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A novel derivation of the Q2 dependence of quark and gluon densities (of given
helicity) as predicted by quantum chromodynamies is presented. The main body of
predictions of the theory for deep-inleastic scattering on either unpolarizedor polarized
targets is re-obtained by a method which only makes use of the simplest tree diagrams
and is entirely phrased in parton language with no reference to the conventional operator
formalism.

I. Introduction
The quark parton model [1 ] provides us with a very useful and simple description
of the physics of deep inelastic phenomena [2]. The theoretical framework which
justifies the parton model is given by the asymptotically free gauge theory of strong
interactions based on the color degrees of freedom [3] (quantum chromodynamics,
QCD). Although scaling is predicted to be broken by logarithms (a fact which appears
to be well consistent with present experiments), the deviations from scaling can be
and have been computed for deep inelastic structure functions for either unpolarized
[4,5] or polarized targets [6,7]. In the leading logarithmic approximation, the results
can again be phrased in the parton language by assigning a well determined Q2 depend.
ence to the parton densities. In spite of the relative simplicity of the final results,
their derivation, although theoretically rigorous, is somewhat abstract and formal,
being formulated in the language of renormalization group equations for the coefficient functions of the local operators which appear in the light cone expansion for
the product of two currents.
* On leave of absence from the Istituto di Fisica dell'Universit~ di Roma.
** Laboratoire propre du CNRS associ6 ~ l'Ecole Normale Sup&ieure et ~ l'Universit~ de ParisSud. Postal address: 24, rue Lhomond, 75231 Paris Cedex 05, France.
*** On leave of absence from the Laboratori Nazionali di Frascati.
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In this paper we show that an alternative derivation of all results of current interest for the Q2 behaviour of deep inelastic structure functions is possible. In this approach all stages of the calculation refer to patton concepts and offer a very illuminating physical interpretation of the scaling violations. In our opinion the present
approach, although less general, is remarkably simpler than the usual one since all
relevant results can be derived in a direct way from the basic vertices of QCD, with
no loop calculations being involved (the only exception is the lowest order expression for the running coupling constant which we do not rederive).
This method can be described as an appropriate generalization of the equivalent
photon approximation in quantum electrodynamics [8]. A preliminary and less
complete version of this paper has been presented by one of us at the 1976 Flaine
meeting [9].
The present paper is organized as follows. In sect. 2 the basic formulae for deep
inelastic processes are recalled and notations and definitions are specified. In sect.
3 the integro-differential equations that describe the Q2 dependence of patton
densities are introduced and their physical interpretation is discussed at length. In
sect. 4 the calculation of logarithmic exponents for the spin averaged structure
functions is described, while sect. 5 is devoted to the calculation of the other logarithmic exponents which are relevant to spin dependent structure functions. Sect. 6
contains some concluding remarks.

2. Basic formulae and definitions
In this section we recall some basic notions and notations concerning deep inelastic scattering on a polarized target which are of relevance for the following. For
simplicity in all of this paper we refer to the case of electroproduction, the extension to neutrino scattering being simple and well known.
Let p and q be the four-momenta of the nucleon (of mass M) and of the virtual
photon respectively. As usual we define:

My = (pq) ,

_q2 = Q2 > O,

2Mux = Q2 .

(1)

The structure functions of electroproduction are defined as [1,6]
47r2 E

fdyeiqy (p, sl [Ju(½ Y), Jr(- l y ) ] [p, s)

=(-gtsv +qt~qv~

T]

MVq~)(pv

[¥1(x,e2)+ (pl.t-~

--i'#vh°qh[$° Vl(X'a2) +(MP$° -(qg)P°)
where

MVqv) W2(x'Q2)

---~

M2

,

(2,

s ° is the polarization four-vector of the nucleon. The number of independent
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structure functions is fixed by the number of non-vanishing independent helicity
amplitudes for forward virtual Compton scattering in the case of parity and time
reversal invariance.
Standard arguments based on free quark light cone expansion [1 O] or the parton
model [1] show that

MW1 = F I ,

vW2 = F 2 ,

(3)

vVI - G I ,

v2V2 =MG2 ,

(4)

are finite and independent of Q2 in the scaling approximation (that is when logarithmic effects from strong interactions are neglected). In this same approximation
it is also true that

2xF1 = F2

(5)

as a consequence of the vanishing of the longitudinal cross section. Moreover, the
structure functions Fl, F2, and G 1 can be simply expressed in terms of parton
quark densities. Let qi(x) be the number density of quarks of type i (summed over
colors) inside a proton target with fraction x of the proton longitudinal momeni X
turn in the p~ frame. Similarly we denote, by q+(
) and qi (x) the densities of
parton quarks with positive and negative helicities in a proton of positive helicity.
One has, of course,

qi+(x) + qi_(x) = qi(x) .

(6)

Defines e i as the charge of the ith quark in units of the proton charge, we have [1 ]
2F1 = F2/x = ~

e~ [qi(x) + ~i(x)] ,

(7)

i

2G, = ~

e/~ [qi(x) - qi__(x) + ~-i(x) - ~/_(x)].

(8)

i

The structure function G 2 does not have an equally simple expression in terms
of quark densities of given helicity. This is related to the fact that G2 would be
zero for a point-like proton (namely a proton that is itself a parton), as one can
easily see from the Born diagram of virtual Compton scattering. In light cone
language one finds that G2 would be zero if matrix elements of local operators
were extracted from free quark field theory. This is certainly not admissible in
general. However our experience (for example in the case of 'sea' densities) strongly suggests that G2 will turn out to be a small effect.
We recall that G2 contributes [10], quite in general, corrections of order 1/Q 2
to the asymmetry in the case of longitudinally (with respect to the beam) polarized
protons. In this case the dominant contribution of order one is determined by G1.
For transversely polarized protons, G1 and G2 contribute [10] terms of the same
order to the asymmetry which however is itself of order 1/Q in this case.
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In this paper we shall restrict ourselves to a discussion of scale breaking effects
concerning F x, F 2 and G 1 which have a simplest description in parton language.
In fact in the following sections we shall show that the Q2 dependence of the densities q/+ + q/_ and q/+ - q/__ for all types of quarks and antiquarks can be directly
evaluated in QCD on the basis of simple physical arguments. From the previous
discussion we see that this knowledge, although not complete is however sufficient
to reproduce all the results of the theory which are of current interest.

3. The master equations
In this section we shall introduce a set of integro-differential equations for the
Q2 dependence of quark and gluon densities which are the basis for the present
approach. These equations were originally obtained [11 ] by Mellin transform techniques starting from the renormalization group equations. Hereafter briefly recalling
their derivation we discuss their physical contents [12]. We shall deal first with the
unpolarized case when only the densities
qi(x) = qi+(x) + qi__(X)

are relevant. The further extension to the general case will be done in sect. 5.
We start by considering the simplest case of only one flavour of quarks. We denote by qNS the "net" number of quarks in the proton as seen by the current in the
p~ frame, that is the number of quarks minus antiquarks:
(9)

q " S ( x , t) = q(x, t) - ~ ( x , t) .

The variable t is defined as
(10)

t = In 0 2 / 0 2 ,

with Qg a suitable normalization point. The label NS stands for "non singlet" since,
in a more general situation, differences of this type transform as the adjoint representation of the flavour group. The Q2 dependence implied by QCD can be simply
expressed in terms of moments of parton densities. We therefore define *

I

MNS(t) =

fOx

X n-1

qNS(x, t).

(1 1)

0
As is well known [4,5] the predicted t dependence of moments is of the form
M~ns(t) = M~S(O)

Fal
A~sl:"b'""
L~t)J

(12)

* In the following unless explicitly stated we restrict to moments with n > 1 in order to have
convergence at x = 0 in moments integrals.
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Here a(t) is the running coupling constant of QCD (a = g2/41r in terms of the
quark gluon vertex). In the leading logarithmic approximation a(t) is of the form
[4,5]
Ot

o~t)

- 1 +bat,

(13)

with a = a(0) and b a constant which is given in general by
b=

11 Cz(G) - 4 T(R)
,
127r

(14)

where C2(G) and T(R) are Casimir operators for the adjoint representation G of the
color group and for the representation R of the fermions respectively. In the case of
SU(N)color w i t h f flavours, they are given by
C2(G) = N 2 - 1 a,b,c Cabc Cabc = g ,

(15)

T(R) lab = Tr(tat b) =

(16)

l f~ab

•

For the validity of eq. (13) it is necessary that Q~, in eq. (10) be chosen large
enough to make a(0)/rr sufficiently small for a lowest formula to apply. Finally
AnNs are a set of constants independent of a which we shall study in the following.
It is immediately seen that, for each n, eq. (12) is the solution of the differential
equation
dMNS(t)

~-[

a(t)

- ~

NS

NS

A n M n (t),

(17)

with assigned initial value Mnys = MnNS(0) at t = 0. In turn, for any n (sufficiently
large) the whole set of eqs. (17) is equivalent to the following master equation for
the densities:

dqNS(x' t ) - a ( 2zr
t ) x a y q N S 0 ', t ) P ( y ) ,

(18)

provides that
1

f dz z n - 1 P ( z ) n- A- NS .

(19)

0

This is easily been by multiplying both sides of eq. (18) by x n - 1, integrating from
zero to one and interchanging the order of integration on the right-hand side. Eq.
(18) is our starting point since it allows a simple physical interpretation of the function P(z) which we shall use in the following for its direct computation (and of
other similar generating functions).
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It is convenient to rewrite eq. (18) in the form
1

qNS(x, t)+ dqNS(x, t) =

1

f dy f dz 6(zy-x)qNS(v,/)[8(Z-o

o

1) + ~ P(z)dt

1.

(20)

The meaning of this equation is clear. Given a quark with momentum y there is a
chance that is radiates a gluon, thus reducing its energy f r o m y to x. The quantity
+ d~qq = ~(z -

1) +

2-~P(z) dt

(21)

is the probability density of finding, inside a quark, another quark with fraction z
of the parent momentum. The change with t of this probability produces the variation of the quark distribution function. Thus P(z) a/27ris the variation per unit t
at order a of the probability density of finding inside a quark another quark with
fraction z of the parent momentum.
We now drop the restriction to one flavour and to non-singlet densities. In parton
language a singlet density is in general a combination of the sum of all quark and
antiquark densities and of the gluon density inside the proton. We therefore introduce G(x, t) as the density of gluons (summed over colors) inside the proton in the
P~o frame. We can now directly write down the integro-differential equations that
describe the Qz dependence in the general case. They are

dqi(x, t) _vt(t) l dy i 2f
qJ(y, t) Pqiqj(y) + G(y, t) PqiG(y )l ,
dt
27r J y j:l

(22)

dG(x, t) _ o~t) if dy
qIO', t)PGqJ(y)+ G(y, t)PGG (y)I.
dt
2~ f l y ]=1

(23)

Here the indices i andj run over quarks and antiquarks of all flavours. The number
of quarks as seen by the current changes by two mechanisms: a quark originally at
higher energy may loose momentum by radiating a gluon, or, a gluon inside the proton may produce a quark-antiquark pair. Similarly the number of gluons changes
because a quark may radiate a gluon or because a gluon may split into a quark-antiquark pair or into two gluons. This last possibility is typical of non-Abelian gauge
theories where a three gluon vertex exists to order g (while the four gluon vertex
is of order g2).
Some properties of the functions P(z) appearing in eqs. (22), (23) are immediately
derived from the fact that color and flavour commute. First Pqiqj is diagonal in
quark indices because a gluon is emitted without flavour exchange,
eqiqj = ~i] e q q •

(24)

Moreover, when we neglect all masses, the probability of emitting a gluon is the
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same for all flavours,

PGq i = PGq

(independent of i).

(25)

Finally a gluon creates a massless quark-antiquark pair with equal probability for
all flavours. Thus,

PqiG = Pqc

(independent of i).

(26)

Therefore we can rewrite eqs. (22), (23) in the simpler form

dqi(x, t) _ a(t)
dt

dG(x, t) _ a(t)
dt

dy

i(y, t) Pqq

+ G(y, t) PqG

2rr x a 7

1

dy ~ qi(y, t) Pcq

21r x

i=1

(7)x

7

+ G(y, t) PGG

(27)

(7)1x
•

(28)

By summing eq. (27) over i --- 1..... 2f, we obtain

d~'~f=lqi(x't)-a(t)dt 2. f y"aY

qi(y, t) Pqq

+ a(y, t) 2fPqG X

.

(29)

X

It is precisely the matrix

1
[Pqq(Z)
dz z n-a
0
[PGq(Z)

f

2fPqG(Z )

4 T(R) A qC

eGG(Z)

A .ac

(30)

which gives the logarithmic exponents for each n as given in the literature [4,5]. For
each value n this matrix must be diagonalized in order to find the eigenvectors and
the eigenvalues of the Q2 evolution equations.
By subtracting the derivatives for a quark and an antiquark (or for two quarks)
we immediately recover the equation for the non-singlet case, eq. (18),
d

dt [qi(x' t ) - qi(x, t)]

2~ x y [qi(y, t) -q/(y, t)] Pqq 7 "

(31)

We thus reproduce the result that Pqq is the same function for singlet quarks and
for all types of non-singlet quarks.
The non-diagonal functions (a/2zr)PGq(Z) and (a/2zr)PqG(Z) can be directly interpreted as probability densities (a/2n)Pcq(Z) is the probability density per unit t at
order a of finding a gluon inside a quark (or an antiquark) with fraction z of the
longitudinal momentum of the parent quark. (a/27r)Pq6 (z) is the probability density
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per unit t at order a of finding a quark (or an antiquark) inside a gluon with fraction
z of the longitudinal m o m e n t u m of the parent gluon. For the diagonal functions
(ot/21r)Pqq(Z) and (ot/27r)PGG(Z) the actual probabilities also involve delta function
singularities at z = 1. The probability densities are given in these cases by eq. (21)
and by
o~
~GG + d~/~GG = ~(Z -- 1) + ~ eGG(Z) d t ,

(32)

Therefore it is only at z < 1 that (a/27r)Pqq(Z) and (a/2~r)eGG(Z) are probability
densities (for example they must be positive defirlite). Consider for example
(a/27r)eqq(Z). Since the total number of quarks minus antiquarks is conserved, the
probability of finding a quark in a quark, integrated over all values of z, must add up
to one. It follows that the integrated correction of order a must be zero
1

f d z Pqq(Z) = 0 ,

(33)

0

which is a condition on A~ s. This is the well known result that charges (i.e. current
algebra sum rules) are protected against Qz corrections [4,5]. We see that the presence of ~i function singularities destroys the positive definiteness of integrals of Pqq
and eGG- In particular we shall see that the values of AnNs are all negative for n :> 1.
Momentum conservation in the vertices imposes further constraints on the P
functions. At z < 1 we have
Pqq(Z) = PGq(1 -- z) ,

PqG(Z) = PqG(1 -- z)

( z < 1),

(34)

eGG(Z) = PGG(1 - z ) .
The above equations arise because when the quark radiates, it splits into a quark
with fraction z of its m o m e n t u m plus a gluon with fraction (1 - z) etc. However at
= I the 6 function singularities upset these relations. But it must remain true that
1

fdz z [eqq(g) + PGq(Z)] = O ,
o

(35)
1

fdz z [2feqG(Z ) + eGG(Z)] = 0 ,
0

which guarantee that the total m o m e n t u m of the proton (i.e. of all partons) is unchanged,
d

l

I- 2f

-- f dx x L ~
dt o

i=1

]
qi(x, t) + a(x, t ) j = 0

(36)
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as can be seen from eqs. (28) and (29). In the following we shall use eqs. (33) and
(35) to fix the 6 function singularities at z = 1 of Pqq and PGG.
We can make the symmetry relations eqs. (34) hold for all values of z if we
treat the points z = 0 and z = 1 symmetrically i.e. if we artificially add (for the sake
of this argument only) a 6 singularity at z = 0 when the symmetry requires it. Note
that moments with n > 1 are unaffected by a 6(z) term. The interest of this observation is that we have, for example,
1

1

f dz z "-1Pqq(Z) = A Ns = f dz z n-1PGq(I -- z)
o

o

1
=

n--I
_

=

Ag+l

•

k=0

0

Through eq. (33) the previous sum rule would imply for n = 1 that A Gq = 0. This
equality is not true but is the only consequence of having artificially added a 5(z)
term to PGq- We can however use it to eliminate A Gq from eq. (37) and write a sum
rule for the logarithmic exponents with n > 1 which reads
n--1

A2S=k=l
~ (-1)k

k ]"k+l •

(38)

This sum rule must be (and is) satisfied by the calculated logarithmic exponents
and offers a general test of the above physical interpretation. The origin of eq. (38)
in the light cone language is not easy to disentangle. Another similar sum rule is obtained for the combination

B n = 2fAqn G + A GG

(39)

by using the symmetry relation eqs. (34) and the fact that B2 = 0 as stated in eqs.
(35). This sum rule reads
n--1

=

Bk+ 1 ,
k=2

or equivalently,
n--I

[1 + (-1)n]Bn = ~
s:3

(-1) '-1 (n-l~
\ is-1

BS"

(40)

This relation implies that the Bn'S for even n are determined by the Bn's for odd
n.

We conclude this section by observing that master equations of the form of eqs.
(27), (28) are valid in any renormalizable theory at lowest order in perturbation
theory. Therefore they are reliable provided the coupling constant is sufficiently
small. For example they are valid in quantum electrodynamics of electrons and
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photons. In this case 9GG ~ ~'r'r ~ 6(z -- 1) because of the absence of a 37 coupling. The replacement of a by a(t) in QCD guarantees that for sufficiently large t
the master equations will eventually become reliable. These master equations can
provide a useful insight in connection with problems that cannot be approached by
light-cone expansion.

4. Calculation of logarithmic exponents. Spin averaged case
In this section we show that the functions P(z) introduced in the previous section
can be directly computed from the simple knowledge of the basic vertices of QCD.
The method used is an extension of the yon Weizsacker-WiUiams result in quantum
electrodynamics [8]. In that case the equivalent number of photons inside an electron with fraction z of the electron momentum is evaluated to order a and contains
a factor of In E/me, which plays the same role as t = In Q2/Q2o in our case.
We first compute the functions P(z) at z < 1 while we shall deal, at the end, with
6 function singularities at z = 1. We want to evaluate the probability of finding a
particle B inside a particle A with fraction z of the longitudinal momentum of A in
the p~ frame to lowest order in a:
Ot

d 9 BA(Z) dz = ~ PBA(Z) dz d t .

(41)

Let C be the third particle in the bare vertex where A and B appear. We can
identify the above probability by comparing the cross sections for the two processes
in fig. 1, where D is a given particle and f any final state. We define the general Smatrix element as
Sij - ~ij : 2~i~(E] - El) Mij ~I
k

(2gk)-

(42)

1/2 ,

where the index k runs over all external particles. Although by no means necessary,
we find it particularly useful to phrase our calculation in terms of the "old" perturbation theory which is best suited for a discussion of leading terms in the p~ frame.
The contribution to Mi/in eq. (42) of a given intermediate state B to the process in

A

C
.O.

.b.

Fig. 1. (a) Contribution of the B intermediate state to the process A + D ~ C + f. (b) The processB + D ~ f .
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fig. 1a can be written as
2 VA"*B+C VB+D"*f
MA+D~C+ f - g (2EB)(EB + E C - EA)'

(43)

-

where Vi/is the invariant matrix element of the interactions (with the factors (2Ek) -1/2
removed). Similarly in the case of fig. lb we have
MB+D... f =g VB+D~ f .

(44)

The contribution of a given intermediate state B to doa and dob is therefore given
by

do a -

g4
] VA~B+CI2J VB+D~fl 2
8EAE D (2EB)2(EB + E C - EA) 2

dakc
X (2r02 64(k A + k o - kc - kf) (2n)a(2Ec)

daPf
(2

d°b _ 8EBED
I g 2 VB+o...fi2(2rc)454(kB+kD-'kf)~J__

(45)

)3(2Ef) '

(27r)
. d3(2Ef
3pf )

(46)

The two processes are related by

doa = d~BA(Z) dz dab •

(47)

From eq. (47), by the comparison of eqs. (45) and (46) we obtain
EB
g21VA~B+C[ 2
dakc
d~BA(Z)dZ - EA (2EB)2(EB+EC_EA) 2 (2zr)a(2Ec),

(48)

where all masses being neglected:
k A =(P;P, 0),
p2

p2
;(1 - z)P, --P.L).
kc = (1 - z ) P + 2(1 - z ) P

(49)

We thus have
(2EB)2(EB + Ec - EA) 2 dakc
dz dp 2
, (2n)a(2Ec) = i6zr2(1 - z )

(1 - z) r '

(50)

(51)
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The result is
a z(1 - z ) ~ IgA..,B÷Cl2dlnp2 '
dgBA(Z) - 2rr
2
spins
p2

(52)

where a sum over the spins of B and C and an average over the spin of A is indicated
(if the case).
In the case of interst I 1/12 vanishes linearly in p2 so that the ratio I VI2/P~ in eq.
(52) is finite at p~ = 0. Moreover for a virtual mass _Q2 for particle D, the integral
in p~ has an upper limit of order Qz, so that, at the leading logarithmic approximation, d In p2I can be directly interpreted as dt. We thus finally obtain, by comparing
eq. (52) with eq. (41),
PI~A(Z) = ~ Z(1 -- Z) spins

[VA-.-~B+c [2
p2

(Z < 1),

(53)

an expression which only depends on the vertex ABC. In particular when the spin
sum is symmetric we clearly have
PCA(Z) = PBA(I -- Z)

(Z < l)

(54)

in agreement with eqs. (34).
Let us now specialize to the quark gluon vertex in fig. 2 in order to evaluate
PGq(Z). In this case,
i Vq.Gq 12 = 1 C2(R) Tr(gcV#~ATv) ~ e , # e v ,
pol

spins "

(55)

where the factor of ~ derives from the average over the initial quark spin, and C2(R )
defined by
C2(R ) = 1 ~
Na

(56)

tata _ N 2 - 1
2N

arises from the sum and average over the final and initial states in color space. Care
must be taken so that only physical transverse gluon states are included in the sum,
and we therefore write
e*e ~ 8 i! - kiBki

pol

k2

(i, ] = 1,2, 3).

One obtains

L

-A

c

Fig. 2. The quark gluon vertex which determines PGq and Pqq. The form of the vertex is
ig~c~t~taqABa~ with Trtat b = 15ab.

(57)
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Fig. 3. The annihilation vertex of a gluon into a quark-antiquark pair which fixes PqG"

~[Vq__,G+ql2 =
poi

2p~.

1 +(1 - z ) 2 C2(R).

z(1 - z )

(58)

z

We can thus state the result from eqs. (53), (58),
PGq(Z) = C2(R)

1 + (1 -

z) 2

z

,

(59)

which holds at all z , since we are dealing with a non-diagonal density. From the last
equation, by using the symmetry relations eqs. (34) we also obtain
1 +z 2
Pqq(Z) = C2(R) - -

(z < 1)

l--z

(60)

We now calculate PqG from the vertex in fig. 3. Since PqG is proportional to the
probability density of finding inside a gluon (averaged over colors) a quark (or an
antiquark) of given flavour and of any color, in this case the sum and average in
color space simply bring in a factor of ½. We thus have

spins

IVG_.,q+~l 2 = ~ Tr(gcq, u/CBTv) ~

which, recalling eq. (57), gives
[VG-,q+~I 2 = p
spins

z)

+
Z

1

~e*Ue v ,
pol

(61)

.

Z

From eq. (53) we finally obtain
PqG(Z) = ~(z 2 + (1 -- z)2).

(62)

The symmetry under the change of z into (1 - z) is expected because PqG(Z)
= P ~ ( 1 - z) = Pq6(1 - z), by eqs. (26) and (34).
We now turn to the three-gluon vertex in fig. 4 which determines PGG(Z). The

Fig. 4. The three-gluon vertex relevant to determine PGG- It is equal to

--igCabc [gv#(kA + k B) x - g # h ( k c + kA) v + ghv(kc - kB)~] •

G. Altarelli, G. Par&i/ Asymptotic freedom

311

amplitude is given by
VG~G+G

+ [(k c

= --Cabc (--[(kA

+

kc)

e~b] (eaAec c)

--kB)eaA] (e c* c e B*b ) + [(kA + kB)ec c] ( e ~ e ~ o ) ) .

(63)

It is only a matter of algebra to derive the result * (recall eq. (15))

p~

=

spins

1-z
Z

+

z
1-

z + z(1 - z) .

(64)

( z < 1).

(65)

Through eq. (53) this equation leads to

PGG(Z)= 2C2(G)I1 - z + - -z+
z

1-z

z(1 - z )1

Note the obvious symmetry for z into (1 - z) in agreement with eq. (34).
We now complete the determination of Pqq(Z) and PGG(Z) by fixing their behaviour at z = 1. Note that all moments of these functions as given by eqs. (60) and
(65) would be divergent at z = 1. We therefore start by regularizing the factor
(1 - z) -1 by reinterpreting it as a distribution (1 - z)~-1 defined in the following
way:
dz f ( z ) = ~dzf(Z ! - f(1) _ ~ dz in ( l - z ) d
o (l-z)+
o
1-z
o

](z),

(66)

with f(z) being any test function which is sufficiently regular at the end points. In
particular we have
1

1

dz (1 - z)~

0.

(67)

We then add, to Pqq(Z) and PGG(Z), a 5(z -- 1) function with the coefficient
determined by the constraints in eqs. (33) and (35). We thus find
F l+z 2
Pqq(Z) = C2(R ) L(1
- ~ ~ + + 3 ti(z - 1.)1 ,
,
1--z
(11
PGG(Z)=2C2(G)I( z l--z3+
+-z
+z(1 - z ) + ~

(68)
1 T(R)~
)1
3 C2(G)/ 6 ( z - 1 .
(69)

It is now straightforward to evaluate the moments of the P(z) functions, which
give the set of constants An according to eq. (30). We first evaluate the moments of
(1 -

z)fl;

* We shall study this amplitude in all details when dealingwith the polarized case in sect. 5.
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zn--I f zn--l--I- n~- - I
dZ (l _ z)+ --o

dz

i-~z

j=l

(--l)/'(n--l)
]

j

o

n--I

=-

-,

(70)

j=l I

where the last equality can be easily proved by induction. We finally obtain

f dez"-aeqq(z)=-A~s=C2(R)

+n(n+l)

2 ~

0

,

(7~)

/=2

1

fdz z " - l

PGq(Z) ~ A Gq =

0

2ff

1

C2(R) 2 + n + n 2
n(n 2 - 1) '

(72)

2 +n +n 2
dz zn-IpqG(Z ) =--4T(R)AnqG = 2T(R) n(n + 1)(n + 2 ) '

(73)

o
1

fdg

-- GG
z n - I PcG(Z)=A.

0

=C:(G)

[ 6
-

+n(n

2
-

n

2

1~)+(n+l)(n+2)

.

2~

/ = 2

I 2r(m l
j

3C2(G)J"

(74).

This set of logarithmic exponents, taking eq. (12) into account, is seen to coincide with the results of refs. [4,5].

5. Calculation of logarithmic exponents. Spin-dependent case
In this section we shall consider the Q2 dependence of quark densities with
given helicity which are relevant for scaling breaking effects in deep inelastic scattering on polarized targets.
The experience accumulated over the previous sections allows us to directly write
down the general master equations which are

-

d q i ( x , t ) = a ( t ) / d y [ q + ( y , t~

dt

) e q+q+(~_)
x
x + q/__(y, t)Pq+._(~-)

2~" : ~ y
+ G+(y, t)Pq+G+

+ G_(y, t ) P q + o

,

G. AltarellL (7, Parisi/ Asymptoticfreedom

=2-~x

313

q~+(y,t)Pq_q+ Y +q~_(y,t)Pq_q+
+ G_(y, t)Pq_G_

+ G+(y, t)Pq_G+

i . ,-2/

,
2/"
T -\y/

+G+(y,t)PG+G+

(y)

+G ( y , t ) P G + G
2f

1

d G_(x, t) =

dt

~-~

~

yL~

+ G+(Y, t) PG_G+

,
2f

--

q+

+ G_(y, t) PG G

+ ~ qi_(y, t) P G q _ Y
i= I

•

(75)

The previous set of equations can immediately be simplified by observing that
parity conservation in QCD implies the relations:
PA+ B±(Z) = PA_ By(Z)

(76)

for any A and B. These relations in turn imply, (when used in eqs. (75)) that the
sums q/+ + q i = qi and G+ + G_ = G and the differences

~qi _ i _ qi

(77)

AG = G+ - G_ ,

(78)

evolve separately. For the sums we recover eqs. (27) and (28) with the obvious
identification that
PAB = PA+B+ + PA_B+ •

(79)

It is convenient to define
' ~ A B = PA+B+ - PA_B+ •

(80)

We then derive, from eqs. (75), the master equations for the differences

dAqi(x't) = °t(t)~dYIAqi(y't)APqq(x)
~
-j
y + ~c(y, t) ~ o

dt

(7)1 ,
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In the simplest case of non-singlet quark densities, eqs. (81) reduce to
2rr f ~

z2uTNS(Y't) APqq

.

(82)

X

For example this allow us to conclude from eq. (8) that the non-singlet part of
the structure function G 1 is an eigenvector of the Q= dependence. Actually we can
immediately obtain a much stronger result in that, when masses are neglected, the
vector quark-gluon coupling in fig. 2 is helicity conserving. Therefore we can directly conclude that
eq_ q+(Z) = o ,
3

Pq+q+(Z) = Pqq(Z) -- Z3~qq(Z) = G ( R ) - -- z)+ + - ~ ( z 2

1)

.

(83)

We thus obtain that the moments of qNS(x, t) and of AqNS(x, t) (or equivalently
of the non-singlet parts ofF1 and G1) evolve in Q2 with the same logarithmic exponents.
The same quark-gluon vertex of fig. 2 also determines PG+q+(z) and PG_q+(z).
Given the gluon momentum in the form (see eqs. (49))

q=(zP+ 2zP
P~

(84)

for the corresponding polarization four-vector for positive and negative helicity we
can approximately set

~/~zP '

'

where only the leading term for each component was kept, which is sufficient for
our purposes. For the invariant v e r t e x gq+....~G±+q(see eq. (55) for comparison; a
sum over the final quark spin is understood) one has

,Vq+.._,G:tqI2=C2(R)Tr(~cTu~ATv l_~) c:~*ue+v
2z(1 - z) z

[(2-2z+z 2)±z(2-z)].

By using eq. (53) we thus obtain
1
PG+q+(Z) =

eG-q+(Z)

C2(R) z

(1 - z ) 2
= C 2 ( R ) - - z'

(86)

(87)
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and consequently,
1 -

(1

APGq(Z) = C2(R)

-

z) 2

z

,

(88)

while the sum of the two reproduces eq. (59) for Pcq(Z) in agreement with eq. (79).
We now evaluate Pq+c+(z) and Pq_G+(Z) from the annihilation vertex in fig. 3.
A sum over the final antiquark spin being understood, the invariant vertex gives

[VG+~q±-~12~ l Tr (~cTu~aTv127----~S) e+~ev
-

P~'

z(1 - z)

[(z ~ + (1 - z ) ~)-+ (z 2 - (I - z ) 2 ) ] .

(89)

(Note that e~ now refers to the initial gluon so that it is given by eq. (85) with
p± = 0). From eqs. (53) and (89) we obtain
Pq+G+(Z) = ~ z 2 ,

(90)

e._c+(~)

(91)

= ½(1 - z ) 2 ,

~kPqG(Z) = 1 [Z2 -- ( l --

Z)21 ,

(92)

while the sum reproduces PqG in eq. (62). Last but not least, we must now evaluate
PG+G+ and P6_ 6+ from the three gluon vertex in fig. 4. The invariant amplitude
was written down in eq. (63). When the impulses of the gluons are specified as in
eq. (49) the polarization vectors are
e+A = X/~(0; 0, 1, i),

e+a =

,/~(o; ex+ipy
)
zfi ,1,+i ,

(93)

,fi_(o. Px+ipy

(93)

e ~ c = v ~ \ '~1 - z ) e '

1,+i).

It is more expedient to calculate the four helicity amplitudes first and to take the
square modulus and sum over the polarizations of the gluon C at the end. A simple
calculation leads to the following results for VG+.-,Ge G ~:

(1)

V+++ = - V ~ Ca~c(Px- ipy) l + l _ z '
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v++_ = - x / 2 c.~c(px + ipy)

)

('

~- z - 1 ,

V+_ _ = 0 .

(94)

By using eq. (53), a simple algebra leads to
Pc+c+(z) = C~(G) (1 + z 4)

÷i

z '

(z < 1),

(95)

(1 - z ) 3

P c _ c,(z) = C2 (G) - -

(96)

z

The behaviour at z = 1 of the diagonal density PG+G+(Z) is immediately obtained
from that of PGG(Z) in eq. (69) by recalling eq. (79) (which is verified by eqs. (95)
and (96) at z < 1). We thus obtain
PG+G+(Z) = C2(G) (1 + z 4)

+ (1

z)--------, + 6

1
[(
(!
) (1
APGc(Z) = C2(G) 1 + z 4) + (1 - z)------~ - ~

3 C2--~)! ( - 1) , (97)

- z) 3 +

(6

2 T(R) ]6"z I )]
3 C2-~-G-)! ( (98)

Collecting our results eqs. (83), (88), (92) and (98) we are now ready to compute
the matrix of the logarithmic exponents

1

[~°qq (g)

2f~Pq G(Z)

[Z~kPGq(~)

~PGG(Z)

f dz z n -1

0

[

A'nNs

4 T(R)A'nqG ]
(99)

An

which are

~NS = A nNS ,

An

n+2
An -- C2(R) .(.)1-----~
n-1
4T(R) A'nqG = 2T(R) n(n + 1)'

~GG C2(G) F11

An

=

[-6

2 ~R)

2

3C2(G) +n

4

n+l

n-I

!1

2]=,~ / 3 .

(100)

Taking eq. (12) into account, this set of values is in agreement with the result of
refs. [6,7], obtained by the operator formalism.
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6. Concluding remarks
We briefly comment on the reasons for the success of this simple method of
calculating the logarithmic exponents and the limitations of the present approach.
The essential point is the following. The exact renormalization group equations are
given by
~t - (3(a) ~- - 7n(a)

Mn(a, t) = 0 .

(101)

We refer to the simplest case of a multiplicatively renormalizable operator, whose
coefficient function is proportional to the moment M n of some structure function.
At lowest order in a one has
O/

(102)

7n(a) "~ ~ A n .

Eqs. (12) and (13) show the solution of eq. (101) to lowest order in (~. From eq.
(17) we see that the solution of eq. (101) also satisfies the simpler equation to lowest order in a,
d _ 7n(Ot(t)

Mn ~" dt

2,

3

Thus, to lowest order the only effect of the/3 function, which embodies all the
intricacies of the coupling constant renormalization, is to/eplace a by the running
coupling constant in the expression of Tn. Therefore the lowest order master equations through this simple replacement become the solutions of this more sophisticated problem. In higher orders the effects of/3(a) cannot be taken into account
in this trivial way and the evaluation of the functions P(z) would be more complicated.
Another feature which makes the calculations particularly simple is the direct
and transparent connection of the relevant bilocal operators in terms of parton
densities of given helicity in the Poo frame. It would be interesting to investigate
whether a similar approach can be applied to the computation of the logarithmic
exponents of more complicated operators, as those, for example, which are relevant
to the structure function G2.
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