi(s) = K
p2(s) =

~(s

—

M~)

KM,. 6(s

—

~

M~)+....

(15.25)
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Only a parity degenerate spectrum could be consistent with p2(5) = 0. In the short distance behaviour of
the amplitude (0l~(x)~(y)!°) the contribution of the spectral function p2(s) is governed by the vacuum
expectation values of the operators with lowest dimension that carry chirality; the leading short distance
contribution is again proportional to (0I~qI0).It is therefore possible to extract information about the
size of this quantity if one assumes the asymptotic representation for the Laplace transforms of pi(s)
and p2(s) to be valid at M M~and to be saturated by the proton intermediate state. Similar arguments
may of course be applied to the two-point functions associated with spin 3/2 fields. We quote one of the
ensuing relations between baryon masses and the order parameter (0Jqq~0),due to Ioffe:
3 =

(i +

40ir2

[—(OJuuJO)].

(15.26)

(M~)

As pointed out by Chung, Dosch, Kremer and Schall [200], the result is not independent of the
interpolating field one works with. We nevertheless find it most remarkable that the values of the
parameter (0Ic~qI0)which one extracts in this manner from the baryon spectrum are consistent with the
estimates described in the previous sections. With M
4 = 1232 MeV the quark mass value that one
obtains from the relation (15.26) is
01

9.5 MeV.

(15.27)

16. Heavy quarks
As was shown by Novikov et al. [201] the masses of heavy quarks may be extracted from e~e data
by investigating the QCD sum rules for the vacuum polarization amplitude. Since there are several
excellent reviews on this subject [201—204,
206—208] we will not describe the analysis in detail. There is
only one minor point which we find useful to add: we wish to ~press the values extracted from e~e
data in terms of the corresponding running 2)
quark
mass inbytheGeorgi
MS scheme.
The sum
rules are
usually
introduced
and Politzer
[209].One
writes
the
evaluated
in
terms
of
the
mass
function
M(p
quark propagator in the form
S(p) = Z(p2) [M(p2)—fl]1

(16.1)

and determines the value of the quantity M(p2) at the spacelike point p2 = ~
The functions
M(p2) and Z(p2) may be expressed in terms of the running mass m(,u) and running coupling constant
g(~s) order by order; they depend on the gauge. To lowest order the explicit expression reads (see e.g.
ref. [210])
M(p2)= mO.~){1+~—~(a+Ab)+Ofrs~)}
Z(p2)= 1—-~-A(a—3b+~)+O(a~)
31T

2
t

1
~

2

2

a=~—ln—T+---~(rn—p)ln
b =

(m~

2){_i
2p

—

in

2
2
rn—p

~2

(16.2)
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where A is the gauge parameter (Landau gauge: A = 0, Feynman gauge: A = 1). To give a value for the
quantity M(p2) at some point p2 in a suitable gauge is equivalent to giving a value for the running mass
m(p~)at some scale ~. In contrast to M(p2) the running mass is a gauge invariant notion. We compare
the value of the quantity M(p2) in the Landau gauge at the spacelike point p2 = m2 with the running
mass m(,a) at the point ~s = in. The equation
—

m(m)=

(16.3)

in

[where in (is) is the running mass in the MS scheme with Nf flavours] unambiguously defines a quark
mass parameter in to all orders in perturbation theory we denote this quantity by m(m). The quarks c
and b are sufficiently heavy for perturbation theory to work at ~ = in~or p. = m~,for the light quarks u,
d, s the quantity m(m) is an academic notion, because a perturbative calculation of the function m(j.t) at
small scales of order p. = 5 MeV or ,a = 150 MeV does not appear to be feasible. [To be precise, we
should specify the number of flavours to be used in the MS scheme that defines the function m(p.). We
expect the dependence on Nf to be very weak (see below); for definiteness we define the quantity
in~(m~)
in the MS scheme with 3 flavours, whereas inb(inb) refers to the MS scheme with 4 flavours.]
To lowest order the relation between the Georgi—Politzer function at p2 = in2 in the Landau gauge
and the running mass at scale in may be read off from (16.2):
—

—

M(-m2) = m(m) ~l +~

(~-

2 in 2) + O(a~)}.

(16.4)

The numerical coefficient in front of a~is very small; for a, <0.3 the difference between M(—m2) and
in (in) is less than S%~ small in comparison with the errors of the method used to determine the value
of M(—in2).
In the case of the b quark mass the main uncertainty steins from the value of a, used in the analysis of
the sum rules. Since the perturbative asymptotic representation of the sum rule is only known to first
order in a, the method does not allow one to express the value of this parameter in terms of the known
running coupling constant a,(p.). One has to calculate the second order contributions to find out which
value of a, to use in the first order expression. The value depends on the quantity one is looking at. In
the context of Laplace transformed sum rules (exponential moments) the value of a, to be used depends
on the scale M at which the Laplace transform is evaluated there is no universal prescription (like the
prescription that a,(2inb) 0.17 should be used). At a low value of M the sum rule is almost saturated
by the ground state; in this case the effective coupling strength is presumably determined by the size of
the system, or, equivalently, by the level splitting [a, = 0.25 to a, = 0.30] rather than by its mass (see e.g.
refs. [211,202]). The result for inb(inb) increases with the value of a~used in the analysis of the sum rule
(a. = 0.17 leads to inb(inb) = 4.19 GeV whereas a, = 0.25 gives inb(inb) = 4.26 GeV). With the estimates
for M(—m2) given by Novikov et al. [201], Voloshin [211], Reinders et al. [204,205], Guberina et al.
[206], Bertlmann [218], Iwao [212] and Shifman [208] we obtain the following values for the running
masses at scale in:
—

—

mc(mc)= 1.27±0.05GeV
mb(mb)—4.25±0.10GeV.

(16.5)

The quark mass values found within nonreiativistic models for the bound state motion (for an
Si
Si
Si
Si
St

a
a
a
a
a
a
a
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up-to-date review see ref. [213])are considerably higher than these current quark masses. Unfortunately
the connection of the potential model parameters to the Lagrangian of the theory is not easy to
establish in the case of the quarks that are presently available for experimentation. However, if nature
does provide us with a very heavy t-quark then the bound states of this particle will be a sensitive probe
for measuring the parameters of the QCD Lagrangian. For very heavy quarks the perturbative
nonrelativistic bound state picture is self-consistent. The levels are given by the Balrnerforin u/a
M,,

=

2Mq ~
—

(16.6)

2.

Mq(~as)

For very heavy quarks this formula should be very accurate: both perturbative corrections (of order
Mqa~)and nonperturbative corrections (of order (B2)M~3a~4,see below) are small if the mass of the
quark is sufficiently large. The quark mass Mq that appears in this formula may be calculated in terms of
the running mass as a power series in the running coupling constant, by solving the equation
M(M2q)

=

Mq

(16.7)

which determines the position of the pole in the propagator and the start of the cut: Mq is the dressed
mass of the quark (in contrast to the function M(p2) itself, the dressed quark mass is a gauge invariant
notion). The concept of mass for an isolated, dressed quark of course conflicts with the confinement of
colour. The above definition of the quantity Mq may work order by order in perturbation theory it
fails in the real world where the propagator is not supposed to have a pole. The propagator S(p) of a
heavy quark only looks like the free fermion Green’s function as long as p2 stays away from the region
p2 = M~,where nonperturbative methods have to be used to get a reliable representation for the
propagator. Within perturbation theory the physical mass of the quark however appears to be a
well-defined concept (in particular Tarrach [214]has shown that Mq is infrared finite to two loops).
To lowest order the connection between the running mass and the mass to be used in the Balmer
formula may be read off from (16.2):
—

Mq = m(m) {1 + ~a,/IT + O(a~)}.

(16.8)

It is clear that one needs the next order term in this expansion both to determine what value for a, to
use and to have sufficient accuracy to consider binding effects which is what the Balmer formula does.
To our knowledge the higher order corrections have not yet been calculated.
Using the numerical value (16.5) the mass of the dressed b quark becomes
—

M

f4.6±0.1GeV,
b~~48±01GeV
—

a,=0.2
a,0.3.

(16.9)

The value of the dressed b quark mass obtained in this manner is consistent with the value obtained
within a nonrelativistic treatment of the bound state motion, provided the leading nonperturbative
contributions are accounted for. The leading nonperturbative corrections were first calculated by
Voloshin [211]who finds
Mb

=

4.795 ±0.025 GeV

(16.10)
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for a,

=

0.30 ±0.03. As shown by one of us (Leutwyler [215])the leading nonperturbative correction to the

Balmer formula may be written in the form
= 2Mq_~Mq(~as)2+
(~n64~1
fl

(16.11)

q[3as]

where e,.,~ is a rational number of order one (E10 = 1.468, e20 = 1.585, r2, = 0.998). The formula (16.11)
only
the quark
sufficiently
such that
nonperturbative
proportional to
2) applies
do not ifdistort
the mass
waveis function
tooheavy
strongly.
To the
estimate
the size ofeffects
the nonperturbative
(B
correction
we first look at the bb ground state in perturbation theory. To lowest order the levels are
given by the uncorrected Balmer formula. The perturbative corrections are of order Mba~.In QED the
analogous correction can be absorbed by a proper normalization of e simultaneously for all levels of
positronium (one simply has to identify e with the charge of an isolated electron). This is not the case in
QCD because the diagrams in which the exchanged gluon virtually dissociates into a gluon pair is
infrared divergent if the gluon momentum vanishes. (There is a similar effect in muonium where the
vacuum polarization due to electron pairs produces a correction proportional to M~a5(M~/M,.)2
which
explodes as Me~~*0. For massless electrons the correction is of order a3 rather than a5.) If one wants to
absorb the terms of order Mba,~in the uncorrected Balmer formula by a renormalization of a, then one
has to choose a different value of a, for every level of the system. The value of a, to be used is the
running coupling constant at a scale of the order of the inverse Bohr radius of the orbit in question [216]
a, =

aS(

(16.12)

3MbaS/n).

For the ground 1state
(n = 1) this
gives a,energy
0.3, amounts
Mb = 4.83
corresponding
Bohr radius
is
= (1 GeV)~’,
the kinetic
to GeV.
EkI,, =The
193 MeV,
the expectation
value of
aBohr
=
(Mb~a,Y
the Coulomb potential is twice as large: Ecb = —386 MeV. With the same value of a
5 the non2) = 0.12 GeV4 as given by Vainshtein et al. [217]]shifts
the
perturbative
correction
[evaluated
with (B(16.10); the kinetic energy and the expectation value of the
quark
mass to
Mb = 4.79
GeV [compare
Coulomb potential are almost unaffected; the nonperturbative correction amounts to E~
2= +62 MeV].
If we instead pick a, = 0.25 in the uncorrected Balmer formula
then
we
get
Mb = 4.80 GeV, Ecb =
2) = 0.12 GeV4 the leading nonperturbative
—266 MeV shifts
and aBOhr
(800 MeV)~’.For
= 0.25
(B leading nonperturbative term amounts to
correction
the =quark
mass to Mb =a84.73
GeVand[the
~ = +135 MeV, i.e. to 50% of the Coulomb potential the net binding energy vanishes]. It is clear
that a framework which treats the nonperturbative effects as small corrections is not reliable for the bb
ground state if the effective coupling strength for the bound state motion is below a, ~ 0.25: the mass of
the b quark is then too light and we have to expect a sizeable distortion of the wave function. The
pressure exerted by the vacuum fields tends to squeeze the system and hence to increase the inverse
Bohr radius. Since the ground state realizes a minimum of the energy we nevertheless expect the
formula (16.11) to give a respectable estimate for the energy of the state, despite the fact that the wave
function that underlies it is too broad. [This is confirmed in a recent paper by Bertlmann [218]who finds
a, = 0.25 for the effective coupling strength; using the value (B2) = 0.16 GeV4 (obtained from an analysis
of the cë system) and working with exponential moments he obtains Mb = 4.71 GeV. If one uses the
values a, = 0.25, (B2) = 0.16 GeV4 in (16.11) one indeed obtains Mb = 4.70 GeV.]
What the formula (16.11) clearly shows is that the excited states of the bb system cannot be described in
terms of corrections to a positronium-like bound state: the nonperturbative term explodes with the sixth
—
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power of the principal quantum number. It ruins QCD perturbation theory unless the quark is very much
heavier than the b quark. In the caseof the c~
system the nonperturbative effects win already in the ground
state and it is not clear whether the perturbative notion of a dressedc quark mass (M~ 1.4 GeV) is of any
use.
To compare the masses of the heavy quarks with the running masses of the light quarks at the scale
p. = 1 GeV we have to convert the above values into the corresponding running masses inc, inb at
p. = 1 GeV. In the case of in,~ this is a straightforward matter. The renormalization factor
in~(1.27GeV): tn~(1GeV) may be extracted from table 1. With a value of A in the range 100 MeV <A <
200 MeV (3 flavours) one finds
m~(1GeV)=1.35±0.05GeV.

(16.13)

In the case of inb there is a complication: the change in scale involves crossing the threshold for cë
production. To our knowledge the connection between the running mass in the MS scheme for Nf flavours
(appropriate for scales large in comparison to all quark masses) and the corresponding running mass for

N5

1 flavours (appropriate below the thresholdfor the heaviest quark) is not available in the literature [see
Ovrut and Schnitzer [219]and Bernreuther and Wetzel [220]for the corresponding connection between the
values of A]. If one evaluates the renormalization factor r = in (1): in (4.25) for N5 = 3 according to (3.4) one
finds r = 1.26, 1.32, 1.38 for A3 = 100, 150 and 200 MeV respectively. To calculate the renormalization
factor for Nf = 4 one has to adjust the value of A; according to Bernreuther and Wetzel [220] the
corresponding values of A are A4 = 76, 120 and 165 MeV. Using these values in (3.4) one finds r = 1.25, 1.31,
1.38 respectively. This shows that the mass renormalization factors are almost unaffected by the presence of
an additional quark flavour, but do of course depend on the value of A, which is still not known very
accurately.
The running b quark mass at p. = inb is determined on the basis of sum rules that only include first
order corrections. Since the first order mass renormalization is independent of the number of quark
flavours the method is not accurate enough to require a distinction between different definitions of the
running mass. Using the value mb(mb) = 4.25 ±0.10 GeV the running b quark mass at p. = 1 GeV
becomes
—

mb(l GeV) =

15.3±0.1GeV,
15.9±
0.1 GeV,

A3= 100MeV
A3 = 200MeV.

(16.14)

17. Quark masses from SU(4) symmetry
The mass of the charmed quark is of the same order as the scale of QCD. It is therefore doubtful
whether one may treat it as a perturbation and compare bound states containing charmed quarks with
the analogous light quark bound states, say cl’ with ~ or A~with the nucleon. To test the assumption that
SU(4) is an approximate symmetry one may compare the cli and ~ wave functions at the origin, which are
measured in the decays into eke. If SU(4) is an approximate symmetry at infinite momentum then
f~,, f’,; experimentally fq. = (1.69 ±0.14)fç. The symmetry is obviously rather strongly broken in
comparison with SU(3) for which the prediction f5, =f,. is well obeyed: f4,, = (1.11±0.07)f~.
The
perturbation caused by the mass difference m~ 01 which plays the role of the SU(4) symmetry-breaking
parameter is not very small and one should therefore not expect SU(4) predictions to be very accurate.
—
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The pattern of SU(4) breaking observed in the meson and baryon masses can nevertheless be
understood on the basis of first order SU(4) mass formulae [221—230].
The pattern is determined by the
ratio of SU(4) breaking to SU(3) breaking quark mass differences
C= (mc— th)/(m, 01).

(17.1)

The value of this ratio is particulary interesting, because it relates the light quark masses to the charmed
quark mass which is known rather accurately. If the quantity C can be extracted from the observed
meson and baryon masses the measured value mc (1 GeV) = 1.35 ±0.05 GeV then determines the
running light quark masses at the scale p. = 1 GeV. [As discussed in section 13 the analogous ratio
R = (in, 01): (ind m~) determines the size of the SU(2) splittings in terms of the SU(3) splittings; we
disregard isospin breaking for the moment and put m~,= ind.]
The first order SU(4) mass formulae (see appendix A) imply the following relations among the
observed masses:
—

—

C_~N_~N_DFK_Dp~1~
A_N~_NK_IT
K-IT K*_P

K*_p

(

172

.)

[Except for the relations involving the Goldstone bosons IT, K, D, F for which one has to use M2 the
first order quark mass expansion does not distinguish between mass formulae linear in M and mass
formulae for M2.] The isoscalar particles undergo mixing. The 16-plet of vector mesons is nearly ideally
mixed [see appendix B for a discussion of the OZI rule in the case of SU(3) nonets] and the
corresponding first order mass formulae for ~‘pand ~/simply the further relation
—

—

(17.3)
The 16-plet of pseudoscalars is not ideally mixed we do not discuss the SU(4) mass relations for i~,‘q’
and ?lc here.
Consider first the linear mass relations. The observed masses Ac(2273), £~(2430),D*(2007), F*(2140)
and t/i(3097) imply CA, = 7.6, C~= 5.9, CD~= 10.6, CF. = 10.8 and C,,., 9.5 respectively. The scattering
of these values is consistent with what one should expect: the ratio of the largest to the smallest value is
CF.: Ci.,, = 1.8, comparable to the asymmetry in the vector coupling constants mentioned above. Using
the average
—

C = 8.9i~

(17.4)

of the above five values and using the ratio m,: 01

=

25 the value inc (1 GeV) = 1.35 ±0.05 GeV leads to

the following estimates for the light quark masses:
01 (1 GeV) = 6.3ii~MeV,

m, (1 GeV)

=

160~MeV.

(17.5)

As mentioned above it does not make sense to use linear mass relations for the light pseudoscalars.
Using quadratic mass relations rather than linear ones throughout we get CA,, = 11.8, C~= 9.3,
CD = 15.3, CF = 17.2, CD. = 17.7, CF. = 19.6, C,,, = 20.5. As was to be expected the scattering is
substantially larger here (relative splittings in M2 are twice as large as relative splittings in M). What is
worse is that the value of C,,, obtained from the quadratic mass relation differs from the one obtained
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from the linear mass formula by almost a factor of two. It is however not difficult to understand the
origin of this discrepancy: the bulk of M,,, comes from the rest energy of the c-quarks if a mass formula
neglects this contribution it is bound to fail. The first order SU(4) mass formula for the square of the
mass of the 16-plet of vector mesons may be written as (OZI rule, ideal mixing):
—

M~=A+B(m1+m2)

(17.6)

where in1 and m2 are the masses of 2the
quarks contained
in therest
stateenergy.
in question.
thattwo
corresponds
to the quark
In the The
case formula
of light
obviously
neglects
the
term
(in1
+
in2)
quark bound states the terms of order (inquark)2 in the quark mass expansion of M2 are small
corrections, for heavy quarks they contain the bulk of the bound state mass. [For very heavy quarks M2
is given by (in
2 up to effects of order v2/c2 — ai.]
+ in2)mass formula
The linear 1SU(4)
=

a + b(ini +

in
2)

(17.7)

does not have this obvious shortcoming: if b is close to 1 then the linear mass formula may be
approximately valid even if one or both of the quarks are heavy. It is therefore not a priori
unreasonable to use first order formulae linear in the mass for particles containing heavy quarks, but it is
unreasonable to use quadratic first order formulae. In the preceding sections we have shown that
in the
2 tend
to
case of light
boundmass
states
crude estimates
(additivity rule)
for the
terms
order
(mquark)apply the
transform
thequark
quadratic
formulae
into the corresponding
linear
ones.
Oneofmay
of course
same analysis also to the SU(4) relations. Since one is however not looking at small corrections here the
results are rather sensitive to the manner in which one analyzes the terms of order (inquark)2 and it is not
clear that one learns a great deal from this analysis. We find it more instructive to briefly discuss an
extremely simple ansatz that allows one to understand the main features of the observed pattern of
symmetry breaking even if the quark masses are not small [232]. For the Goldstone bosons we take a
quadratic SU(4) mass formula of the type
M~=A + E(m

2.
(17.8)
1 + ,n2)+ C(m1 + rn2)
[We do not consider the isoscalar states ~, ri’, m, which are complicated by mixing.] Since the mass of
the multiplet vanishes in the chiral limit, the constant A is zero. In the opposite extreme of very heavy
quarks the mass of the bound state must tend to the sum of the quark masses. For the mass formula
(17.8) to have this property the constant C must be equal to 1:
M~=.~(m

2.
(17.9)
1+m2)+ (mi+ rn2)
For the vector mesons we take the first order SU(4) formula (17.7) linear in M and again require that
this formula has the right behaviour for very heavy quarks:
M~=Mo+m
1+m2.

(17.10)

[We could just as well also use a formula of the type (17.8) for the vector mesons; this would introduce
an additional free parameter that could be tuned to get even better agreement with the observed
spectrum. The linear formula (17.10) corresponds to the choice A = M~, B = 2M0, C = 1 in (17.8).] We
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then note that the differences M~ M~.= 0.58 GeV2, M~. M~= 0.55 GeV2, M~. M~= 0.55 GeV2
are essentially flavour independent. The mass formulae (17.9) and (17.10) have this property, provided
B = 2M
0:
2.
(17.11)
= 2Mo(m1 + m2)+ (in1 + in2)
Apart from the quark masses in,,, ind, in,, m~the mass formulae for the pseudoscalar and vector
multiplets thus involve a single unknown, the mass M
0 of the vector mesons in the chiral limit, given by
M~= M~ M~..We may therefore determine the quark masses 01, ins, in,, (recall that we disregard the
mass difference m~ lfld) from the mass formulae for IT, K and D with the result
—

—

—

—

—

01=6.2MeV,

m,= 140MeV,

m,,= 1250MeV,

m,/th =22.7,

C9.3.

(17.12)

The linear mass formula for the vector mesons then of course reproduces the mass values of K* and D*
rather accurately this is built in. What is not trivial7)isand
thatF*(2140):
the simpleMs,,linear
formula
alsoMeV,
gives
= 1044
MeV, (17.10)
lvi,,, = 3256
acceptable
values
for
the
masses
of
ço(1020),
t/i(309
MF* = 2150 MeV.
The model is too crude to allow us to specify the precise normalization of the quark mass parameters
in terms of the quark masses that appear in the Lagrangian. In view of this the fact that the absolute
values of the masses one obtains from the model are consistent with the estimates for the running
masses at a scale of order 1 GeV may not appear to be very significant. Note that in the linear mass
formula (17.10) one might just as well think of some sort of constituent masses that remain finite in the
chiral limit what counts there is only the property that the quark mass differences have the right value.
In the mass formula (17.11) for the Goldstone bosons it is however evident that the ansatz does not
involve constituent masses: the mass formula can only be right if the quark masses that appear there
measure the breaking of chiral symmetry. Since the algebraic structure in the chiral limit is correct we
believe that the model does allow one to estimate quark mass ratios in a meaningful manner. The
estimate for in,: 01 is indeed essentially the one given in section 8. The value C = 9.3 based on the
masses of p, IT, K, D confirms the estimate C = 8.9i~derived above from the masses of A,,, D* and cl’.
If the value C = 9.3 is correct, then the absolute values of the running light quark masses at p. = 1 GeV
follow from the measured quantity m~(1 GeV) = 1.35 GeV and the value in,: 01 = 25 given in section 13:
—

—

01 (1 GeV) = 6.0 MeV;
Finally, the ratio R
in,,

=

in,

(1 GeV) = 150 MeV.

43.5 determines the masses

(1 GeV) = 4.4 MeV,

ind

in,,

and

(1 GeV) = 7.7MeV.

(17.13)
ind

individually:
(17.14)

18. Quark masses from grand unified theories
In the preceding sections we have exclusively considered low energy phenomena and have exploited
the fact that at low energies QCD + QED represents an accurate effective Lagrangian. In that
Lagrangian the fermion masses are external parameters. To understand the size of these parameters one
has to go beyond the effective low energy theory and study the degrees of freedom that are frozen at low
energies.
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St
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One set of degrees of freedom that certainly plays a central role in the mass problem is known: the
electroweak gauge fields. The electroweak interaction can be formulated in a consistent manner only if
the Lagrangian of the theory does not contain fermion mass terms. In the standard framework based on
SU(3) x SU(2) x U(1) the presence of mass terms in the low energy effective Lagrangian is associated
with a spontaneous breakdown of the SU(2) gauge symmetry which gives mass not only to the fermions
but at the same time also to the W and Z gauge fields. In fact, the electroweak SU(2) group cannot be a
symmetry of the ground state if the dynamics of the strong interaction produces a fermion condensate:
the vacuum expectation value (OIüu!0) = 2(0!fiRuLIO) necessarily breaks SU(2), because the left- and
right-handed fields transform in a different manner under this group. It does however not seem to be
possible to understand the observed mass scales on the basis of the SU(2) asymmetries due to the quark
condensate alone. Other degrees of freedom than those contained in the observed fermions and the
SU(3) X SU(2) X U(1) gauge fields seem to be involved in the mass problem.
The Higgs model demonstrates that there exist renormalizable Lagrangians which do reduce to the
proper effective theory at low energies. It suffices to introduce a doublet of scalar fields with a suitable
self interaction to get spontaneous breakdown of SU(2). The observed fermion mass matrix can be
arranged by giving the Yukawa couplings of the scalar fields with the fermions suitable strength. In this
form the Higgs model however only demonstrates that there exists a theoretically consistent framework
which does reproduce the low energy phenomena it does not shed any light on the fact that ine is so
different from in~or on the origin of the flavour asymmetries caused by in,, < ind < in, < in,, < inb < in~.
These flavour asymmetries are introduced into the Lagrangian by hand in terms of widely different
Yukawa coupling constants.
There are other theoretical indicationsfor the need of a larger framework:
(i) The standard model does not explain why the proton and the electron have exactly opposite
electric charge (quarks and leptons transform in a different manner under the U(1) group; the standard
model does not require the eigenvalues of the U(1) generators to be related in such a manner that say
the d quark carries one third of the electric charge of the electron).
(ii) In the standard model it is a mystery why there remained an appreciable number of protons,
neutrons and electrons after the big bang was over; since the model separately conserves quark number
and lepton number it calls for a tiny excess of quarks over antiquarks in the very beginning
(alternatively, the universe must have managed to keep islands of quarks and antiquarks separated well
enough for them to escape annihilation this possibility looks even more mysterious).
(iii) The values of the three coupling constants in SU(3) x SU(2) x U(1) are arbitrary theoretically,
the model would also make sense if these constants were different from what is observed.
Grand unified theories [234,235] propose a remarkably simple and beautiful solution to these puzzles.
In the minimal model [235]the group SU(3) x SU(2) x U(1) is a low energy relic of the group SU(5) that
unifies all known interactions with the exception of gravity in a gauge field theory containing a single
coupling constant. Since the generator of the U(1) subgroup is among the generators of the simple
group SU(5) its eigenvalues are integer multiples of the eigenvalues that occur in the fundamental
representation. This explains why the electric charge is quantized. The irreducible representations ~
and ~fflunify quarks and leptons; the interactions mediated by the gauge fields of SU(S) transform
quarks into leptons and therefore allow antiprotons to convert into electrons. The conversion may be
sufficiently inhibited at low energies to have escaped detection, but yet be sufficiently fast in the early
hot phase to explain why a small CP violating component in the mass matrix will prevent the baryons
from disappearing altogether after the universe had become too cold for baryon pair formation. For the
model to be realistic it is essential that the SU(5) symmetry breaks down at a mass scale for which the
value of the effective coupling constant g2/4IT is close to ~. This value appears to be too small for a
—

—

—
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spontaneous breakdown to occur within the theory itself. One may help it a little by introducing a scalar
field ~ that transforms according to the 24 dimensional adjoint representation of SU(5) and that has the
proper self interaction to make it energetically favourable for the ground state to be asymmetric under
SU(5), (01410) 0. This expectation value gives mass to the gauge fields X, Y that transform quarks into
leptons (the fermions remain massless because the left-handed fields transform differently from the
right-handed fields under the center of SU(5) the Higgs fields are invariant under the center and hence
cannot produce any left—right transitions). If at the scale M~ the effective coupling constant g2/4ir is
close to ~ then one can understand why a
0w have the values observed at low energy: for the
5, a and
strong interaction to bind light quarks, to form
a fermion condensate and all that the effective coupling
constant a, must be of order one. Since this value has to grow out of ~ the size of the bound states
produced by the strong interaction is larger than the Compton wave length of X and Y by about 14
orders of magnitude (refs. [236,237]; see Antoniadis, Kounnas and Roiesnel [238] for more precise
statements and references to the recent literature):
—

M~

1.5 x 1015 A~.

(18.1)

The fine structure constant decreases during this huge interval from ~ . = th to ~ and sin2 O~
decreases from the SU(S) Clebsch—Gordon value ~ to 0.22.
What remains a mystery in this scenario is why the symmetry breakdown of SU(2) necessary if SU(3)
is to produce a fermion condensate occurs at a mass scale M~, M~ 100 GeV, 12 orders of magnitude
smaller than M~, but two orders of magnitude larger than the scale of the strong interaction bound
states (Gildener [239]; see Ellis [240]for an excellent review of the problem).
Georgi and Glashow [235]proposed that the second breakdown is associated with a scalar Higgs field
transforming according to the representation ~ that happens to get a relatively small vacuum expectation value which breaks SU(2) and leaves us with the effective low energy theory SU(3) X U(1). The W
and Z gauge fields get the masses needed to reproduce the Fermi constant if the vacuum expectation
value has the proper size and the fermions obtain masses in proportion to the Yukawa couplings. The
symmetry group asserts that the Yukawa coupling constants are determined by two free parameters for
each one of the three generations (more precisely, two for each pair of generations). The masses of the
u, c and t quarks and the masses ine, m~and inr may be used to tune these constants. The symmetry then
predicts
indine,

in,1fl~,

inbin~.

(18.2)

[Quite apart from the question of how to get the proper scale for M~ and M~ any Higgs model which
treats the three fermion generations as independent suffers from the defect mentioned above: some of
the flavour asymmetries are still introduced by hand in the form of different values for the Yukawa
coupling constants associated with the three generations.] The masses are renormalization dependent;
since the leptons are not surrounded by gluons their masses change much less as the scale is changed. If
relations like (18.2) hold at very short distances at which all degrees of freedom of SU(5) are in action
(p. ~ M~) then the b quark must be considerably heavier than the T-lepton at low energies. In order of
magnitude the observed ratio
S
inb(mb)/in~ =

2.38 ±0.06

(18.3)

indeed agrees with the calculated renormalization effect in leading log approximation [241]. A more
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precise calculation of the renormalization effect appears to give a value for the ratio inb.in,. that is
somewhat larger than what is observed [242,243].
To analyze the relation for in, we consider the ratio mb. in, which in the minimal subtraction scheme
is renormalization independent. With the value inb (1 GeV) = 5.6 ±0.4 GeV given in section 16 the
SU(5) relation
in,

= ~

(18.4)

inb

implies
(1 GeV) = 330 ±25 MeV

in,

(18.5)

a value that is substantially higher than the estimates given in the preceding sections. Note that with the
ratio in,: 01 = 25.0 ±2.5 the above value corresponds to 01 (1 GeV) = 13.2 ±1.8 MeV.
Finally, the relation
m,Jmd = in/line

=

206.8

(18.6)

may be compared directly with the quark mass ratios obtained in sections 13 and 14 which imply
in,/ind

19.6±1.6

(18.7)

in obvious disagreement with (18.6). Since the masses ind and m~are very small it is conceivable that the
relation (18.6) is affected by some small residual interaction e.g. due to a heavy fermion with a mass that
may be as large as the Planck mass [244]. Georgi and Jarlskog [245] instead propose to replace the
relations (18.2) by
3ine,

ind

in,~
3in,,

inb

in,.

(18.8)

and show that these relations may be arranged together with the familiar formula for the Cabibbo angle
[246,247]
2 0,, = ind/in,
(18.9)
tg
if one considers a richer spectrum of Higgs particles and chooses the Yukawa couplings appropriately.
[Note, however, that it is difficult to tune the Cabibbo angle “naturally”; see Gatto, Morchio and
Strocchi [248]; Sartori [249] and the references quoted in these papers.] We do not discuss the
theoretical status of the above relations [250—253],
but simply compare them with the quark mass values
obtained in the preceding sections. The prediction (18.5) is lowered by a factor of 3 and now gives
in, (1 GeV) = 110 ±8 MeV, which is somewhat low. The ratio in,: 1~d is modified by a factor 9 to
in,: ind = 23, which is somewhat high, but is not inconsistent with the measured value (18.7).
It is clear that the present understanding of the mass problem in the framework of grand unified
theories does not give reliable predictions about the fermion masses. Many basic problems have yet to
be solved: (i) It is not clear why the curvature of space-time is determined by the physical energymomentum tensor, which measures the difference of the actual local energy density and the energy
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density of the asymmetric, physical ground state in the absence of a principle that guarantees this the
theory is likely to predict a cosmological constant of order GM4X. Unless gravity is modified well before
the Planck length is reached it would generate curvature of order (10-20 cm)2 or more and ruin even
the most beautiful scenario. (ii) A theory that embeds the effective low energy Lagrangian SU(3) x U(1)
in a simple gauge group suffering spontaneous breakdown leads to heavy monopoles [254,255]. The
physical significance of these exotic objects is not understood. (iii) It is not clear that all the fields
appearing in the effective low energy Lagrangian are in fact still elementary at distances of order
M~t_theymay turn out to be composite already at a much larger scale. In particular, the fields
responsible for the spontaneous breakdown of SU(2) may have an interesting life of their own with a
characteristic scale perhaps of order I TeV (see e.g. refs. [256—261]).
(iv) The occurrence of two scales
M~, M~ is difficult to understand in terms of a hand made Higgs potential. Whether a consistent
realistic theory emerges if one associates some of the forces responsible for symmetry breakdown with
radiative corrections [262,264] remains to be seen. (v) Radiative corrections may also be at the origin of
some of the fermion masses [263].The smallness of ratios like ine: m~ or m~: m~suggests that only some
of the fermions get their mass directly from the same source as W and Z. At any rate a solution of the
generation problem is not in sight.
The idea that the asymmetries in the effective low energy Lagrangian are not relics of an asymmetry
in the underlying theory, but are there as a consequence of the fact that the state of lowest energy
happens not to be symmetric is too beautiful to be wrong the available partial realizations of this idea
provide us with instructive models showing how this could happen; if these models are however
equipped with all the parameters necessary to reproduce the proper low energy theory they become too
ugly to be right.
—

—

19. Summary and conclusions
1. At low energies (p. 100 GeV) all degrees of freedom except the quarks, the gluons, the leptons,
the photon and gravity are frozen. Low energy phenomenology is consistent with the standard picture
according to which QCD + QED is a very accurate effective low energy theory (unless one considers
very large systems for which gravity cannot be neglected).
2. The effective low energy theory involves two coupling constants g, e and the mass matrices of the
quarks and leptons as external parameters. The theory is renormalizable and may be characterized by
the on-shell values of e, mlept and by the running coupling constant g and the running quark mass matrix
at scale p..
3. We have reviewed the information about the eigenvalues m,,, m,,~,in,, m,,, mb of the quark mass
matrix. We use the MS scheme and normalize at the running scale p. = 1 GeV. [Since the renormalization group invariant scale A is small, a change in p. produces only a small change in the value of
m(p.): for A <200MeV the value of ni(p.) differs from in (1 GeV) by less than 10% if 0.80 GeV < p. <
1.3 GeV, compare table 1.] In contrast to the value of the running mass at a given scale the
renormalization group invariant mass 01 is sensitive to the value of A which is not known to sufficient
accuracy. [If we wanted to quote renormalization group invariant masses we would always have to give
several numbers for a representative set of values of A.]
4. To first order in e2 the effective Lagrangian describing the properties of hadronic bound states is
given by
‘~

~

(19.1)
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The interaction due to photon exchange is ultraviolet divergent and must be renormalized. As it is
familiar from QED the counter terms i~E,Ainq, i~g are not unique the total Hamiltonian of
QCD + QED is uniquely defined by the constants e, m1~~5,
g(p.), inquark(p.), the splitting into pure QCD
—

and an effective electromagnetic interaction is not. Numerically, the inherent ambiguity in the notion of
a quark mass in pure QCD is however not significant: A change of the renonnalization point that
defines the renormalized electromagnetic interaction by a factor two affects the quark mass only by
about l%~for charge ~ and by ~%o for charge ~ this is far beyond the accuracy to which quark masses
can be determined at present.
5. In the limiting case of a theory involving only massless quarks the counter term ~inq is absent.
Apart from the renormalization ~E of the vacuum energy the divergent piece of the electromagnetic
interaction is absorbed in a suitable shift of the strong coupling constant, i.e. in a change of the
renormalization group invariant scale A. A change in the scale defining the renormalized electromagnetic self-energy amounts to a universal multiplicative renormalization of all physical masses in pure
QCD (see section 11). A change in the scale by a factor two changes the mass of the proton in pure
QCD by 0.06 MeV. If m~and ind vanish all isospin breaking inass differences are finite and may be
worked out on the basis of the unrenormalized Cottingham formula.
6. In the real world with m~ ind the Cottingham formula for isospin breaking mass differences such
as M~ M~ must be renormalized. The fact that the divergence only has a tiny coefficient proportional
to am,,, aind is consistent with the analysis of the Cottingham formula: the contributions from the deep
inelastic region that are responsible for the divergence are indeed invisibly small.
7. We have reanalyzed the electromagnetic self-energies of the qqq and q~ground states. The
resulting values for the isospin breaking mass differences in pure QCD are given0 in
tableup
3. There
is an
vanish
to terms
of
important
check:
in
pure
QCD
the
mass
differences
~
+
.~
22°and
IT~ IT
order (in,, md)2 [~O A and IT0 i~mixing and higher order terms in the quark mass expansion
produce a contribution estimated at (.~+ £ 2.~°)ocD
= ±0.02
MeV, (ITt IT°)OCD= ±0.1MeV]. The
calculated electromagnetic contributions to these mass differences indeed agree with the observed
values within the errors of the calculation.
8. In pure QCD the masses of the bound states are determined by A and by the quark masses:
M,,(A, in,,, ind, in,, inc, . . .). Since the masses of the light quarks u, d, s turn out to be small in
comparison to their typical kinetic energy it makes sense to expand the mass of the bound states in
powers of in,,, ind, m,, keeping in,~,inb,... fixed at their physical values. For the mass of the proton,
e.g., the quark mass expansion is of the form
—

—

—

—

—

—

M~=

a+

binquark ~

—

—

—

(19.2)

(the first order expansion for M~is of the same form—first order mass formulae do not distinguish
between M and M2). In the case of the pseudoscalar octet the mass vanishes in the chiral limit
in,, = ind = in, = 0. The expansion for M,,. takes the form
M~ = Bin quark

(19.3)

(a quark mass expansion holds only for M~ the quantity M.,r has a square root singularity at
inquark = 0).
First order mass formulae such as (19.2) and (19.3) indeed give a satisfactory account of the SU(3)
asymmetries in the bound state masses due to in,, < ind < in,. In particular, the first order mass formulae
imply the Gell-Mann—Okubo relations which are very well satisfied. Furthermore, the ratio
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R

= (in,

—

01)/(md

—

01

in,,);

=

~(m~+

(19.4)

ind)

determines the size of the SU(2) splittings produced by in,. ind in comparison with the SU(3)
splittings generated by in, 01: if R is known then the mass differences p n, .~
o
~ and K~ K°can be calculated from the observed SU(3) splittings
N,
A and K2— IT2.
The value of R that fits K~ K°roughly agrees with .~ .~ and .E° ~. This value however leads to
a p n mass difference that is considerably larger than what is observed. Quite apart from the need to
resolve this discrepancy one has to study the higher order terms in the quark mass expansion to see to
what extent first order mass formulae can be trusted.
9. As pointed out by Li and Pagels the quark mass expansion is not a simple Taylor series the
terms neglected in (19.2) and (19.3) are not of order (inquark)2. In the chiral limit around which one is
expanding the theory contains massless physical particles (Goldstone bosons) which generate infrared
singularities. The coefficients in the formal Taylor expansion are infrared divergent. The proper quark
mass expansion for the proton mass e.g. has the structure
—

,~‘—

—

—

—

— ~

—

.~ —

—

—

—

lvIi. = a +

binquark + C(inquark)312 +

.

(19.5)

The size of the nonanalytic term is determined by current algebra in terms of f,r, g.~.,M,,., MK and M~.
Numerically, the nonanalytic term is a disaster: it is as big as the first order term and there is every
reason to expect that the higher order terms in the quark mass expansion are as big as the term retained
in (19.5). If one uses the quark mass expansion in this raw form (chiral perturbation theory) one does
not get meaningful results. To obtain a reliable approximation scheme chiral perturbation theory must be
improved by reordering the expansion and summing up leading infrared singularities that occur to all
orders in the quark mass (see appendix C). A simple coherent method that achieves this is based on the
notion of an effective chiral Lagrangian. As long as the effective Lagrangian gives the particles the
proper masses and satisfies the soft-pion theorems it also produces the correct leading nonanalytic terms
in the quark mass expansion. To purify the mass of the proton of its leading nonanalytic terms it suffices
to subtract the self-energy diagram corresponding to a suitable effective Lagrangian. If the nonanalytic
terms are handled in this manner one finds that the corrections to the first order mass formulae are
indeed small. They are nevertheless significant as they account for the flavour asymmetries in the mass
spectrum caused by the fact that different members of a multiplet get an unequal share of meson cloud
energy. In fact, the corrections required by improved chiral perturbation theory not only lead to a
perfectly coherent approximation scheme, but explain why earlier determinations of the ratio R did not
give a consistent picture.

10. Apart from the nonanalytic contributions the quark mass expansion also contains regular higher
order terms, present even if the masses of the bound states were analytic in in,,, ind, in,. We give simple
estimates of these contributions which show up e.g. in the difference between the mass formulae for M
and for M2.
11. Armed with these estimates of the higher order terms in the quark mass expansion we then
analyze the two quark mass ratios inu m,~:in, on the basis of the observed meson and baryon masses.
We determine the ratio R on the basis of five independent manifestations of isospin breaking (K~ K°,
p n, .~
~!° E and p w mixing, see table 4). The results cluster around R = 43.5 which is
within the estimated uncertainty of each one of the five values. Treating these values as independent
measurements we obtain
—

— ~,

—

R

=

43.5 ±2.2

—

—

(19.6)
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(the individual error bars range from ±4to ±10). Note that the nonanalytic terms in the quark mass
expansion produce a substantial correction to the R-value obtained from p—n; the value extracted
from the bare first order mass formula is inconsistent with (19.6). The information on the ratio R
derived from i/i’ decay and from the D~ D°mass difference is not inconsistent with the value 43.5, but
is too uncertain to give comparable accuracy. We do not attempt to extract a value of R from the decay
3IT, because the theoretical prediction for the rate of the decay i~ 2y (which normalizes the other
experimental rates) disagrees with the available data.
The value of the ratio in,: 01 may be extracted from the observed masses of IT, K and ~. On the basis
of an analysis of the corresponding higher order terms in the quark mass expansion we obtain the value
—

—~

—*

in,/01 = 25.0 ±2.5.

(19.7)

The above results for R and

in,:

01 imply the following values for related quark mass ratios:

ind/inu =

1.76 ±0.13,

in,/ind

19.6±1.6,

ind/01

=

34.5 ±5.1,

(m~

ind)/(in,, + ind) =

m,/in,,

=

m,,/ñi

—

=

0.72 ±0.03

1.28±0.03
—0.28 ±0.03.

(19.8)

[Note that if the u quark mass would vanish the two ratios in,: 01 and R would be related by
in,: 01 = 1 + 2R, in total disagreement with the above values which give 25.0 ±2.5 and 88.0 ±4.4 for the
left- and right-hand sides of this relation.]
12. The baryon masses also provide us with an estimate of the u-term in pion—nucleon scattering. It
turns out that the higher order terms in the quark mass expansion increase the value of the u-term by
about 10 MeV. The result is
cr
0=35±5MeV

(19.9)

where y measures the proton expectation value of the operator ss:
2(p~ss~p)
(pluu

+

(19.10)

ddjp)

The value of y is not known; it is correlated with the value M0 of the nucleon mass in the chiral limit
[y = 0 corresponds to M0 = 870 MeV, for y = 0.2 one finds M0 = 670 MeV]. We consider the estimate
y <0.2 which leads to u <50 MeV as very conservative. The observed value u(2M~,.)= 65 MeV is not
consistent with our analysis (for details see appendix D, where we also discuss isospin breaking in the
u-terms).
13. The absolute value of the light quark masses is not known very accurately. We have performed a
new evaluation of the QCD sum rules for the axial divergence and show that the sum rules are
consistent with the following running masses at scale p. = 1 GeV:
01 (1 GeV)= 7±2MeV,

m,(1 GeV)= 180±50MeV

(19.11)

[the quantity 01(1 GeV) stands for ~{m~(1GeV)+ md(1 GeV)}]. Smaller values of 01, in, are inconsistent with the bounds given by Narison and de Rafael, larger values call for an exceedingly large
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spectral function in the intermediate energy region between 1 GeV and 2 GeV which would represent a
remarkable phenomenon in itself.
The evaluation of other QCD sum rules that provide information about light quark masses is subject
to larger uncertainties, because there is less information about the behaviour of the spectral function
than in the case of the axial divergence. To within the rather large error bars the resulting quark mass
estimates are consistent with the above values.
14. With the values for the two ratios in,.: m~. in, given above the estimate 01 (1 GeV) = (7 ±2) MeV
amounts to the following results for m~,ind and in5:
m,.(1 GeV)=5.I±1.5MeV
(1 GeV) = 8.9 ±2.6 MeV
ind

in,

(1 GeV) = 175 ±55 MeV.

(19.12)

The corresponding renormalization group invariant masses may be read off from table 1 (the value of
refers to the MS scheme with 3 flavours):
A=100MeV
ni,,=7.6±2.2MeV
= 13.3±3.9MeV
01, = 260±80MeV

A=200MeV
th~=6.3±1.9MeV
thd = 11.0±3.2MeV
th,= 215±65MeV.

A

(19.13)

15. According to Gell-Mann, Oakes and Renner the pion mass is determined by the product of the
quark mass 01 and the order parameter (0Iüu~0)= (0~ddI0):
~

=

(19.14)

—4th(0IuuI0)+~.~.

The measured values of M,,. and f,,. therefore fix the order parameter once the quark mass 01 is known.
With the value 01 (1 GeV) 7±2MeVwe obtain
2GeV3
(OIfluIO)= —(1.1 ±0.3)x10
= —(225 ±25 MeV)3.
(19.15)
16. The masses of the c and b quarks are known much more precisely than the masses of u, d and s.
The values obtained from the QCD sum rules involving the electromagnetic current may be written in
the form
m,,(m,,) = 1.27 ±0.05 GeV
mb(inb)=4.25±0.1OGeV.

(19.16)

[The function m,,(p.) is the running c quark mass, the quantity m,,(m,,) is the solution to the equation
m,,(p.) = p..] The corresponding values at scale p. = 1 GeV are
m,,(1GeV)= 1.35±0.05GeV
inb

5.3±0.1GeV;
(1 GeV) = ~ ±0.1 GeV;

A =
A =

100MeV
200MeV.

(19.17)
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17. For very heavy quarks the perturbative notion of a dressed quark mass Mq (the mass that appears
in the Balmer formula) is a meaningful concept. The information about the value of Mb is reviewed in
section 16— the nonperturbative effects in bound states containing c quarks are presumably too large for
the perturbative notion of a dressed c quark mass to be useful.
18. In contrast to in,,, ind, in, the mass of the c-quark is not small in comparison with the
characteristic scale of bound states. One therefore has no right to expect the SU(4) mass relations
(which are obtained by treating in,,, 01 as a perturbation) to be reliable. An analysis of these mass
relations nevertheless leads to a remarkably coherent picture which allows one to extract an estimate of
the ratio
—

C= (in,,— th)/(in,— 01)

(19.18)

that measures the size of SU(4) splittings in comparison to SU(3) splittings:
C=9±2.

(19.19)

[It is difficult to assess the systematic error of the analysis we think that the error bars given in (19.19)
represent a realistic estimate for the range of C values that are consistent with broken SU(4).] With the
measured value of the running c-quark mass at 1 GeV and with the ratios in,,: m,~:in, given above the
estimate (19.19) implies the following values for the running light quark masses at 1 GeV:
—

01 (1 GeV)= 6.2±1.9MeV,
in, (1 GeV) = 4.5 ±1.4MeV,

md(1 GeV)= 7.9±2.4MeV,
in, (1 GeV) = 155 ±50MeV.

(19.20)

These values are perfectly consistent with those obtained from QCD sum rules.
19. The recent developments in the numerical evaluation of QCD correlation functions on a lattice
(for an excellent review see Hasenfratz [265,266]) have made it possible to calculate observable
quantities in terms of the parameters of the Lagrangian. The numerical results [267—271]
are impressive.
The evidence given for spontaneous breakdown of chiral symmetry is rather convincing. The numerical
values for the order parameter (0I~qI0)and for the quark masses however have to be taken with some
caution, because the lattice regularization violates chiral symmetry ab initio; a more detailed analysis is
required to clearly separate spontaneous chiral symmetry breaking from the residual symmetry breaking
effects due to the regularization. It is not a trivial matter to connect the lattice quark mass parameters
with the running quark masses of the continuum theory. (The quark mass values given by different
groups differ by a factor two.) Mass ratios are scale independent and may be less sensitive to the
uncertainties of the method. If the ratios of the lattice quark mass parameters given by Hasenfratz et al.
(01 : in,: in,, 5.6: 144: 1213) can be taken as a measurement of the ratios of the masses that occur in
the Lagrangian of QCD then the known value (19.17) of the running c-quark mass at 1 GeV implies
01 (1 GeV) = 6.2 MeV, in, (1 GeV) = 160 MeV, in remarkable agreement with the values given above
(The two ratios of lattice quark masses amount to in,: 01 26, C 8.7.) At any rate the numbers given
for the light quark masses confirm the standard picture underlying this review and it may well turn out
that in the future lattice calculations will provide us with the most accurate method to measure the
parameters of the QCD Lagrangian.
20. Many interesting attempts to find a nonperturbative approximation scheme for QCD that does
not rely on computer-based numerical methods have been made. Some of these dynamical schemes are
indeed consistent with a spontaneously broken chiral symmetry and a non-vanishing vacuum expectation value of 4q whose size can be estimated (see e.g. refs. [272—2771).
The resulting quark mass
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estimates agree with the values given above to within a factor of two. More work is needed to establish
that massless QCD indeed implies a nonvanishing value of (0~~qt0).
In fact, the literature also contains a
considerable number of papers that are based on the (explicit or implicit) assumption that the vacuum
expectation value of ~q vanishes in the chiral limit (see appendix E). Even if this alternative is
theoretically not very attractive we emphasize that it is not ruled out on phenomenological grounds. A
clean calculation of the order parameter (OIqqIO) in massless QCD would decide whether or not QCD
indeed realizes a spontaneously broken chiral symmetry in the form proposed by Gell-Mann, Oakes,
Renner, Glashow and Weinberg, and would at the same time provide us with an approximate value for
the mean mass of the u and d quarks if the answer is affirmative.
21. Like the lepton masses the quark masses are scattered over more than three orders of
magnitude. Leaving the neutrinos aside the first generation (e, u, d) populates the interval from
0.5 MeV to 10 MeV, the second (p., c, s) covers the range from 100 MeV to 1.4 GeV, the third (r, t, b)
extends from 1.7 GeV to the mass of the t quark whose value is not known yet. The leptons are lighter
than the quarks of the same generation. Otherwise the distribution of the masses within the generations
does however not indicate any conspicuous systematic features [normalizing the running quark masses
at 1 GeV the ratios are (me:m,,:md)= (1:9:16); (in,., :m,,:m,)= (1:13:1.5); (m,.:mt:mb)= (1:?:3.1)].
The order of magnitude of the ratio ins: m,. may be understood on the basis of SU(5) grand unification.
The other ratios can be accommodated, but there are no convincing arguments to show why they could
not just as well have any other random values the origin of the observed pattern of flavour symmetry
breaking remains mysterious.
—
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Appendix A. Other multiplets: 3, 3*, 6 and 10

A.]. SU(3) symtnelly
Mesons consisting of one heavy quark and one light quark and baryons containing two heavy quarks
transform according to the representations 3 or 3*• For baryons with one heavy and two light quarks
both representations 3* and 6 are possible. The matrix elements of the operator 4q between states
transforming according to the representations 3, 3*, 6 or 10 are determined by two constants.
In the following we exhibit the mass formulae for the multiplets
and
in a somewhat
condensed form. We shall assume that the unperturbed multiplets (in,, = in,,, = in, = 0) are well
~,

~,

~

~
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57~

separated from one another, such that the mixing phenomenon discussed in appendix B is absent. We
denote the matrix elements of the quark bilinears in the state with the largest value of isospin T,
T3=+TbyB”,B’~,B’:
etc.

= (Tmax, Ti’3 = TmaxIÜUIT3 = Tmax, Tmax)

1

Then we find the following first order quark mass expansions:

I

Triplet

Baryons

Mesons

Iuhh,dhh,shhl
~+±

= A3+

Iuh,dh,sh~
~

fl±J

±

~(m,,+ ind+ m,)(B~+ 2B~)+

2(B~ —

D, F~J

B~)[~(m,, ind)T3 + (01
—

—

m,)(T— ~)]

where we used
3

LI

— Dd
—

LI 3

Antitriplet
Baryons

Mesons

f ush, dsh, udh
lE”~

f hd, hU, h~

‘~

1D~,D°,F~

A0

A

2=

3.+~(,n,,+ind+ ~

M

(01—

md)T3

with
—

L)3*

DU

—

Sextet
fuuh, udh, ddh, ush, dsh, ssh
‘~

2=

M
with
13’

—

i÷~°s~s°a

A
6 +

~(m,.+

ind

+

m,)(B~+ 2B~)+(B~ B~)[~(m,, md)T3 + (01
—

1

—

—

m,)(T

—

144

J. Gasser and H. Leutwyler, Quark masses

Decuplet

f uuu, uud, udd, ddd, uus, uds, dds, uss, dss, sss
Li±± ~+

M2

~o

~

~*o

~*±

~*—

E~ Q—

~~*o

= A
10 + ~y(inu + ind +

m,)(B~0+ 2B~)+ ~(B~0 B~)[~(m,, md)T3 + (01
—

—

—

m,)(T

—

1)]

with
B~0=B~.

(A.1)

For the multiplets 3, 3~,~ and j~QSU(3)-symmetry amounts to quark counting (equal spacing rule): for
these multiplets the SU(3) mass formula may be written as
2= a+ b(N,,mU+Ndmd+N,m,)
M
where N,. is the number of up quarks in the state in question.
A.2.

SU(4)

symmetry

In the limit in,, = ind = m, = in,, = 0 the ground state baryons constitute a 20-dimensional representation of SU(4) and the meson multiplets transform according to 1~J~31.
lithe quark mass expansion of
the proton mass in powers of in,,, ind, in, and in,, is known, one can calculate the expansion coefficients
for all members of the 2!2 = 8 ~ 6 ~ 3 ~ ~ The coefficients which occur in the quark mass expansion of
~ and 3* with respect to in,,, ind and m, may then be given in terms of the quark mass expansion of
the proton.
In fact let
=

A

+ Eum

+

Eu(pIuuIp)

~dmd + Bm,

+

~cin

etc.

Then one has the following relations (valid to leading order in an expansion in

in,,):

A
3 =

A

+

m,,E~

B~=1i”;

A3~= A

+

~m,,(2E’

—

Ed

+

2Ev);

A6 =

A

+

in,,Ed

B~.=B;~=~(E’+4fr’+E”);

B~=A~

B~.=E’;

B~=B’6=E’.

Equivalently, one may express the masses of the states in 3, 3*, ~ and ~ in terms of the mass of the
T = 0 state in the octet, M~, and the F- and D-couplings of the octet
~
D=~(th m,)(Eu+E5_2E)=~(M~_M~,).
—

J. Gasser and H. Leuiwy/er, Quark masses

145

555
‘S
‘S
‘S
‘S
‘S
‘S
‘S
‘S

We summarize the resulting expansion below [2781:
Triplet
~

ms—rn

rn~—in

Antitriplet
=

M~+ (i

-

I ‘~)(F + ~D)+ (F

-

~D)(rnd

‘~ T~
- 2T)

Sextet
M~= M~

_(i+

in~ ‘~)F+~(1+3

m,—m

3

~~)D+F{in~
T3+2T1
,n,—m
in,—m
j
in~

mU

Octet
(A.2)
The quark mass differences 01 in, and in,, ind induce mixing in zeroth order between states carrying
the same electric charge, strangeness and charm quantum numbers. (i) The mass difference 01
mixes the isospin doublets (usc, dsc) that occur in the representations ~3”and ~. The mixing angle is of
order (in, 01): (in,, 01). (ii) The isospin violating mass difference in,. ind generates mixing of the two
octet states
A. The mixing angle is of order (ind— m~):(in,—01) [see section 9]. (iii) The mass
difference in,, ind also mixes the isosinglet udc in the representation ~3~”
with the isovector state udc in
the representation ~. The mixing angle is of order (rnd— m~):(m,,—01). [me—ind also slightly modifies
the mixing among the isospin doublets mentioned above.]
For these 8 2:(m,—
states the
formula
(A.2) 01)
therefore
only m,,)(m,—
holds up 01):(m,,—
to terms of01)order
(in,
(in,, a
01),mass
(ind—
mu)2:(m,,—
and (ind~
respectively.
[For
01), (ind—
m,,) analysis of the mixing problem in the case in,, = ind see Borchardt, Mathur and Okubo
more
detailed
J279].]
The mesons occur in 16-plets: on account of the OZI rule the representations i~and ~iare nearly
degenerate. We refer the reader to the literature [279,280] for a detailed account of the general mass
formulae. For the unmixed states the first order SU(4) mass formulae are equivalent to the quark
counting rule:
—

—

—

—

—

—

.~‘°,
—

—

a

+

01)2:

—

b(N~m~
+ Ndind + N,m, + N,,m,,).

This formula is also valid for the mixed states, provided the mixing is ideal (OZI rule). As discussed in
appendix B (in the context of nonet degeneracy in SU(3)) the mixing is nearly ideal for all multiplets
except for the pseudoscalars for which ~ is nearly pure ~c, the ~ is close to the SU(3) octet state and
the
is close to the SU(3) singlet state (uu + dd + ~s)/\/3 [with a sizeable contamination from FF].
~‘
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Appendix B. Meson nonets

As mentioned in section 7 the OZI rule implies that the singlet and octet mesons containing light
quarks are nearly degenerate. For definiteness we use the notation appropriate for the vector meson
nonet. Since the width of some of these mesons is not small in comparison with the mass splittings
(F~= 158 MeV, MK. M~= 116 MeV) we have to consider both the real and the imaginary part of the
position E = M ~iF of the pole in the propagator. Both M and F are functions of A and the quark
masses. The width is very sensitive to the positions of the threshold for decay (phase-space) it is a
highly nonanalytic function of the quark masses. If we would e.g. put the masses of the u and d quarks
equal to the physical value of m,(in~= ind = in, = in0) then the entire nonet would be stable; both octet
—

—

—

and singlet
would
be close
1020 MeV
pseudoscalar
the dmass
2M,.
= 700MeV,
tootolarge
for thewhereas
vector the
mesons
to decay.mesons
As thewould
massesoccur
of uatand
are
(in,/th)~ at fixed in. the multiplet splits, the states containing predominantly u and d quarks becoming
decreased
lighter. When the mean mass 01 = ~(inu + ind) has reached a value of the order of ~m, the decay channel
for the p is opened and the pole starts walking off the real axis. At the physical value of 01 the real part
reaches the value 776 MeV and the imaginary part is —79 MeV. The poles of the other states stay closer
to the real axis: the imaginary parts of M,,, MK* and M
55 are —5 MeV, —25 MeV and —2 MeV
respectively. First order perturbation theory only shifts the real parts, by an amount given by the
expectation value of the perturbation c~j(m mo)q in the unperturbed states. It is difficult to control the
higher order terms; the main effect of these higher order terms is to shift the poles in the direction of
the negative imaginary axis.
To be on safe grounds we first analyze the mass formulae for unphysical values of in,,, ind that are
large enough for the vector mesons to be stable (say 01 km,) and show that in this region of quark
masses the ~ state is almost ideally mixed. Since the decay channels1~d
respect
the OZI
then
are lowered
to rule
their we
physical
conclude
that
the
~
remains
ideally
mixed
when
the
masses
of
in,,
and
values. Finally we will analyze the mixing of p°and w for which it does not make sense to ignore the
imaginary part of the masses, but for which only the small isospin breaking piece of the quark mass
perturbation counts, such that a first order calculation with respect to that perturbation is appropriate.
We first put in,, = ind = 01 and suppose that 01 is large enough for the nonet to be stable. The first
order mass formulae for the unmixed states are
—

—~

M~=A
8+201Bu+m,Bd

M~.=A8+th(B~+B”)+in,B”.

(B.1)

(The octet matrix elements of the operators üu, dd and ~s involve only two unknowns because the
F-coupling vanishes; in the notation used in section 9 for the baryon octet, the equality M,,~= M~requires B’ = B”.) We denote the mass eigenstates in the limit in,, = m,~by
1,5), K*), ~). The states
k~)and I~)
are linear combinations of the singlet and of the octet member with T = 0:

~,

I~)=cos~I1)+sin~I8,T=0)
~)=sin~ I1)—cos~8, T=0)

(B.2)

where we have introduced the mixing angle in such a manner that for tg ~ = 1/V2 the state ki~)becomes
(uu + dd)/V2 whereas ~)becomes pure ~s.
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To work out the masses of these states we need the matrix elements of the perturbation
(8, T = 0~4mqJ8,T = 0) = ~(01+ 2in,)B”
(8, T

=

0~4mqI1)= ~\/2(01

—

+

~(401 in,)B”
—

m,)B18

(1Jc~mqI1)= ~(2th+ in,)B1.

(B.3)

In terms of these matrix elements the masses are
M~=a_Vb2+c2
M~=a+Vb2+c2
a ‘M~+~(th
+2m,)B”+~(401 ms)B’~’c
—

b

=

~V2(m,—
th)B18

c = ~(A8 A1) + ~(01+ 2m,)B” + ~(4th in,)B” ~(201+ m,)B1
—

—

(B.4)

—

and the mixing angle is given by
2 ~ 2 +M2
M
sin2 ~=
~
—M~,)

(B.5)

~

The OZI rule requires A
8

—

A1 as well as the matrix elements (uu 4mq!dd), (uu~4mq~s)
and (ddl ~mq~.~s)
to

be small. In terms of the invariant matrix elements this implies
A8=~A1
B18

(B~ B”)

[OZI]

—

(B.6)

B1=(B”+~B”).
It is easy to check that if these relations hold, then
M~= M~,
M~ M~ = M~. M~=
—

—

tg~’=1I’F2;

(in,

—

th)(B” B”)
—

[OZI]

(B.7)

~=35.3°.

The deviations from ideal mixing are controlled by the ratio of the OZI violating amplitudes such as
A8 A1 in comparison to the mass splitting produced by the quark mass term, which is of order
(in,
th)(B” B”). The smallness of the ratio (M~ M~):(MK* Al,,) 5% shows that the OZI
breaking amplitudes are very small. To the accuracy of first order mass formulae the mixing angle is
ideal, the I~)
is pure cs, the I~~ii)
is pure (üu + dd)I\/2.
As discussed above it is not easy to predict exactly how the poles will move when the decay channels
open. The real parts of the physical masses of
K* and p satisfy the equal spacing rule (B.7)
remarkably well for the linear mass formula. The differences showing up in the quadratic mass formula
—

—

—

—

~,

—
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are well accounted for by the simple recipe for estimating terms of order (inquark)2 given in section 10.
The asymmetries caused by the decay channels do therefore not seem to have sizeable effects on the
real parts (this conclusion is confirmed by the success of the equal spacing rule in the baryon decuplet).
We now consider the perturbation caused by the isospin violating piece of the quark mass term. The
unperturbed states are the isospin multiplets o3), 1,5), K*), I~).The unperturbed Hamiltonian includes
the physical quark mass term except for the piece ~(m,, ind)(UU dd). To first order in mu m~the
splittings are given by the expectation value in the unperturbed states:
—

Al2

—

~.q2

~

—

~

—01

IIK**JVJK*o_

—

I~JViK*IVip

M~+ M~o= 0.

(B.8)

—

As was discussed in section 9 the OZI selection rule inhibits the state I~)
to mix with I~)
and ,5°).To
analyze the mixing of 1CZ) and I,~°)
produced by the perturbation it is important to account for the fact
that the imaginary parts of their masses are very different. To first order in in,., m~the effective
Hamiltonian that reproduces the proper time evolution of the states (see appendix F) has the form
—

H_IMP
21F0
Mr,.,
~ M,,.~ ~

B9

( .)

with
=

~-~-(m,,— md)(/5°Ifiu ~dI&).

(B.10)

—

The eigenstates are
0

M,.,~

-0

-

I~)= Iii
(B.11)
There is no first order shift in the masses. Note that the states lp°)and 1w) are not orthogonal on
account of I~,. F,.,. The rate for w to decay into IT~IT is given by

2

IT

=

MI
(M~ M~)2
+~(F,,. F~)2FPo~*IT-.
—

(B.12)

—

The transition matrix element M,.,,,, may be expressed in terms of the invariants B”, B”, B
18:
M~= M,.,,,

=

m,~_fh~~{sin
~ (BU

—

B”)+ cos ~ V2 B18}.

Using the OZI relations (B.6) this becomes

(B.13)
I
Si
Si
Si
Si
Si
Si
Si
Si
Si

1 Gusset and H. Leutwyler, Quark masses

149

M~=-”~(MK.-A~).

(B.14)

The experimental information on M~and the resulting value for the ratio R
discussed in section 14.

=

(in, —

01): (inn

—

m~)are

Appendix C. Improved chiral perturbation theory (ICPT)
We split the Hamiltonian of QCD into the chirally symmetric part H0 and the quark mass term H1
and discuss the perturbation expansion in powers of H1. The formal perturbation series for the mass of
a physical state reads

f

M~= M~+ (p~4inqIp) ~i d~x(pJ T~(x)mq(x) q(0) mq(0)Jp) ~
-

(C.1)

where M0 denotes the mass of the particle in the chiral limit and I~)stands for the unperturbed
eigenstate of H0. Since the energies are measured with respect to the physical ground state the
time-ordered product appearing in the second order term only includes the connected part of the matrix
element. The contribution of the state l~)to the sum over all intermediate states implicit in this matrix
element has to be handled with care in the corresponding second order formula for the shift of energy
levels in quantum mechanics the sum only extends over the intermediate states orthogonal to p). To
eliminate the corresponding contribution in the covariant time-ordered product, one may look at the
amplitude
—

T(p, q) = i

f d~x

~55x

(~IT~(x)mq(x) 4(0) mq(0)~p),,,,~~.

(C.2)

where an average over the spin directions of the state I~)
is understood. We are interested in the limit of
T(p, q) as q 0. 2}~
The
contribution
of
the
intermediate
state second
I~)showsorder
up incontribution
the form ofinpole
which explode near q = 0. The proper
the terms
mass
‘—[M~—(p±q)
fonnula
(C.1) is obtained by first taking the limit q2—* 0 and then taking the limit pq 0 [282].
Alternatively, one may consider the one-particle-irreducible piece of T(p, q). This notion is however
only defined within a framework that identifies the state I~)
as the asymptotic state of an interpolating
field with specified propagation properties. We want to avoid the use of such a formalism here, because
it obscures the fact that we are only interested in physical matrix elements of the operator 4inq. Instead
we may define the amplitude T’(p, q) by
—~

—~

T’(p, q)

=

T(p, q) {[M~ (p q)2]~+ [M~ (p + q)2]1} G(q2)
—

—

—

—

(C.3)

where G(q2) is the residue of the pole in T(pq, q2) at pq = ~q2.The prescription given above amounts to
the statement that the second order term in the series (C.1) is the value of —~T’(p,q) at q = 0. For
scalar particles the standard one-particle-irreducible piece coincides with T’; for particles of spin ~this is
not the case, because the propagator leads to a polynomial in pq the one-particle-reducible matrix
element does contribute to the limit specified above and hence contributes to the mass shift [282].This
—
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difference in the one-particle-reducible matrix elements reflects the fact that the Lagrangian for scalar
fields is quadratic in the mass, while the Lagrangian for spin ~fields is linear in the mass.
After these kinematical preliminaries we now turn to the dynamical problems generated by the fact
that the unperturbed system contains N,~ 1 massless Goldstone bosons (N1 is the number of flavours
—

whose mass terms are included in H1). We first consider the perturbation series for bound states that are
massive in the chiral limit, M0 0. Since these states occur in degenerate multiplets of SU(Nf) it is
important that the unperturbed basis vectors are chosen such that the perturbation is diagonal
(A—1~°-mixing).
The expectation value of the perturbation then determines the mass shift in first order
of inquark. The second order term in (C.1) is infrared divergent. The divergence arises from the
integration over x: the integrand exists, but does not decrease sufficiently fast as x ~. The divergence
has to do with the fact that a chiral proton is surrounded by a cloud of massless virtual pions. (For
definiteness we discuss N1 = 2 and consider the expansion of the proton mass in powers of m~,in,,, at
fixed m,. In this case only the pions produce an infrared divergence.) The probability for finding a
virtual pion in the vicinity of the proton only falls off with a power of the distance. Because
2 ofthe
thematrix
pion]
element
(ITI4mqIIT)
is
different
from
zero
[to
lowest
order
this
matrix
element
is
the
(mass)
the quantity (p~T4mq4mqIp)contains contributions that only decrease like a power of x. The crucial
point here is that these contributions arise from configurations in which the pion is far away from the
proton. The coefficient of the leading infrared divergence is determined by physical properties of the
chiral theory: by the ~r—pscattering amplitude for pions of zero momentum and by the one particle
matrix elements of the perturbation. The low energy theorems of current algebra furthermore show that
the scattering amplitude is determined by the one particle matrix element g.~of the axial current
(Goldberger—Treiman relation). Any model Hamiltonian of the type H
0 + H1 for which
(i) H0 has the same one particle spectrum as the chiral Hamiltonian of QCD,
(ii) H0 conserves an axial vector current with the correct matrix elements between the vacuum and
the pseudoscalar one particle states and the correct value gA for the matrix element between one
particle states at zero momentum transfer,
(iii) H, has the same one particle matrix elements as the quark mass term in QCD,
produces the same leading infrared divergences in the perturbation series. [Note that only the linear
infrared divergence in the second order term is determined by g.~. If gA vanishes for the particle in
question, the second order term in the quark mass expansion does not contain a linear infrared
divergence, but may contain a logarithmic one. The conditions given above have to be sharpened if they
are to guarantee that the model Hamiltonian reproduces the logarithmic singularity correctly.] Effective
chiral Lagrangians which describe the pseudoscalar mesons and the nucleons as elementary fields have
the above properties, provided one restricts oneself to tree diagrams. Fig. 3a shows the diagram
responsible for the leading infrared divergence in M~in the language of such a chiral Lagrangian. Note
that we are not using this Lagrangian beyond the tree graph approximation here: we are not carrying
out the loop integral, but only look at the behaviour of the integrand at small values of the pion
momentum k there is no significance to this loop integral for large values of k. The behaviour of the
integrand near k = 0 produces a linear infrared divergence the second order mass formula (C.1) does
therefore not make sense.
What one has to do to carry the quark mass expansion beyond first order is to reorder the series by
summing up dangerous
diagrams
[281].
fact the
diagrams
depicted
fig. 3b
produce factors
of the
2]”
which
are more
andInmore
infrared
singular
as the in
order
n increases.
The diagrams
type [(irI4inq~IT)/k
involve
the same chiral one particle matrix elements and it is easy to sum them up: one merely has to
—~

—

—

replace the massless pion propagator in the chiral effective Lagrangian by a massive propagator with
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b)

c)

S

d)

e)

Fig. 3. Summing up infrared singularities. Single lines represent baryons (—) and mesons (———) in the chiral limit, the crosses denote mass insertions
generated by the chiral symmetry breaking term 4mq. Open circles indicate derivative coupling proportional to g~/f,,.Double lines denote
propagators with physical masses, and the full circles represent the corresponding vertex for physical particles, proportional to the axial vector form
factor.

M~.= (ITI4mqjIT) (fig. 3c). In addition to the sum of the contributions with two or more mass insertions
this diagram also contains a contribution with no mass insertion and a contribution with one insertion.
We could subtract these parts which are not infrared divergent. This is not necessary, however, for the
following reason: the diagram with no mass insertion only changes the value of Mo; the diagram with
one mass insertion is linear in the quark masses with coefficients that respect the SU(N1) symmetry

properties of the chiral limit. This contribution may therefore be absorbed in the first order term it
merely changes the values of the coefficients B~,B”, B’ without affecting their symmetry properties. As
long as we only extract quark mass ratios from the spectrum of the physical particles on the basis of
these symmetry properties and are not interested in the value of the nucleon mass in the chiral limit or
in the coefficients B”, B”, B’ we do not have to subtract these contributions. (To extract the u-terms
—

one does have to take these modifications into account; see Gasser [282].)
The sum of the leading infrared singularities regularizes the divergence in the second order term: the

diagram 3c, 2)3
evaluated
a massive
pion1/MIT.
propagator
convergent.
(pk)’ iswith
converted
into a factor
The entireiscontribution
fromThe
graphdivergence
3c has an
—f
d~k
k,.,
k~
(k
expansion of the form a + bM~+ cM~.~
. The third term in this expansion is proportional to
(in,, + ind). The quark mass expansion fails, because this function is not analytic at in,, = ind = 0.
To reproduce the leading nonanalytic term we may in fact use the physical pion mass rather than the
first order expression M~= (ir~4mq~ir), because the difference between this expression and the physical
pion (mass)2 is of order M~In M~and hence only shows up in the terms of order in~In in,,,.
The result is very simple: to get rid of the leading nonanalytic terms in the expansion of the proton
mass M
0(A, in,,, in~,in,,...) in powers of in,, and in~ one subtracts the corresponding lowest Qrder
diagram, fig. 3c, using the physical mass in the pion propagator. The nucleon propagator and the
pion—nucleon vertex are taken in the symmetry limit. The behaviour of the vertex at nonzero values of
k is irrelevant as long as it is symmetric under SU(Nf) and reduces to g~/f,. for k 0. The integral over
k may be cut off at some kmax or, alternatively, one may suppress large values of k by using a form
—*
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factor at the vertices:
j~T~r~=
M~—~—-

2~J(Mo,
M0, MIT)

J

2(k2) u(p)Xy
J(M1, M2, in) = ~
rn-~~G
5~
~Xy5 u(p)
2=M~
(C.4)
p
where G(k2) is the axial vector form factor with G(0) = 1. In contrast to the proton mass itself, the
quantity M~is analytic in the quark masses in,,, in,,, up to terms of order in~In in,,,.
The next-to leading infrared singularities (ln kmin rather than 1/kmjn) are less easy to deal with. One
contribution arises from the diagram in fig. 3d: one mass insertion is attached to the nucleon line, the
other to the pion line. The diagrams containing any number of nucleon mass insertions (internal as well
as external lines) are again summed up if one replaces the chiral nucleon propagator (mass M
0) by the
corresponding propagator with the physical nucleon mass. A prescription that cures the infrared
singularities also on the first nonleading level must involve propagators with physical masses both for
the pion and for the nucleon lines (fig. 3e). It is however not correct to simply use the symmetric
couplings given by the effective chiral Lagrangian and to only consider the chiral asymmetries due to
mass terms in this effective Lagrangian (symmetric vertices, propagators with physical masses). On the
next-to-leading level there is also a contribution due to the u-term in IT N-scattering. In the quark mass
expansion of the nucleon mass the u-term shows up in a nonanalytic piece proportional to (p101(uu +
dd)Ip)M~ln M~.In the language of an effective Lagrangian the u-term amounts to a coupling of the
type
with a coupling constant that vanishes in the chiral limit. If one wants to include all
nonanalytic terms of order in ~ln mq one has to strengthen the conditions (i), (ii) and (iii) on the effective
Lagrangian and insure that it reproduces the low energy scattering amplitudes not only in the chiral
limit, but up to and including the terms of order in. [Note that the nonanalytic term proportional to
M~.ln M~in the quark mass expansion (C.6) of M~is due to the analogous vertex correction.]
We did not take these next-to-leading nonanalytic terms in the quark mass expansion of the baryon
masses into account. The quantity M~defined by
~

=

— ~2

~

75
IT

C~,,.J(M~,Mm, M,)

(C.5)

~

involves only physical masses. [The constants C’,.,,, are the Clebsch—Gordan coefficients involving the
ratio a = d: (f+ d) of the axial vector coupling constants; the integral J is defined in (C.4).] In the
above we have shown that in contrast
in,,,of
in,,,,
ins,...)
thein,,,.
quantity M,,(A, in,.,, m,,,, in,,...) is
1~d, m,to
upM,,(A,
to_terms
order
m~ ln
analytic
in thevalues
quark for
masses
in,,,
Numerical
the purified
masses M,. are given in table 6. In column I we list the masses of
the particles in pure QCD, obtained by subtracting the electromagnetic Born terms from the physical
masses (we do not indicate the error bars associated with these numbers, but work with the mean values
throughout). In the top half of the table we give the mean_masses of the isospin multiplets, i.e. ignore
the difference in,, in,,,. Column 2 contains the values for M,, according to equation (C.5) with a = 0.62
(SU(3) symmetry for the axial vector couplings gA/fIT). We have used the dipole formula for the axial
vector form factor: G(t) = (1 t/m2)2 with in2 = 0.71 GeV2. The main effect is an overall shift of the
—

—
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Table 6
Masses of baryons stripped of their meson clouds. Column 1 Contains
the physical masses corrected for electromagnetic self-energy.
Columns 2 and 3 give the purified mass M, for SU(3) symmetric axial
veCtor couplings and SU(3) symmetric meson—baryon coupling constants respectively. The quantity ~ measures the deviations from the
GeH-Mann—Okubo formula.

N
A

1

p

QCD
1

g~If,,
2

renormalized
2a

0

2b

~
3

939
1116
1193
1318
—0.070

1082
1262
1331

1082
1262
1331

1080
1230
1289

1460

1406

—0.084

939
1119
1188
1317
—0.084

—0.084

—0.018

—2.52
—8.49
—5.52

—2.52
—8.49
—5.52

—2.74
—9.11
—5.80

—2.49
—7.97
—5.09

n

—2.05

.Z~—1

—7.81
—5.56

—

1460

=

0

masses by about 140 MeV. One may renormalize the purified masses by subtracting an SU(3) singlet,
e.g. in such a manner that the nucleon stays where it is (column 2a): the renormalized masses differ
from the physical masses by at most 5 MeV. Alternatively, one may look at the Gell-Mann—Okubo
combination

2N+2E-3A

-.~

-

The nonanalytic corrections modify this combination only very_little. In column 3 we show the results
obtained if the meson—baryon coupling constants gMnB = (gAIV2fIT)(M~ + MB) rather than the constants
g~/f,,-are taken SU(3) symmetric. Since the corresponding leading nonanalytic terms are the same we
have no reason to prefer one prescription to the other. According to the coupling constant analysis
provided by Nagels et al. [283] the ratio d : (f+ d) has the value a = 0.76 in this case. As can be seen by
comparing columns 2 and 3 the individual shifts are substantially different for the two prescriptions.
What matters, however, are not the overall shifts, but only the parts that are not octet or singlet. These
parts differ only very little as can be seen e.g. from the Gell-Mann--Okubo formula which is again
almost unaffected.
The lower half of the table quotes the corresponding mass differences within the isospin multiplets.
The mass difference in,, in~induces mixing between IT0 and ~ as well as between ~X°and A. The SU(3)
symmetric coupling con~tantsdetermine the probability amplitudes for emission and absorption of the
mesonic octet states: the meson mass matrix that determines the propagation of these states is however
not diagonal in the octet basis. In order to be able to work with diagonal meson propagators one has to
transform the vertices accordingly. To see the effect of IT0 ~ mixing on the mass differences one may
compare columns 2 and 2b: in column 2 we give the numbers that one obtains if the baryon—meson
coupling constants are subject to the mixing transformation (with the mixing angle 0 = 0.57°that follows
from the meson spectrum) and in column 2b we give the corresponding values if the mixing angle is set
equal to zero. As discussed in section 10 the nonanalytic terms increase the mass difference between
—

—
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proton and neutron in comparison to the splittings due to m,— 01. The effect is not sensitive to the
manner in which one determines the baryon-meson coupling constants (compare columns 2 and 3).
The leading nonanalytic terms are independent of the spin of the particle in question. What counts is
the analog of g,~,the matrix element of the axial charge at infinite momentum. For the Goldstone bosons,
the constant g.~.vanishes. The leading infrared divergence in the second order term of the quark mass
expansion is therefore only logarithmic [284].To reproduce the leading nonanalytic terms in the quark
mass expansion of the Goldstone boson masses with an effective Lagrangian, this Lagrangian must
include the relevant a--terms. The sum of the leading infrared divergences is again given by the lowest
order self-energy diagrams with physical masses in the propagators and one ends up with an expression
analogous to (C.5). The corresponding leading nonanalytic contributions are proportional to M~ln M~,,
M~In M~ and M~In M~. In fact, the approximation obtained by expanding the result of
ICPT and retaining only the leading nonanalytic terms is indeed reliable here [282].This is by no means
the case for the baryon mass formulae, which become completely unphysical if one only retains the
leading nonanalytic terms proportional to M~,M~and M~(see section 10). For the Goldstone bosons
the net result is that the infrared logarithm is replaced by a logarithm of the meson masses and the
formulae analogous to (C.5) may be written as
M~.= M~r{1

—

3LIT +

Lq}

M~=M~{12Lq}
=

M~{1 6LK + 4L~}+M~{3LIT 2LK L~}

fvJ~o- M~+=

L,,

—

—

—

(M~o-M~+){1 2L~+ M~-M~(LIT- L~)}
-

2f~,)~M2,.

= (48IT

ln(M~//L2).

(C.6)

In these approximate expressions the form factor only enters through the value of ~t in the argument of
the logarithm. For a value of ~ in the range 0.5 GeV < ~ <1 GeV the mass shifts due to these
corrections amount to less than 5%.
We have mentioned in section 8 that the mass difference MIT~ MIT’ vanishes to first order in
in,, ind. The same is true of the corresponding chiral corrections. Retaining terms of order (in,,
in~)2/(m, 01) and taking IT°—fl-mixinginto account the expression for the mass difference becomes
—

—

—

—

M~+_M~o=~ind ‘~Bf1— 18LIT

4

+

m,—m

I.

6M~~2 (LIT

-

+

18LK+ 8L~

LK) + M~~M2IT
(L~ LIT)}.
-

(C.7)

Appendix D. The pion—nucleon u-term
The pion—nucleon u-term in
u=~j-(pIuu+ddIp)

IT~p—*

~p scattering is defined by
(D.1)

S
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where p) denotes the physical one-proton state, and M~is the proton mass. In a first stage of our
discussion we shall disregard isospin violating effects due to in,, in,,, (isospin violation due to photon
exchange must be taken into account by correcting the scattering data before extracting a value for a-.
These effects will not be considered here). At the end of this section we shall come back to the question
of isospin asymmetries in u-terms in connection with other channels of ITN-scattering.
The interest in the quantity a- derives from its connection with u-N-scattering [285—2961:
Define the
form factor
u(p’)u(p)o-(t)=th(p’Juu+ddlp);

t=(p’—p)2.

As shown by Brown, Pardee and Peccei [297] the on-shell pion—nucleon scattering amplitude at the
unphysical Cheng—Dashen point s = M~, t = 2M~.differs from the form factor cr(t = 2M~,)only
through terms that are formally of order M~.Furthermore Pagels and Pardee [298]have shown that the
relation between a-(2M~)and the scattering amplitude at the Cheng—Dashen point does not contain
nonanalyticterms on the level of M~,but does contain corrections of order M~.In M~.On the basis of their
analysis we conclude that the on-shell amplitude at the Cheng—Dashen point should differ only very little
from u(2M~).To connect the data on IT—N scattering to the forward matrix element, i.e. to the proper
u-term, a- = cr(0) defined in (D.1) one then only needs to study the t-dependence of a-(t). From an analysis
that is identical to the one given by Pagels and Pardee [298] we obtain
u(2M~)= u(0) +

+

O(M~.ln M~)

(D.2)

with fIT = 132 MeV. The correction amounts to 7 MeV (the analogous formula given by Pagels and
Pardee differs from eq. (D.2) by a factor of 2). Improving the calculation with the methods described in
appendix C we find that the correction is reduced by a factor of two; the final value, including contributions
from the kaon and eta clouds is
u(2M~)—o-(O) =

3.5 ±1.2

MeV + O(M~TIn M~).

(D.3)

The remaining corrections of order m~,,arklfl(inquark) have not been given in the literature. We expect
them also to be very small.
Recent evaluations (refs. [293,299]; for a compilation of recent data, see Nagels et al. [291b]) of
scattering data give values around u(2M~)= 65 MeV with remarkably small error bars. In view of the
above discussion this value implies
u~60MeV.

(D.4)

A popular estimate for the size of the u-term is obtained if one assumes that the matrix elements of
the operators üu, dd and ~ are approximately equal to the matrix elements of the corresponding charge
densities u~u,d~dand s~sat rest (additivity rule). In this picture the quark mass difference in, 01 is
given by ~(M~ MN) 190 MeV whereas the u-term is given by 301. Using the ratio in,: = 25 one
thus gets 01 8 MeV, u 24MeV.
A more precise determination follows from the mass formulae for the baryon octet, discussed in
sections 9 and 10. To get a value for a- one however needs one additional piece of information
—

—
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concerning the SU(3) singlet component of the quark mass operator. It suffices to know the value of the
nucleon mass in the chiral limit or the size of the nucleon matrix element of the operator cs. We first
leave the value of (plcslp) open and parametrize it in terms of
=

y

2(pl~s[p)~
(pi~u+~dipY

The u-term may then be worked out either by using the observed SU(3)-breaking mass differences
between N, A, ~ and E or the observed isospin breaking mass differences p n,
~°
,E’. The
linear first order mass formulae give
—

a- =

(~_

~,

—

01) (1— ~) (M~+ M~ 2MN)
—

inu+ind

\~

t~in~
—

—

in,,)

~1

,

(D.5)

}~)

With y=O, m,:01 =25, (in,—01):(m~—m,,)=43.5one finds a-=26MeV and u=25MeV from these
two determinations respectively (the contribution of the electromagnetic interaction to the isospin
splittings has been corrected for according to table 3).
The order of magnitude of the corrections due to higher order terms in the quark mass expansion can
be seen by using first order mass formulae for M2 rather than for M: this gives a- = 31 MeV and
a- = 32 MeV respectively. One of us (Gasser [282]) has analyzed the higher order terms in the quark
mass expansion on the basis of the method described in section 10 and has shown that the asymmetries of
the meson clouds increase the value of the u-term by about 10 MeV. Taking the higher order terms in
the quark mass expansion into account one obtains the value
a035±5MeV.

(D.6)

For (pI.csjp) = 0 this result is smaller than the values extracted from ITN-scattering by about a factor two.
One may of course blame the difference on the expectation value of ss in the nucleon which is indeed
not known. Since the vacuum expectation value (0I.csIO) is substantial one should not dismiss the
possibility that (pI~sIp)is also rather large without further thought. Note however, that y would have to
be of order 0.4 if this effect is made responsible for the discrepancy with the observed value. As noted
above the value of y determines the value of the nucleon mass M0 in the chiral limit. For y = 0 one has
M0 = 870 MeV and y = 0.2 corresponds to M,, = 670 MeV. If y should turn out to be as large as 0.4 then
the value of the nucleon mass in the chiral limit would be completely different from what it is in this
world. We conclude that u(2M~)= 65 MeV is not consistent with QCD unless very strange things
happen in the chiral limit (see also appendix E).
Let us now come back to the question of isospin asymmetries. The discussion applies also to the
u-terms which occur in other channels of ITN-scattering. Isospin-breaking effects (from in,. ind, the
data are assumed to be corrected for electromagnetic interactions) in a--terms occur in 3 places [300].
First in the (theoretical) connection between physical pion—nucleon scattering amplitudes and u-terms.
To the best of our knowledge an analysis similar to the one done by Brown, Pardee and Peccei [297]
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Table 7
a--terms in irN-scattering. The
quantity S measures the isospin asymmetries due to
m,md.

Channel

a--term

5~_±fl—~7J•±fl

aa-

a-—~S
~r°n—’ir°n a-+~5
ir°p-~1T~n 1v’25
IT°p-41T°p

~-p--~~~-°n—~‘T2s

and Pagels and Pardee [298]has not yet been performed for the case in,, ~ md. We have nothing to add
to this problem. Second, isospin asymmetries must be taken into account in the data analysis which is
usually done with isospin symmetric amplitudes. [See Höhler [299]and Gensini [301] for a discussion of
these problems.] In the third place, in,, in,,, produces isospin asymmetries in the current algebra
expression for the u-terms. This point is easy to discuss. The u-terms for the various channels are given
in table 7, where we have made use of isospin symmetry to express the relevant matrix elements of the
operators ñu, fld, du and dd between protons and neutrons in terms of the isospin symmetric part adefined in (D.1) and the asymmetry 5 given by
=

md—rn~(p~uu—

ddjp).

(D.7)

The asymmetry is related to the proton—neutron mass difference. In fact, to lowest order in the quark
mass expansion in powers of in,, and in,,, the mass difference M,. M~is given by 8:
—

S = Al,.— M~= (2.05 ±0.30) MeV

(D.8)

(compare table 3). This shows that the isospin asymmetries are not very large. The u-term in ~0p
scattering is smaller than the u-term in u-°nscattering by about 2 MeV.
This isospin violation is substantially smaller than what one may obtain from rough estimates based
on the additivity rule. In fact, this rule ((pIüu(p)=’(pIu~uJp)etc.) is too crude an approximation if one
wants to obtain a good estimate of both the size and the asymmetries of the u-terms (picking a value
like m, = 150 MeV, e.g., and using the quark mass ratios obtained from the meson spectrum one finds
u 18 MeV and 5 3.3 MeV rather than the values u 35 MeV and S = 2 MeV given above). The
additivity rule does give an acceptable estimate for the size of the F coupling in the mass operator, but
it does not reproduce the observed isospin breakings because D coupling plays an essential role here.

Appendix E. What if (0I4qJ0) vanishes?
The discussion of symmetry breaking reviewed in this paper is based on the assumption that the
expectation value of 4q in the ground state does not vanish in the chiral limit. From the consistency of
the various determinations of the chiral symmetry breaking quark mass ratios one might be tempted to
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conclude that this analysis at the same time also checks the correctness of the underlying assumption.
As has been demonstrated by a number of authors (see e.g. refs. [302—307]
and the references quoted in
these papers) phenomenology is however equally consistent with an alternative picture based on the
assumption that the quantity ~0Iqq~0)is of order ‘flq,,ark, i.e. vanishes in the chiral limit. Theoretically,
this alternative is not “natural” because a quantity that has no reason to vanish in general is indeed
different from zero. This argument for ruling the alternative out may however fail for one of the
following reasons:
(i) For the analysis given in sections 13, 14 and 15 to make sense it is not sufficient to know that the
order parameter (014q10) is different from zero in the chiral limit. It is important that this quantity is not
small in units of the scale of QCD. The theoretical understanding of the interrelation between the chiral
order parameter and the renormalization group invariant scale A is still rather bleak. The only direct
evidence for a sizeable value of (0~4q(0)comes from lattice calculations which break chiral symmetry
through terms that are theoretically inessential, but might jeopardize the numerical values found for the
order parameter.
(ii) It is conceivable that a discrete subgroup of the U(1) group generated by the axial current is a
symmetry of the ground state, implying that (014qI0) vanishes in the chiral limit [308,307].
Before these issues are clarified one should not take the standard framework for granted, even if the
alternative based on ~0~4qI0)
= O(inq,,ark) is not very appealing. One deficiency of this alternative is that
the Gell-Mann—Okubo formula for the ~j meson is lost. The meson masses are of order inq,,ark rather
than of order (mq,,ark)2 hence the ratio ins: 01 assumes a smaller value such as 5 or 10 instead of 24. The
masses of the quarks u and d are larger than in the standard framework and one therefore obtains
violations of chiral SU(2) x SU(2) that are substantially larger. Indications for relatively large deviations
from chiral SU(2) x SU(2) have long been noticed in pion—nucleon scattering where the Goldberger—
Treiman prediction for the pion—nucleon coupling constant appears to be off by as much as 7%. Also
values given for the a--term both in pion—nucleon scattering (see appendix D) and in pion—pion
scattering appear to be too large to be consistent with the standard framework, in which SU(2) x SU(2)
is an almost perfect symmetry of the Hamiltonian because in,, and ~1d are tiny in comparison to the
scale of QCD. One may of course try to understand these deviations within the alternative scheme
based on the assumption ~0Iqq~O)
= O(tflq,,ark). It is however clear that the question cannot be resolved
by looking at small deviations in the phenomenology; what one has to do is to calculate (O~4q~0)
in terms
of A. We will therefore not comment on ratios and absolute values of quark masses found on the basis
of the assumption ~0~4q~0)
= O(inq,,ark).

Appendix F. A quantum mechanical model for p — ~ mixing
We set up a quantum mechanical model which describes p w mixing; especially we shall show that
the effect of p w mixing in the process e~e~IT~IT near the p w resonances is to replace the
p-propagator by
—

—

—~

—

1
~
s—M~+iM~F~ s—M~+iM~F~)(s—M~,,+iMJ,,.)
where F~and ~ are the photon—vector meson coupling strengths (OIj~mIp, h, i) = ~
denotes the nondiagonal piece in the mass matrix of the p w system (eq. (B.10)).
To set up notation, we start with the exponential decay law for an unstable particle.
—

(F.1)
i

=

p, w; ~
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1
St

P.1. Decay of an unstable particle

I

We split the Hamiltonian into two pieces H = H0 + V. The spectrum of H0 is assumed to consist of a
continuous and discrete part,

I
I

H0!E)=EIE),

(E’IE)=S(E’—E),

E~

H0!1)=E511),

(1I1)=1,

E5>~i

1)(1J+JdEIE)(EI=l
V causes transitions from the state Ji) to the continuum, (iJ ViE) 0. We shall use the notation
(11 VJE) = V(1, E), (EJ Vu) = V(E, 1), (EJ VJE’) = V(E, E’), (ii Vjl) = V(1, 1).
Production of the state 1) at t = 0 and subsequent decay is described by the initial value problem
ic9,Jçli(t)) = H~i/i(t))
j~(t))= b(t) e~”I1)
+

b(0)= 1,

J

dE C(E, t) e~’JE)

C(E,0)=0.

The Fourier transform of b(t) (with b(t) = 0, t <0)
b(t) =

J

~—

dE’ exp{i(E1

—

E’)t} G(E1, E’)

is found to be
1 = E — M(E)+ ie
G(E,, E)
M(E) = E
1

+

V(1, 1) +

J

dE’ V(1,E’)U(E’, E)

The function U(E’, E) is the solution of the integral equation
U(E’, E) = V(E’, 1) +

J

dE” V(E~E”)U(E”, E)

Exponential decay of the state
one has
(1~e~”~I
1) = e_~Mw1)
M(E1)= ER—~iF

Ii) amounts in this picture to the approximation

M(E)

M(E1). Then
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where
ER=El+ V(1,1)+~f dE~V(1~E’)L2+O(vs)
F/2 = ITI V(1, E

=

E 2 + 0(V3).
5)1

(F.2)

Next we consider production of the state

Ii) in a scattering experiment.

P2. Production of the unstable state Ii) in e~e

-~

Consider the process e~e
to the matrix element
~IT~IT

—~

IT~IT

near the p

IT4~IT

—

w complex. The transition amplitude is proportional

out j~m.I0)

We mimick this matrix element in our quantum mechanical model by

(EI~I~i)
where IE) is the solution of the Lippmann—Schwinger equation
IE)=IE)+~~~

VuE)~.

I~/’)is an arbitrary state, / may be any operator for which the matrix element (EI~Içti)is a smooth
function of E.
We expand E)_ in terms of the complete system Ii), IE), viz.,
IE)~= IE)+ Y(E)I1)+

J

dE’ X(E, E’)IE’)

and solve for Y(E), ~(E, E’). (We shall set (E’I ViE) =0 for simplicity.) Inserting the functions Y(E)
and ~(E, E’) in the matrix element (EI4I~/~)
one finds
E

-(

1) (11*) f~
+
1
f dE’ V(1,
E’) (E’j~)l
I*)-( E 1*) + V(E,
E-M(E) ~
(1I~)J
E-E’+ie
J
-

In the approximation M(E) = M(E
5) (which leads to the exponential decay law) we find
(EI*)=(EI*)+

(F.3)

V(E~1)(iI~{1~0(~}

This shows that _(EI4I~i)has a Breit—Wigner pole at F = ER
Mixing is considered in the next paragraph.

—

~iF.
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Production of two resonances which mix

B

Assume now that the spectrum of H0 has the form

EIE, i),

HOjE, i) =

Holi)=E11i),

E

E1>~1

1

(E’,ilE,j)=s(E’-E)s~

I

(i(j)=S~

i=1,2;

E1—E2.

I

The interaction V induces transitions between the bound states Ii) and the continuum,

(ii ViE, i) =

~ V(j, E),

(E, ii Vii) = S~V(E, j)

and mixes the states 1) and 2),
(1jV12)= (2)Vl1)*
We shall again assume (E, ij ViE’,j) = 0 to simplify the calculation and use the notation (11 1/12) =
V(1, 2), (21 Vu) = V(2, 1).
Let f, k~)be arbitrary as before, with (E, iI~lt,~)
a smooth function of E. Now consider the matrix
element
(E,1l~);

E,1)=IE,1)+E~i

VE,1)-.

We expect two types of dominating contributions in the vicinity of F -~F, =— E2:
(i) a peak at E -~E, due to the transitions

~

1),

(ii) another peak at E —~E2 due to the transitions

l~i)—-H2)—-7l1)-—~HE,
1).
The following calculation unravels th~setwo effects. Let
E,

1)

=

E, 1) + Y1(E) 1)+ Y2(E)j2) +

J

In the approximation (F’, i$ ViE, j) = 0 we find

dE’ ~(E, E’) JE’, 1) +

J

dE’ D(E, E’) E’, 2).
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(E—M~(E))Y1(E)= V(1,E)+ V(1,2) Y2(E)
(E

—

M~(E))Y2(E)

~(E, E’)

=

D(E, F’) =

(E

V(2, 1) Y1(E)

E’ is)’ V(E’, 1) Y1(E)
1 V(E’, 2) Y
(E E’ ie)
2(E)
—

—

—

—

with
M(E)

=

E1 + V(i, i) +

J

2

dE’IV(i,E’)1

Insertion of these expressions into the matrix element

(El~I~I)
leads to

_(E, 1l44~fr)= (E, 1l~1~i)
+ V(E,1)(iIc~!i)
+ (‘M))

+ corrections.

(F.4)

Now set M

1(E) = M~(E,),i = 1, 2 and identify 1) Ip°), 2) fw), V(1, 2) M~, (lIdiIifr) = F,,M,,,
F0,M,,,. Then it is evident from eq. (F.4) that the dominant contributions to the matrix element
(Elq5I~r)at E =- E1 —= E2 are described by terms of the structure given in eq. (F.!). In fact the relativistic
treatment is an immediate generalization of this quantum mechanical system and leads directly to this
modified form of the p-propagator.
~

*-~

+-~

(2IcbI’!’) =
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